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CHAPTER I. 

ON THE MEASUREMENT OF LINES AND ANGLES. 

1. Trigonometry^ from rplrffdvov, a triangle^ and 
fi€Tpia)y I me<Mure, means properly the science which 
treats of the measurement of triangleSy that is^ of their 
sides, angles, areas, &c.; being called either plane or 
spherical trigonometry, according as the triangles are 
drawn upon a plane or on the surface of a sphere, in 
which latter case the sides will be circular arcs and 
the angles curvilineal. 

But the word is now used in a much more extended 
sense, so as to include all manner of algebraical reason- 
ing about lines and angles, whether parts of a triangle 
or not, and, particularly, when that reasoning is carried 
on by means of certain quantities, which are called the 
trigonometrical Satios or Functions of an angle. 

Of these Ratios we shall speak presently, so far as 
the subject of plane trigonometry is concerned. But 
we must first make some remarks upon the mode in 
which lines and angles are represented for the purposes 
of algebraical reasoning. 

S. A line is represented algebraically by some letter, 

as a, which denotes the number of times it contains 

a certain fixed line, taken as the unit of measurement. 

Thus if the unit be a Jbot or an tncA, then ^^e \xni& a ^^^^Si^ 
be one containing a feet or a inches. 
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3. Here, however, it will be seen that we have uncon- 
sciously introduced the idea of a line having a positive 
or negative value. For a, we know, means + a ; and, if 
in our reasonings we should happen to arrive at some 
negative result as the value of a line — if, for instance, it 
came out, at the end of a problem, that the value of 
a certain line was - b — ^the question arises, * What would 
this (-) sign mean V 

We shall shew that it indicates contrariety of direction 
to . some line which we have before represented by 
a positive algebraical symbol. 

For let AB be a line containing a units, and which 

we, therefore, express algebraically by a 

or +a. Then, if from the end B we 
measure oS in the direction BA a line BG containing 
b units, the length of the line AC will be a- J units, 
and, therefore, its algebraical expression will be a-b. 
Now, if & be less than a, this expression for ^C7 will be 
positive, and C will also lie to the right of A, that is, 
AC will be measured in the same direction as AB, 
But, if 5 be greater than a, then C will fall to the left 
of Jl as at C", and AC wUl be measured in the can-' 
trary direction to AB, its value in units being b-a; 
while, at the same time, the expression a-b will be- 
come negative, and may be written -(J - a). 

We infer then that, when the algebraical expression 
for a line is negative, the (-) sign indicates contrariety 
of direction to one which has been already assumed to 
be positive ; and, conversely, that if a line drawn in any 
one direction from a given point be considered positive, 
when represented algebraically, then a line drawn from 
the same point in the opposite direction must be con- 
sidered negative. 
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4. An angle in Geometry is defined to be ' the in- 
clination of two straight lines to one another/ and must, 
therefore^ be always of necessity less than two right 
angles. And the same will be true in trigonometry^ 
properly so called^ where we shall haye only to deal 
with angles, which are actually angles of triangles. 
But^ in the wider sense of the word, an angle may be 
imagined to be of any magnitude whatever, being con- 
ceived to be described by the revolution of a straight 

line about a given point from one position to another. 
Thus the angle BA C may be conceived to have been described 
by the revolution of AC about A from the po- 
sition AJB to its present position: but this it 
"^ may have done by going one or more times 
completely round, describing in each complete 
revolution ybur right angles about A, 

5. Here also we may shew, just exactly as in (3), 
that if an angle, formed upon one side of a line, by 
a line revolving in one direction, be considered positive j 
when expressed algebraically, then an angle, formed 
upon the other side of it, by a line revolving in the 
opposite direction, must be considered to be negative. 

For let BAG be an angle, formed upon one side of 
ABy which we denote algebraically by -4 or -{-A; and 
from AC take off in the opposite direction an angle 
CAD^B. Then the algebraical expression for the angle 
BAD will be -4 - J3, and this will be positive or nega- 
tive, according as ^ is greater or less than J3, that is, 
according as BAD is formed on the same side of AB 
with the positive angle BA (7, or on the other side of ABy 
as BADI ; in which latter case, its algebraical expression 
may be written -{B- -4), where B-- A represents the 
actual magnitude of the angle, and the Q-"^ %\^ Vsl^ql* 
cates Its position with regard to tlie posfvlVve «cl'^^ "B ACi 



4 PLANE TRIGONOMETBT. 

6. It will be seen, as we proceed, more fully, that 
the above principle, by which we are led to express by 
algebraical sjrmbols the direction as well as the mag- 
niltuie of lines and angles in our figures, is one of 
the utmost importance in trigonometry, as in all Alge- 
braic Geometry. Its usefulness, however, will appear 
by what follows. 

In solving a problem by common Geometry, it often 
happens that a difference in the figure mat/ lead to 
a difference in the result. If, for instance, we have 
drawn a certain angle actite, when we might have 
drawn it obtuse — or upon one side of a line, when 
we might have taken it upon the other — ^we cannot 
always be sure that the result we have obtained with 
the one angle would also hold good with the other. 
Hence we are often obliged in pure Geometry to ex- 
amine different cases of the same problem, and some- 
times to state different modifications of the same result. 
An instance of this occurs in Euc. n. 12, 13, where the 
square of the side subtending an angle of a triangle 
is greater or less than the sum of the squares of the 
sides containing it, according as the angle is obtuse or 
acute; and two different propositions are required to 
prove this, the latter also being divided into three cases. 

Now in Algebraic Geometry it is found that we need 
not trouble ourselves with any consideration of these 
different cases: for any general figure that we draw, 
consistent with the conditions of the problem, will lead 
us to a result, that shall be true for all possible cases 
comprehended in it, if we only pay attention to the 
above Kules with respect to the signs of lines and 
angles, of the same kind but drawn in contrary direc- 
tions, and interpret our results also in accordance with 
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our assumptions. We are led to these Rules by such 
reasoning as that in (8) and (5): but the truth of the 
statement here made may be considered to be most 
satisfactorily proved by the perfect agreement of in- 
numerable results, obtained by means of it, of all pos- 
sible kinds and degrees of complexity, with those which 
might be otherwise arrived at by the more laborious 
processes of common Geometry. 

7. In the annexed figure, BB'y Diy, are drawn, in- 
tersecting at right angles in A; and AC^y 
AC^y AC^y AC^j are supposed to be dif- 
ferent positions of the line -4 C, revolving 
about ^ from a position coincident withAB, 
in the direction from B to D, which it is 
usual to consider the positive direction. It is plain that 
the extremities of these lines will all lie in the circum- 
ference of a circle, whose centre is A. 

By the lines BB', DD\ the whole angular space 
about A is divided into four equal parts, BADy DABy 
BAIfy D'ABy which are called respectively the first y 
secondy third, sxid fourth quadrants. 

When the line begins to revolve from AB, it may be 
supposed to have made with AB an angle zero/ when 
it reaches the position -4 CJ, it will have described an 
angle BAC^ less than a right angle, which is said to be 
an angle in the first quadrant; when it comes to coin- 
cide with ADy it will have described the right angle 
BAD; when it reaches the position AC^^ it will have 
described the angle BA C^, greater than one right angle 
and less than two, which is said to be an angle in the 
second quadrant; and, when it comes to coincide with 
Affy it wiU have described the ^ngfonometrical ^cc^^^ 
BAB', or two right angles. 
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In like manner, the angle BAC^y greater than two 
and less than three right angles, is an angle in the third 
qtcadrant/ the angle BAD is an angle of three right 
angles; the angle BAC^^ greater than three and less 
than four right angles, is an angle in the fourth quad- 
rant; and, when the line becomes again coincident with 
ABy it will have described a trigonometrical angle of 
four right angles. 

And now it may still be supposed to go on revolving, 
and so come again to the position ACy in the first 
quadrant, having described an angle greater than four 
and less than five right angles : and so on. 

So also, the above being dllpositive angles, the line may 
be supposed to revolve in the opposite direction, and 
form successively the negative angles BAC^, BAC^, &c. 
It will be found, however, that all the trigonometrical 
properties of the angle BAC^ will be the same, whether 
we suppose it to be the positive angle, greater than 
three right angles, or the negative angle, less than one, 
except, of course, such properties as may depend upon 
actual magnitude, and not merely upon the amount of 
angular opening between the lines containing it. 

8. In Euc. I. Def. 10, we are told that right angles 
are formed, ' whenever one straight line, falling upon 
another, makes the adjacent angles equalJ* This defines 
completely the magnitude of a right angle, which, being 
thus known, may now be taken as a measure of other 
angular magnitudes: just as we take a known length, 
a foot, for instance, as a measure of other lengths, only 
observing that a foot is an arbitrary length, fixed merely 
by Act of Parliament, whereas the right angle is accu- 
rately determined by its very definition. 



PLANE TBIGOXOMETBT. 7 

9. Although it is usual, iu treatises on trigonometry, 
to take AB as the starting, or inUial^ line, when, as in 
this case, we are representing in one figure angles of 
different magnitudes, yet, of course, we might reckon 
our angles from any other line, or some angles from one 
line, and others from another. In all such cases, each 
angle would be in the first, second, &c. quadrant, reck- 
oning the quadrants from its own initial'linej and would 
be positive or negative, according to the direction we 
have chosen to be the positive direction for angles 
measured from that same initial-line. Thus if we chose 
to measure angles from AD, and call them positive in 
the direction DB, then DAC^ would be a positive angle 
in the first quadrant, and DA C^ would be a positive angle 
in the fourth quadrant, or a negative angle in the first 

10. The right angle is divided into 90 equal parts, 
called degreeSy each degree into 60 minuteSy each minute 
into 60 seconds, angles less than a second being usually 
expressed as decimals of a second. The marks ' ' " are 

nsed to express these divisions respectively. 

Thus 59° 14' 57".85 denotes an angle containing 59 degrees, 
14 minutee, and 57.85 aeconds. 

Hence it follows that in one right angle there are 90°, 
in two right angles 180°, in three right angles 270°, 
and in four right angles 360°, &c. So also J of a right 
angle is 30°, ^ of a right angle is 45°, § of a right angle 
is 60°, &c. 

11. The complement of an angle is its defect from 
a right angle, or comp (A) = 90° - -4. 

The supplement of an angle is its defect from two 

right angles, or supp (-4)= 180°- -4. 

Thus comp (23° 23' 27") = 66° 36' 33", comp (123° 13' 27"^ 
= - 33° 13' 27", Bupp (45'') = 136°, supp {- 45^^ = *ias* 
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12. Hence in the figure of (7), i£ BAC,-- 76% then 
its complement ==90**- 75° « 15° ^DAC^; and if BAG 
« 1 30°, then its complement - 90° - 1 30° = - 40° = DAC, 
the angle being here formed upon the negative sid( 
of AD, since, in taking DAC^ as a positive angle, w( 
have made the direction from D towards JB, in whicl 
DAC^ increases, the positive direction for all comple 
ments, measured from AD. So likewise the supple 
ment of BAC^ is BAC^, and that of BAC^ is BAC^ 
which latter is measured on that side of AB', which 
though positive for the angle BAC^ itself, is negativi 
for its supplement 

To avoid the awkwardness of having the same di- 
rection positive for one set of angles and negative foi 
others, it will be found hereafter generally more convc' 
nient to measure the complement and supplement as wel 
as the angle itself from AB, all in the same direction. 

13. Since the three angles of any triangle are to- 
gether equal to two right angles, it follows that 

(1) Each acute angle of a fight-angled triangle is the 
complement of the other ; 

(2) Each angle of any triangle is the supplement o: 
the sum of the other two angles. 

We see also that ii A, B, (7, represent the three 
angles of any triangle ABCy then -4 + 5+ C« 180° 
and, besides this, we only require two other inde* 
pendent equations to be given between the three angles 
in order to determine them completely. 

Ex. The angles of a triangle are in A. p., and the difference 
between the greatest and least is 20^: find them. 

Here(l)^ + 5+C=180°, (2) A-B^B-C, (3) ^-(7=20° 

from (2) A^ C=2B, and /. from (1) 35 = 180^, ox B^W 
hence ^ + C= 120°, and (3) ^ - C= 20°; 

/. 2A = 140°, 2C= 100°, or ^ = 70°, C= 60°. 
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Ex. 1. 

1. Write down the complements of 16° 37' 2", 142° 15' 29", 
1' 3^.2. 

2. Write down the supplements of 145° 15' 20* and - 27° 17' T. 

3. If one angle of a right-angled triangle is 9° 9^ 9^', what will 
e other be ? Express them both in degrees only. 

4. Given the difference of the two acute angles of a right- 
igled triangle to be 24° 24', find the two angles. 

5. The base angle of an isosceles triangle is 59^ 59 59^ : find 
e yertical angle. 

6. The vertical angle of an isosceles triangle is a third as large 
ain as either of the base angles : find them. 

7. The semi-sum of two angles of a triangle is 60^, and their 
mi-difference is 10° : find the three angles. 

8. The exterior angle of a triangle is half as large again as one 
the two interior and opposite angles, and its supplement is half 
large again as the other : find the angles of the triangle. 

9. The angles of a right-angled triangle are in A. P. : find them. 

10. The supplement of one angle of a triangle is double of the 
nplement of another, and triple that of the third : find all three. 



14. By Laplace, however, and some other French 
iters, the right angle was divided into 100 equal 
rts called grcules, each grade into 100 minutes^ each 
inute into 100 seconds y which were denoted by the 
irks '' '': thus 59' 14' 57'\85. 

Of course it will be understood that the Foreign 
iiute and second, though called by the same name, 
3 not of the same magnitude as the English. 
The advantage of this decimal method of dividing the 
^ht angle, (which was introduced in France, with 
ler decimal divisions for money ^ weighty lengthy &c. 
the time of the French Revolution,) was that any 
gle, given in grades, minutes, and seconds, could 
mediately be written down as a decim.aV oi a. %x^ftkfc» 



10 PLAKB TBIOONOMETBT. 

Thus the above angle 59^ 14' 57'\85 may be written down i 
once as 69^.145785 : for 1*=too^» ^"^d, therefore, 14*= ^^off='^M 
and r* = ^i^^, and, therefore, 57".85=^^5r = .0057855r. 

And 80, of course, conversely, an angle, given i 
grades and decimals of a grade, could be written dow 
at once in grades, minutes, and seconds. 

Thus 43^.012345 = 43^ 1^ 23' .45. 

The use of the grade, however, is now abandons 
even in France, as it involved the sacrifice of sac 
voluminous tables and records, already adapted to th 
sexagesinud division, or else of such a vast amount ( 
time and labour, in reducing them to the decimal systen 

It may be observed that the sexagesimal metho 
allows of the whole angular space about a point bem 
divided into a greater number of altquot parts than th 
decimal, the divisors of 360 being 24 in number, an^ 
of 400 only 15. Thus we can express exactly in di 
grees J, |, J, y^, &c. of a right angle, but not in grades 

15. To convert the English measure of an angle irA 

the Foreign, and vice versd. 

Questions of this kind are now merely matters of curiosity; bi 
they may afford the Student some useful practice. 

Let E, F, denote the number of degrees and of gradi 
respectively in the same angle A ; and let e,/, denote ll 
angular magnitudes of a degree and grade respective! 

Then we have Ee = angle A = Ff; but we have aL 

E F EI 

90^- a right angle = 100/; .'. ^ = ^00' ^"^ Vli 

hence (i) J?= ~ jp= (i - 1) 2?= 2^- ^ , 
^ ^ 10 ^ 10"^ 10 

(2) JP= —E^(l-^ l)J5=£+f . 
^ "^ 9 9 9 



^ 
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From the above results we obtain the following Rules : 

(1) From the number of grades in any angle subtract 
^th, and the result will be the number of degrees in the 
same angle; 

(2) To the number of degrees in any angle add Jth^ 

and the result will be the number of grades in the same 

angle. 

It should be observed that E in the above is the nwriber of 
degrees in the given angle. If, therefore, it be originally given in 
degrees, minutes, and seconds, the minutes and seconds must be 
expressed as a decimal of a degree, before the Bule can be applied. 

Ex. 1. Convert 59^ 14' 57'\85 into English measure. 

Here 59^ 14* 67".85 «r 59.1457850 grades 
subtract A*^ « 5.9145785 

53.2312065 degrees = 53° 13' 52^.34. 
60 = 53° 13' 52". 

13.8723900 
60 



52.34340 

Ex. 2. Ck>nvert 59° 14' 57\85 into Foreign measure. 

Here 59° 14' 57^85 « 59.2494027 degrees, as appears from below ; 
add ith a 6.5832669 

65.8326696 grades » 65^ 83' 26 \69. 
60J 57.85000 = 65^ 83^ 27 '. 

60^ 14.964166 



.2494027 

It will be seen that in Ex. 2 we add one to the number of 
Kconds, because the neglected part .69 is greater than ^ or .5 : 
whereas in Ex. 1 the neglected part .34 is less than .5, and we 
take no notice of it. This is the usual practice in such cases, 
wHere very great accuracy is not required. 

16. It appears^ from Euc. i. 32, Cor. 1, that ' all 
the interior angles of any rectilineal &g^^» V^^^^x 



/ 
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with four right angles, are equal to twice as many right 
angles as the figure has sides.' 

Hence if nhe the number of sides of any rectilineal 
figure, we have the sum of its n angles +4x 90°= 2«x90® 
or the sum of its n angles = (2« - 4) 90° = (» - 2) 1 80°. 

If the figure be also a regular figure, that is, equi- 
lateral and equiangular, then its n angles are all equal 

and, consequently, each of them = 180°. 

n 

Thus , if n = S, each angle of an equilateral triangle is } x ISO' 
= 60''; if n=4, each angle of a square is f x 180° = 90°; &c. 

17. Since (Euc. i. 15, Cor. 2) the sum of all the 
angles ^subtended at its centre, or at the centre oj 
its circumscribing circle, by the n sides of a regulai 
polygon, is four right angles or 360°, it follows that the 

angle subtended by each side at the centre is , and 

at the circumference, . 

^ n 

Ex. The angle between the two lines which join the ex 
tremities of a side of an octagon with any one of its regulai 

points is ^«22i^ 
o 

Ex. 2. 

1. Write down the complements of ^ 15^ 27^.25, 32' 1**. 

2. Write down the supplements of 1^ 2' 3", 89^.0004, an( 
225^.1001. 

3. Cony^rt 37^ 16' 7'' into English measure, find the comple 
ment of the result, and reconvert it to grades. 

4. Express 1° and V in Foreign measure, and 1' and 1* u 
English measure. 

5. Find the interior angles of a regular pentagon and hexagon 

6. Shew that the interior angles of a regular octagon an( 
dodecagon are as 9 : 10. 
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7. If an isosceles tnangle be inscribed in a circle on the side 
of a regular inscribed heptagon, find the ratio between its vertical 
and base angles. 

8. The angles of a pentagon are as the numbers 2, 3, 4, 5, 6: 
find them. 

9. In the figure of Euc. lY. 10, shew that ^C is the side of 
a regular decagon inscribed in the larger circle, and of a regular 
pentagon inscribed in the smaller. 

10. There are two polygons such that the difference of the sums 
of their interior angles is four right angles, and the ratio of the 
same as 5 : 3 : find the number of sides in each. 

11. One regular figure has twice as many sides as another, and 
an angle of the first is a third as large again as an angle of the 
second : find the interior angle in each. 

12. The interior angles of a rectilineal figure are in A. p., the 
least is 120^, and the common difference 5°: find the number 
of sides. 



18. In eqtud circles (Euc. vx, 33) Hhe angles at the 
centre are proportional to the arcs which subtend them.' 

Hence in the figure of (7) the arcs £C^, BD, &c. of 
the same circle are proportional to the angles BAC^, 
BAD J &c. : and^ if the whole circumference be divided 
into 360 equal parts, then BD will contain 90 of these, 
BDS 180, &c.; and, generally, any arc will contain 
just as many of these parts, as the corresponding angle 
contains degrees. 

These parts of the circumference are also called 
degreeSy and subdivided, as the angular degrees, into 
minutes and seconds, the same marks ° ' '' being used, as 
before, to denote them. And, since the number of 
degrees, minutes, and seconds in any arc will be the 
same as in the angle it subtends at the centre, (what- 
ever be the radius, and, consequently, 'wViftX.eNet tsivj 
be the actual length of an arcual degree,^ on \!t^^ ^jc^e^ovn^: 
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the arc is often used as the representatiye, or, as it is 

called^ the meastire of the angle. 

N. B. There i« some ambiguity in the use of this word meatitn. 
Properly speaking, we mean by it the fixed quantity or unit, bj 
which we measure other quantities. Then we use it also to 
eipress the number of such units contained in the measnied 
quantity. Thus we speak both of a yard measure, and of the 
measure of a distance being so many yards. It is here used 
In a senie different from either of these, namely, of two propor- 
timal quantities, one of which is commonly said to measure, 
or be a measure of, the other. 

So also BC^ &C.J measured in the opposite direction 

to BC^, will be negative arcs; and DC^ will be the 

complement f and B'C^ the supplement, of BC^. 

19. The circumferences of different circles are pro- 
portional to their radii. 

For let C, c, be the circumferences of two circles, 

whose radii are It,r; and suppose 
AB, ab, to be sides of two regular 
polygons^ each having (n) sides, 
inscribed in the two circles. 
Then, (1 7), AB, ab, subtend equal 
angles at the centres 0, o, and the triangles OAB, oah, 
being also isosceles^ are, consequently, equiangtdar and 
similar ; hence (Euc. vi. 4) AB : ab :: AO : ao, and, if 
P, p, be the perimeters of the two polygons, we have also 
P :p :: n.AB : n.ab :: AO : ao :: It : r. 
Now let the number of sides be increased indefinitely, 
their magnitudes being diminished ; then the polygons 
tend more and more to equality with the two circles, 
and their perimeters with the two circumferences. Let 
P= C- X, p^c-x, where the differences X, x may be 
made as small as we please by increasing the number of 
then C--X;c-*;;lJ:r,orrC-rX=ifc-J?jr, 
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and, therefore, rC^Itc = rX - JRx, where each of rX, 
RXf and, therefore, their difference rX - Itx^ may be 
made as small as we please, and less than any conceiv- 
able magnitude, by increasing the number of sides. 

Hence r (7- He = ; for if r C- JRc = any finite value a, 
then rX - Rx could not be made less than a, which 
18 not the case : and, therefore, r (7= J?c, or (7 : c : : J? : r, 
that is, the circumference of any circle oc its radius. 

20. In different circles^ the arcs subtending equal 
mgles are proportional to the radii. 

For, in different circles, the length of one degree, 
being the gjj*^ part of the circumference, will (19) vary 
as the radius; and, therefore, the arcs, which in dif- 
ferent circles subtend at their centres the same angle A^ 
and which contain, consequently^ each the same number 
of degrees, will also be proportional to the respective 
radii. So that, to the same angle, the subtending arc 
X radius of the circle. 

21. Since the circumference of a circle oc radius, 

and, therefore, x diameter, it follows (Alg. 167) that, 

- I, . 1 ^v ^. circumference , ^ . 

for all circles, the ratio — has a certain 

diameter 

fixed numerical value. This value will be shewn here- 
after to be (as far as five places of decimals) 3.14159 « 3^ 
nearly^ or, still more nearly, fj^; so that the circum- 
ference of any circle is rather more than three times 
its diameter. This number, 3.14159, is, consequently, 
a very important one to be remembered, as well as 
the fractions 3}, ff^, which approximate to its value. 
(The latter of these, it may be observed, is formed of 
the figures 113355 in order, beginning with the de- 
nominator.) The number itself, 3. 14159 &c.) \\. \% xxswaiL 
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to denote by ir; but, for most common purposes, we 
may take for tt the approximate value 3| = ^. 

22. Hence, if C represent the circumference of any 

C 
circle and r its radius, we shall have — = ir, or (7= 2wr 

= the length of 360°; and, of course, the length of 180°, 
or the semicircumference, is Trr, that of the quadrantal 

arc, 90°, is - r, that of the octant, 45°, is - r, &c. 
' ' 2 4 

The radius, however, is often not expressed ; and then 
the expressions for the lengths of 360°, 180°, 90°, &c., 

are written 2ir, tt, - , &c. ; only in such a case it must 

be remembered that 27r really means 2ir times the radius, 
whatever that may be, and so of the rest. Since the 
radius is here referred to as the unit of measurement, 
the arc in such cases is said to be expressed, or mea- 
sured, to radius unity, 

23. Generally, if the length of an arc of ^° be Or, (as 

A 

that of 180° is Trr,) then Or : irr :: A : 180, or - = , 

' TT 180 

where 0, being the number of times the arc contains the 
radius, will be also the measure of the arc to radius unity. 

Hence, if A be given, then the measure of the arc to 

A 

radius unity is known from the equation 6 = tt ; and, 

^ ^ 180 

conversely, if be given, then the number of degrees 
in the arc is known from the equation A = - 180 =s Oco, 

TT 

180 
if we denote by a> the number — « 5 7.29677 &c. 

If the length (a) of an arc be given (in feet, yards, &c.) 

of course may be found by simply expressing the arc 

a arc 
as a fraction of the radius : since a=6r, and = - =« — ' . 

r raa 
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Ex. 1. Express to radius 1 an arc of 27°. Ana. 0= f^o^= A^* 
which answer, in terms of the known number w, will be generally 
sufficient in such a case, without putting for tt its numerical value. 

£x. 2. Find the measure of an arc of 10 feet to a radius of 
4 feet Ans, ^ = ^ = 2J, meaning, of course, that the length of 
the arc is (not 2^ feet, but) 2^ times the radius, 

Ex. 3. Find the length of an arc of 10° to a radius of 10 feet. 

Ans. 0r = ^^irr = Ufi ^i^'^fi^ 1.74/?. 
Ex. 4. Find the radius, when an arc of 1° measures an inch. 

Here 9rr = 180° = 180 tn = 15/5; .-. r = =^ft = ^ft = 4.77/J. 

24. It is proved, in Euc. xii. 2, that ^ the areas of 
circles are as the squares of their diameters' or radii; 
and the same may be thus demonstrated, as in (19). 

For, referring to the figure in ( 1 9), let AB, ahy be sides 
of regular polygons, each having n sides, inscribed in 
two circles, whose centres are O, o, and radii J?, r; 
then the triangles OAB, oab, being similar, we have 
(Euc. VI. 19) area OAB : area oab :: AO^ : ao^ ; and if 
A, a, be the areas of the polygons, we have also 
A : a :: n.OAB : n,oab :: A(y : ao^ :: B^ : r^. 

But> when the number of sides is increased and their 
magnitude diminished indefinitely, the areas of these 
polygons approximate more and more to those of the 
circles; and hence, reasoning exactly as in (19), 
area of circle ABC : area of circle abc : : jB' : r'. 

25. It will now further appear that, in point of fact, 
the area of a circle, whose radius is JB, is irB?. 

For let A'B', in the same figure, be the side of a 
regular polygon, circumscribing the circle whose radius 
is 12, and subtending the same angle at the centre as 
AB* Draw the radius OD to the pomt 'wVvfit^ A.'B 
touches the circle, and, therefore, perpeiidic\:^»x \5i A B 
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Then, since the area of any triangle (Euc. i. 41)= J area 
of rectangle of the same base and height = 2 base x height, 
we have area of A'B' = lA'B' x OD = lA'ff x B ; and, 
if P be the perimeter of the polygon, we have also 
area of polygon = 1{A'B' + &c.) -R = IP.M. 

But, when the number of sides is increased inde- 
finitely, or the polygon becomes a circle, P =* 2TrJR ; 
and, therefore, area of circle = I (2irlt) R = iriZ*. 

Ex. 'The area of a circle, whose radius is 1 foot, will be Vf 
that is, IT square feet, or 3^ sq.ft. 

The circumference will be 29r, that is, 29r linear feet or 6f ^. 

26. Since (Euc. vi. 33) ^ sectors of circles are pro- 
portional to the arcs on which they stand,' or to the 
angles which subtend them, it follows that the area 
of a sector whose arc, or angle, is 30**, 45°, 60°, &c., will 
be ^Trr', jTrr*, gTrr*, &c. respectively, (since the whole 

circumference contains 360°); and, generally, the area of 

A 

a sector, whose angle is ^°, will be — irr', or, if the 

Q 

circular measure of A be d, it will be — irr' = Jflr*. 

Ex. a. 

1. Find the length of a degree of the meridian upon a globe 
of 18 inches diameter. 

2. Obtain the number of degrees in a circular arc, 30 feet long, 
whose radius is 25 feet ; and measure it to radius unity. 

3. Find the measures of two arcs, oi 40 feet and 40 degrees, 
in terms of a radius of 2^ yards. 

4. Find the thickness of a tree, which a man can exactly clasp 
round with three grasps of his arms, supposing him to stretch with 
his arms 6 feet each time. 

5. Find the area of a section of the tree in the preceding ques* 
tion; and the quantity of wood in a length of 30 feet, supposing it 
of uniform thickness. 

6. The inscribed square is cut out of a circle whose diameter 
M s yard: £nd the area of the remaindjer. 
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7. What length of cord will it take to tether an ass, so that he 
may graae over an acre of ground ? 

8. Compare the areas of two circles, when an arc of 60° in the 
oDe is equal in length to an arc of 45° in the other. 

9. The hour-hand of a watch is f inch long, the minute-hand 
f inch, and the second-hand ^q inch ; compare the rates at which 
their extremities move. 

10. The Earth is distant from the Sun 96 millions of miles, and 
describes her orbit round him (nearly) in 365 days ; at what rate 
per minute does she travel P 

11. The Earth being supposed a sphere, with a radius of 4000 
miles, find the length of an arc of 1°, and the distance round the 
world on the Equator. 

12. At what rate per minute does a point on the Equator move, 
by reason of the Earth's rotation on her axis P 



27. Let a, a', be arcs, which in different circles sub- 
tend at their centres the same angle A, to radii r, r', 
respectively ; then (20) a : a :: r : r', or a : r :: a' : r. 

Hence^ if the angle be taken such that^ for any one 
circle^ a^r^ we shall have also for any other circle, 
at •» r\ to the same angle. It appears then that the 
angle, which is subtended by an arc whose length is equal 
to the radiuSy is the same for all circles whatever. 

This angle, which is thus easily defined, may, like 
the right angle, be used as a unit to measure other 
angles, and will be found to be an angle of great im- 
portance, especially in the higher parts of the subject. 

28. We may thus obtain the magnitude of the above 
angle in degrees, as well as the measui-e of any other 
angle when expressed in terms of this unit. 

Since tt denotes the number of times the circum- 
ference of any circle contains its diameter, or the semi- 
circumference its radius, therefore, if an ^ic \ie \siksrcL 
egoal in length to the radius, tt ia the nuiD\>ex oi ^cox^e^ 
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the semicircumference contains this arc, and, therefore, 
by (18), is also the number of times an angle of 180** con- 
tains the angle subtended by this arc. Hence the number 

180 
of degrees in this angle is — , which number we may 

lr 

denote as before by a> ; and any other angle A contains 

teP just as often as its subtending arc contains the arc 

subtending ©% or the radius. 

Thus 180° of arc = Trr, and 180° of angle = 7rc»° : and, 

if the arc = 0r, then the angle = 0(0° = — r x ; or 

rad TT 

each = B simply, if we suppress, for the arc, the unit r, 

and, for the angle, the unit c»°. 

29. The angle = 180° x — = — - — = 57°.29577 

° TT 355 71 

(= 57° 17' 45" or 206265") is commonly called the unit 
of circular measurement, or the circular unit; and the 

fraction — = is called the circular measure of the angle, 
rad ° 

It is usual to denote the circular measure of an angle, 
or the measure of its arc to radius unity, by some Greek 

letter, as 0: so that, as before in (23), 0= - , or a^rO. 

r 

Thus, if for any angle A, the length of the suhtending arc in 

any circle be three times that of the radius, then for this angle we 

have ^ = 3, and A contains 3 circular units = 3 x 57°.29577 = 172°. 

30. Hence, since 180° = 7rfi)°, the circular measure of 

180° is 7r, and those of 360°, 90°, &c. are 27r, -, &c., 

the same, of course, as the measures (22) of the cor- 
responding arcs to radius unity. And, generally, as in 
(23), if Q be the circular measure of an angle of -dt°, 
(aa 7r is the circular measure of an angle of 1 80°,) then 
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A 

6 : TT :: A : ISO, or - = : hence, when A. the num- 

' TT 180 

ber of degrees is given, we have = ir, or, when 0, 

the circular measure is given, we have -dt *= — 1 80, 

TT 

180 
which may be written most conveniently A = , he- 
ir 

cause we know the value of this fraction, viz. 57.29577, 
and shall only have, in any case, to multiply this by 0. 

Since 200 grades =180 degrees, it follows that the num- 
ber of grades in an arc equal to the radius, or in its sub- 

. ,. , . 200 ji J a^OO ^ A 
tending angle, is ; and A = , fl = — v. 

TC IT 200 

Ex. 1, Find the circular measure of 35°. Ans. 9 » i%w = ^^rr. 

Ex. 2. Express the angle f^^ in degrees, &c. 

Ana, A = ^^S^" = 206".265 = 3' 26".3. 

31. In different circles, angles are directly propor- 
tional to the arcs which subtend them and inversely to 
the radii. 

This follows at once as a Corollary from (29) ; since, 
if 9, ff, be the circular measures of two angles A, A', 

subtended by arcs a, a', to radii r, /, then = -, 0' = — , , 

r r 

and A : A' :: : 0' :: - : -r> or angle x — r . 

r r rad 

But it may be well to give th€ following direct Proof. 

Let BC, B'C, be arcs subtending angles BAC, 
SAC, to radii ^^, AB, respectively, 
the circles being supposed concentric with- 
s^' out affecting the demonstration; and let 
/ the larger radius AC cut the inner cir- 
cumference in c; then (Emc. n\. ^^^ 
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L BAG : L BAc (or L BAC) : : aic BC : arc Be 
arc -8(7 arc Be arc -B(7 arc^C , ^ . 
'-' ?^dZB ' i^:dAB '-'' i^AAB ' ^^^AAB ^^^^^^^ 

Ex. 4. 

1. Obtain the circular measures of 72°, its complement, and 
its supplement. 

2. Express 6° 3' 36" in circular measure. 

3. The angles of a triangle are as 3, 4, 5 ; express them each 
in circular measure. 

4. Express, both in circular measure and degrees, the angle 
subtended by an arc of tt feet to a radius of ir yards. 

5. Find the number of degrees, minutes, and seconds in the 
angle .1. 

6. Express 2^ 18' 75'' in circular measure. 

7. Compare the magnitudes of two angles, when the arcs, 
which subtend them, are inversely as the radii and directly as 
the numbers f and f . 

8. Find the complement of --- , and the circular measure of 
tiie supplement of 29r^. 

9. The measure of an arc is 3j- to radius 2f ; what would be 
the measure of an arc of the same length to radius 2^ ? Express 
also in each case the angle at the centre in degrees. 

10. The length of an arc of 45° in one circle being equal to 
that of 60° in another, find the circular measure of the angle, that 
would be subtended at the centre of the first by an arc equal 
to the radius of the second. 

11. If a be the arc which measures the complement of an angle 
to radius r, find the arc which measures the supplement of the 
same angle to radius /. 

12. The diameter of one circle is equal in length to the semi- 
circumference of another ; how many degrees of the first are equal 
in length to the diameter of the second ? 
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CHAPTER II. 

ON THE TRIGONOMETRICAL RATIOS OF AN ANGLE. 

32. The following are the quantities, which have 
been already spoken of under the name of the Trigono- 
metrical Ratios. 

Let BAC be any angle {A) in the first 

y^ quadrant ; from any point P in AC^ one 

^ of the lines containing the angle, draw 

PN perpendicular upon the other line 

•^ ^ AB, Then 

(1) —r^i or 2 — E: is the sine of lA, or sin-4=~j^=r; 
^ ^ AP' hyp.' ' AP' 

f^. AN base . . - £ , a a ^^ 

(2) —j-=L , or , , is the cosine of LA^ or cos-4 = -— = ; 

AP hyp. AF 

(3) -TT^, or v--^* i is the tangent of 21^, or tan-dt «= -— rv : 
^ AN base ^iV 

(4) — — , or , is the cotangent oiLA^ or cot-dt = -=7^7=. ; 

PN perp. PJS 

(5) -T-:^, or 7^* • is the secant of lA, or sec^=r— ^ri.; 
^ AN base -4iV 

(6) — ^, or — ^2l^istheco«ecan^ofz^,orcosec-dt = -p^. 

Also the quantity 1 - cos^ is called the versed-sine of 
Ay or vers-4 = 1 - cos-4 ; and, of course, cos^ = 1 - vers-4. 

The Student must not pass on till he has made him- 
self thoroughly conversant with the above definitions, 
and able, without hesitation, to answer to such questions 
as ' What is the secant of A ? the sinel l\v.e coX^3Cl%^ti\JV 
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Let him notice also distinctly that the values of the8( 
quantities are mere numberSy being the ratios of certaii 
lines to one another. 

Ex. If the length of FN be 3, (that is, of course, 3 units o 
length, whatever the unit may be,) and that of AN be 4, thei 
AP = V(l? + 9) = 5 ; and, therefore, sin -4 = {, cos -4 = $, tan -4 = { 

83. It is plain that (1) and (6), (2) and (5), (3) and (4) 
are the inverse^ or reciprocals, of each other ; so thai 
we shall have at once 

sin-4 =» -. , cos-4 = , tan^ = j . 

cosec-a sec^ cot-4 

cot-4 « 7 , 8ec-4 = -. y cosec^ = -, — - : 

tan^ cos^ sin^ 

and, consequently, whenever we have found the sine 
coaincy and tangent of an angle, we may consider tha 
we have found all its Batios. 

34. It will be easily seen that the numerical value 
of the different Batios depend only upon the magnitud 
of Ay and not at all upon the position of the assumei 
point P. 

For if in ^(7, as above, we take, besides P, som 

other point P, and draw P'JV 
perpendicular to ABy then th 
triangles APNy APN'y beui| 
rg similar, will (Euc. vi. 4) ' hav 
the sides about their equal angle 

PN P'N' 

proportional.' Hence the ratios -j-p3 .-p, y will b 

equal, or sin-4 will have the same value, according t 
our definition, wherever we take the point P in j4C 
and similarly for the cosine, tangent, &c. 
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So^ likewise, if we take a point P" in AB, (instead of 
A Cf) and draw P"N" perpendicular on A C, the triangles 

APNf AP"N'\ will also be similar, and, as before, the 

PN P'N" 
two expressions for sin^, namely, -r-^, . _,, , will 

AP AP 

still be equal : and so of the other Ratios. 

It appears then that for any one angle there is but 
one set of trigonometrical Ratios ; so that, if the angle 
be given, the numerical values of the corresponding 
Ratios are determinate^ and, as will be shewn hereafter, 
can in all cases be found. Such values have been 
calculated for all angles from 0° to 45°, (by which, as 
will appear, those of all angles whatsoever can be imme- 
diately obtained,) and are registered in Tables for use. 

35. As PNy the side opposite^ is the perpendicular, 

and ANy the side ad/acent, is the base, in forming the 

Ratios for the angle BAC or PAN, so AN is the 

perpendicular and PN the base, in forming the Ratios 

for the angle APNy which (11) is the complement 

of PAN or A, Hence we have 

AN 
AtlAPN= —r^ = cosP-4iV, or sin (90° - -4) = cos-4, 
AP 

PN 
cos APN= — ^ = sinP^JV, or cos (90° - -4) = sin-4. 

And so, generally, the sine^ tangent^ and secant of the 
complement are the cosine, cotangent, and cosecant of 
the angle itself; and, conversely, the cosine, cotangent, 
and cosecant of the complement are the sine, tangent, 
and secant of the angle. We may express this by 
saying that any Ratio or Function of an angle is the cor- 
responding Co-ratio or Co-funcixon of its complement. 

So likewise, 
covers^ « vers (90° - -4) = 1 - cos (90° - A^^* \ - %\x^A. 
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36. The Student should now accustom himself to 
express with ease any side of a right-angled triangle 
in terms of any other side^ by means of a trigonometrical 
Ratio; and it will be found that each side may be 
expressed^ in terms of the other sides and angles^ in 
four different ways. 

^ Thus if ABC be a triangle, right-angled at C, we have 

BC 

—-= = sin^ or cos^, and BC= AB %mA or AB cos^; 
^ c AB 

BC 

-j-^ = tan^ or cotS, and BC = ACtanA or AC cotB. 

In like manner, 
^ C = ^^ 008^ = -4^ sin^ =BCcotA ^BCtaxLBi 
AB -AC BBcA = ^Ceosec B = BC cosec^ = BC secB. 

37. By reference to the definitions in (32), the fol- 
lowing results may be easily obtained : 

PN PN AN srnA 







cotA 



AN'' AP ' AP^ cosA' 

AN^AN , PNcosA^ 
PN^ AP AP sinA' 



..^ 2^ fPNy [ANY PN' + AN^ , 
smM + cos^^ = ^— j + ^— j :5pr- = l; 

whence sin'A = 1 - cos'^, cos' A = 1 - sin'^, 
or sin/f - V(l - cos'^), cos^l => \/(l - 8in*-4): 

,. fAP\ Air+PJSr , fPNV , , »j. 

'""^"[an) AN' ^H^)^^**^^' 

whence sec-4 = V(l + tanM), and tan^ = V(sec'-4 - 1): 

whence cosec^ = ^(1 + cot*-4), and cot-4 = VCcosec'-^ - 1). 
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88. We will here collect the preceding results^ all of 
which must be carefully remembered^ so as to be forth- 
coming, when required, without a moment's hesitation. 
For shortness' sake we give them in the following form, 
without mentioning the angle to which the Ratios 
belong, since A in the proof stands for any angle 
whatever. 



1 1 

;in = , cos = — , 

cosec sec 


tan = — , cot = — , 
cot tan 


1 1 
sec = — , cosec = -r- . 
cos sm 


.... ^ sin ^ cos 

(u) tan = — , cot = -r- 

cos sm 



(iii) sin' + cos' = 1, sin' « i - cos', cos' = 1 - sin', 
(iv) sec' = 1 + tan', tan' = sec' - 1. 
(v) cosec' = 1 + cot', cot' = cosec' - 1. 
And to these, of course, must be added 

sin-4 = cos(90°--4), cos-4-sin(90°--4), &c. 

89. By means of the above formulae we may express 
any Ratio of an angle in terms of any other Ratio. 

Ex. Express all the trigonometrical Batios in terms of the sine. 

Ana. cos = v(l-8in*), tan= — = -j-z — ,-z-, cot=- — = ^^^^-. -, 

cos v(l-8m') tan sm 

1 1 1 

sec = — = -— j-gr , cosec = -r- . 

cos v(l ~ sm") sm 

40. The following will also be found a very useful 
result to be remembered. 

If tan *= T, then sin = -7^-= — z^ , cos = -77-= — ^^ . 
b V(a' + y) V(a' + J') 

1? 2 t * 2 i ^' a'+5' 1 b 

Forsec =l+tan'*=l + -r = -^5-; .-.cos- — = -_-__; 

ft' i' sec ^/{a^+b^ 

i2 2 

and sm'= 1 - cos*= l - -^ — ^ = "a— t» 5 •'• »^^ ** u % v\x - 
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Ex. 1. Given tan = 2, find the sine and secant 

2 2 2 11 

Hexetan»~; .'.sins: -jr-j — r-r= -rr, 008 = --, 8ec= — ^Jfi, 
1' V(4 + l) V5 V^ cos ^ 

T? o o- A ^^'^ • tan 1 

Ex. 2. Since tan = -r- , .*. sin = -;-; — - — =t , cos 




1 ' V{l + tan«)' """* V(l+tan«)* 

41. To find the stne, cosine, 8fc. of 45^ 

Let ABC he a triangle, right-angled at C, and having 

■g equal sides, CA, CB, and, therefore^ iJso 

equal angles, CAB, CBA. Hence, since 

these two angles make up together 90% each 

"c- of them must be an angle of 45°. 

Now Aff ^AC'-^ BC = 2 AC or 2BC\ that is, 

AB => '\/2.AC or V2.5(7: 

.-. sin 45** =--T-5 = y- =» cos 45°, and tan 45° « -77?= 1 9 

and .'. also cot 45° - 1, sec 45° = V2 ■ cosec 45°. 

If we express the angle 45° in circular measure, 
these results may be written 

sin - = -7- = cos - , tan- = 1 =cot - , sec - = v2« cosec-. 
4 V2 4' 4 4' 4 4 

Notice also that, if A be greater than 45°, and, 
therefore, greater than J5, BC> AC, and sin^ >co8-4 ; 

whereas, if -4 be less than 45°, cos^ > sin-4. 

42. To find the sine, cosine, 8fc. of 30" and 60°* 
Let ACB be an equilateral triangle, and, therefore, 
also equiangular: then, since its three angles 
make up together 180°, each of them must be 
jT^-^s an angle of 60°. 

Draw CD perpendicular to AB^ and, therefore, 
(Euc. I. 10) bisecting both the side AB and the angle 
ACB, so that lACD^ 30°. 
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Then ^C=^5 = 2^Aand CZ>»=^(7*-^2)'=3^2>»: 

/. sin SO*' = -— ^ = - = cos 60**, 
AC 2 ' 

__o CD ^S.AD ^/3 . ^^o 

cos 30 = -77S,- ^ j^ = — =» sm 60 , 

AC 2AD 2 ' 

J n 1 

tan 30° = -7^ « -r- = cot 60°; 
CD V3 

2 
whence cot 30° = ^/3 = tan 60°, sec 30° = -7- « cosec 60°, 

v3 

cosec 30° « 2 = sec 60°. 

It will be found sufficient to mark well the values 
of the sine and cosine of 30°, from which all the other 
Ratios, both of 30° and 60°, may be at once obtained : 

^1. X o/xo sin 30° 1 « 

thus tan 30 = = -7- , &c. 

cos 30° ^3 

If we use the circular measure, the above results become 

.irl 7^'7^^/3.lr^7^1 j.v ^ 

sm - = - = cos -, cos -= — = sm - , tan - = —- =s cot - , &c, 
6 2 3' 6 2 3' 6 V3 3' 

Ex. 5. 

1. Express the sine in terms of the secant and cotangent. 

2. Express the cosine in terms of the cosecant and cotangent. 

3. Express the tangent in terms of the sine and cosecant 

4. Express the cotangent in terms of the cosine and secant. 

5. Express the secant in terms of the cotangent, and the 
cosecant in terms of the secant 

6. Express the sine in terms of the versed sine. 

7. Given tan = f , find all the other Batios. 

8. Given sin = %, find the cotangent and secant 

9. Given tan = f • find the cosecant and cosine. 

10. Given sec = 4, find the sine and versed sine, 

11. Shew that (sin - + cos -j (sin - - cos -j = sin - . 

12. Shew that 

l-tan«30° si n45°~sin30^ sec 45° -tan 46^ 

l+ta|i"3r°®^ ' ^^ sin46° + Bin3Qp'^ fiet^&^JtXasi^^'*' 
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48. We have hitherto been considering the Ratios 
of angles in the first quadrant only^ or less than 90°: 
but the definitions of (32) hold equally for all angles 
whatever, as seen in the figure annexed. 

Here JBJ?, DU ^ are drawn^ as usual^ intersecting at 

right angles in A ; the position of the 
revolving Kne is taken in the first, se- 
cond, &c. quadrant respectively, and 
PN is drawn perpendicular on BB. 
Now in each case we have, as before, 

sin^ ss - cos-4 = — ;;r • tan^ = , &c. 

Now, however, in accordance with (6), we shall con- 
sider PN to be positive in the first and second quad- 
rants, where it is drawn downwards upon BB'^ and 
n^ative in the third and fourth quadrants, where it 
is drawn upwards; and so, likewise, we shall take AN 
to be positive in the first and fourth quadrants, where it 
is drawn to the right of A, and negative in the second 
and third quadrants, where it is drawn to the left. 
AP is in all cases to be positive, because it is always 
drawn from A in the direction of the revolving line, 
being measured off upon it. 

N.B. In other cases of algebraic geometry, cases 
occur where AP is negative, being measured, not on 
that part of the revolving line which is actually de- 
scribing the angle, but upon the line produced back- 
wards. The Student, however, will perceive that the 
word * direction' in (6) is not to be understood of a 
^xed direction only, as in the case of AN, or even 
of a direction /?ara7fo/ to affixed line, as in that of PN, 
but of any determinate direction whatever, defined by 
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the conditions under which the figure has to be drawn^ 
as^ in the case now before us, (ilong a revolving line. 
And. this instance will further illustrate the meaning 
of the words in (6), * lines of the same kind, &c.' : for 
AP, we see, is positive, though it may lie in the 
direction AB' or AD', in which directions AN or PN 
respectively will be negative — the reason of course being 
that the Law, according to which AP is drawn, is not 
contradicted by its being drawn in the direction AJff 
ox AD. 

44. Now, strictly, it would be most correct to denote 
the yalue of any of these lines by some algebraical 
letter, supposed to express the number of units of length 
it contains. Thus, for instance, we might use p, b, r 
for the perpendicular PN, the base AN, and the re- 
volving line, or radius, AP, respectively; and then 
we should say that, in the first quadrant, PN= +/?, 
J[JV= + i, in the second, PN= +p, AN^-b, in the 
third, PN== -p, AN^-b, in the fourth, PN^ -p, 
AN- + b, while, in each quadrant, AP ■= + r. 

But it is more usual, (as it is often more convenient,) 
to use the geometrical symbols PN, &c. themselves in 
an cUgebraical way, namely, so as to express by them, 
not the lines themselves as they actually stand in the 
figure, but merely their positive values ; and thus, if the 
lines are drawn positively, their values will be expressed 

by +PN, -{-AN, or, if negatively, by - PN, -AN 

PN 
•H^ice we shall no longer have sin-4 = — — in every 

, ^.^+PN -PN , . PN PN 
quadrant, but . _ or . p , that is + -r^=. or - -j-= , 

AP AJr A.Jr AP 

according to the position of PN: and so mtJct \!cL<fe 

other 'Ratios. 
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45. To trace the changes in sign of the differetd 
Ratios in the four quadrants. 

+ PN . 

(1) sm-4 = — j^ in the first and second quadrants, , 

"PN 

= — r^r in the third and fourth ; \ 

AP 

■ 

hence the sine is positive in the frst and second quad- j 
rants^ but negative in the third and fourth. 
Similarly for the cosecant. 

+ AN . 

(2) cos^ = — —= in the first and fourth quadrants, 

- AN . 

= — j^ in the second and third ; 
AP 

hence the cosine is positive in the^r*^ 2Lnd. fourth quad- 
rants^ but negative in the second and third. 
Similarly for the secant. 

(3) tan^ =» — j^ in the first quadrant^ = — -— ; in 

+ AJyi — AJS 

- PN . . - PN . 

the second^ = — r?^^^ ^^^ third, » — Ja?^ ^® fourth; 

— AJS + AJN 

hence the tangent is positive in the first and third 
quadrants, in which PN and AN have both the same 
sign, but negative in the second and fourth. 
Similarly for the cotangent. 

These results will be best remembered by observing 
the sequences of signs in the four quadrants, namely, 
for the sine and cosecafit, + + — , for the cosine and 
secanty + — +, for the tangent and cotangent^ + - + -. 

It must be observed, however, that all the results 
obtained in (37), with the angle in the first quadrant, 
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where the Katios are all positive, will, by (6), hold 
equally good for all angles whatever, and might be 
separately proved, though with more complexity, for 
each particular case. So, likewise, in all future reason- 
ings, we shall be justified in drawing the simplest 
general figure we can, that is, with the lines and angles 
concerned all positive, if possible, and assuming the 
result thus obtained to be universally true. 

46. To trace the changes in magnitude of the dif- 
ferent Ratios through the four quadrants. 

Whenever the revolving line AP coincides with Sffy 
(as it does at first, and again when it has described 
180%) then the perpendicular PN vanishes entirely, and 
the base AN becomes equal in magnitude to the hy- 
pothenuse AP : and so, likewise, whenever AP coincides 
with DU, then AN vanishes, and PN becomes equal 
in magnitude to AP. It is plain also that we need 
only follow the changes of magnitude of the difierent 
Ratios through the first quadrant, since they go through 
the same exactly in the other three quadrants, alter- 
nately increasing and decreasing. 

Observe that we are not«now considering the signs of 
the Ratios, which will have to be separately determined 
for each quadrant as in (45): in the first quadrant, 
however, we know they are all positive. 

Now, in the first quadrant, or as ^4 changes from 0° 

to 90°, 

PN r 

mnA (= -r^) changes from - to - , that is, from to 1 ; 
AP r r 

AN r 

cos-4(=— — ) - to -, 1 toO; 

AP r r 

PN r 

tan-4(=:i4rr) - to - , ^ M^^% 
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A.N T 

cot A (= v>-v^) changes from - to -, that is, from oo to 

AP 
8ec-4 (= -7^^) - to - 1 to 00 



r ^ r 

- to -, 
r 

r ^ r 

- to - , 
r 



QOtoL 



AN' 
co8ec^(=-^^) 

47. Hence for all the four quadrants we may fon 
the following scheme, to express the changes in sig 
and magnitude of the trigonometrical functions of a 
angle Ay as the angle changes from (f to 360^ 



A 


fliiL<l 


cos^ 


taiiil 


cot^ 


sec^ 


co8e& 


0°to 90° 


Otol 


1 toO 

(+) 


to 00 
(+) 


00 to 
(+) 


1 to 00 

(+) 


00 to 

(+) 


90° to 180° 


1 toO 


otol 
(-) 


00 to 
(-) 


to 00 
(-) 


00 to 1 

(-) 


1 to < 

(+) 


180° to 270° 


otol 
(-) 


1 toO 
(-) 


to 00 
(+) 


00 to 


1 to 00 

(-) 


00 to 

(-) 


270° to 360° 


ItoO 
(-) 


Otol 
(+) 


00 to 
(-) 


to 00 
(-) 


00 to 1 

(+) 


1 to< 

(-) 



The above Table must be well studied, and may 1 
best remembered, by remarking carefully the results 
the first line, on which all the rest depend. 

48. It will be observed, that the values of the sii 
and cosine range between and fl, so that the 
altoays lie between + 1 and - 1 ; and those of tl 
secant and cosecant range between + 1 and + oo , ai 
between - 1 and - oo , so that these never lie betwe< 
+ 1 and - 1 ; while those of the tangent and cotange 
range between and ± oo , and, therefore, may be 
any magnitude whatever, positive or negative. 

Notice also that each of the Ratios changes its sig 
whenever its value passes through zero oi infinity. 
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In fact^ the same Ratio may be considered as having 
at the same moment the value + and - : thus 
cos 90°= + or -0, according as we consider D to be 
the end of the first quadrant^ in which the cosine is 
positive^ or the beginning of the second^ in which it is 
negative; and the same may be said of the values 
+ 00 and - oo ; so that we have tan 90° = + oo or - oo . 
The real meanings however^ of such statements, is this : 
at the point Dy where the angle becomes 90°, there is 
actually no such thing as a cosine or tangent at all, for 
no triangle APN can be formed, and the definitions, 
therefore, cannot be applied. But, on either side of D, 
however close to it, there are values of the cosine and 
tangent, those of the cosine exceedingly small, and those 
of the tangent exceedingly great ; and these, however 
small in the one case, or however great in the other, 
will be positive or negative on different sides of D. 

49. Hence also the versed-sine (= 1 - cos) changes, 
in the four quadrants, firom 1-1 to 1-0, from 1-0 
to 1 -(- 1), from 1 -(- 1) to 1 - 0, and from 1- to 1 - 1, 
or from to 1, from 1 to 2, from 2 to 1, and from 1 to 0. 
The versed-sine, therefore, is always positive^ and its 
values increase gradually from to 2 in the first two 
quadrants, and then diminish from 2 to 0. 

The following is a Miscellaneous Exercise upon all 
the foregoing portions of the Book. 

£)x. 0. 

1. Find the number of grades in the angle whose circular 
measure is ^. 

2. Shew that the areas of two circles, in which the circum- 
ference of the one is equal to an arc of 60° in the other, are 
as 1 : 36. 
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a 
• 



3. The distances of Venus and the Earth from the Sun are i^ 
as the numbers 7 and 10, and they revolve in 224 and 365 days ^ 
respectively : compare their rates of motion. ^ 

4. Compare the angles subtended by an arc of 3J feet to a * 
radius of 2 J feet, and an arc of 2^ feet to a radius of 3J feet; ^ 
and express the first in degrees and the second in grades. tr 

5. Shew that sin« ^ , sin* j , sm* ^ , sin* ^ , are as 1, 2, 3, 4. p 

6 4 o 2 ^ 

6. Find tan-4 from the equation sin'^ + 6 cob* A = 3. ^ 

7. Given 2 sin^ "/^^^^ = ?, find the sine, cosine, and tan- 

2 sm^ ■+ 3 cos^ 3 

gent of A. 

8. Determine sinO and tand from the equation tand+ 3cot0=4. 

cos^ cobS 

9. If co8« = -:— 77 and co8(90° - «) « -^-7=, shew that 

smC7 ^ smC 

sin'^ + sin'J? + 8in*C= 2. 

10. If tan'^ + 4 sin'^ = 6, find the value of vers^. 

11. If tanO = ^ , find the value of 

asin^+^cosd , , sin*^ cos'^ 

and 1 - 



a sinO - h cosO 1 + cot^ 1 + tan^ * 

12. If sin^ = V^ sin^, and tan^ = V^ tan^, determine A 
and S, 



50. It was formerly customary to consider the tri- 
gonometrical functions as belonging to the subtending 
arc rather than to the angle, and to represent them by 
certain lines as follows. 

Draw BB'f Dlf intersecting at right angles in A\ 

and let BP be any arc of a circle, 
subtending at the centre A an angle 
of A^\ then, as in (12)^ the angle 
DAP, or the arc DP, is the comple- 
ment of -4°, and the angle BAP, or 
the arc JB'P, is the supplement of A^. 
From P drop PN, PN', perpendi- 
culars on the diameters through B and D ; and let the 




PLANE TRIOONOMETBT. 37 

lines touching the circle at B and D meet the diameter 
through P produced in the points jT, T\ 

Then PN was called the sine, BT the tangent, and A T 
the secant of the arc BP or ^ ; and PN\ DTy AT, 
which^ according to these definitions^ would be the sine^ 
tangent, and secant of the arc DP or (90°- -4), were 
called the cosine, cotangent, and cosecant, of A. 

For PN*, however, it is generally more convenient 
to use its equal AN, and for AT and AT, their equals 
At, At', found by producing the touching line at P to 
cut the diameters through B and D in t, t'. 

So also BN was called the versed-sine of A, and 
DN', the versed sine of DP, was the coversed-sine 
of A : and likewise HN, the versed sine of B'P, was 
called the suversed-stne of A. 

51. Now, to radius unity, it will be seen that the above 
definitions exactly coincide with those already given of 
the trigonometrical Functions. For then each line in the 
figure will have for its numerical value, not the number 
oifeet &c. it contains, but the number of times (integral 
or fractional) it contains the radius, that is, in other 
words, the ratio which it bears to the radius. Hence, 
to radius unity, the numerical values of the lines PN, 

AN, will be the same as those of the ratios —-t , —-- ; 

AP AP 

and so, likewise, the values of the lines BT, AT, 

BT AT 

will be the same as those of the ratios—-— , — -^, or 

AB AB 
PN AP « 

AN' AN' *''• 

Similarly, vers A = BN ^ AB - AN, 

and covers A = DN' ^ AD - AN' = AD - PN^ 

which become^ when the lines are xeieiT^A. \.o XJc^ax^^^^^ 
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or the radius is taken for unity, 1 - cos^ and 1 - smA 
respectively^ as before. And, in like manner, 
suvers-4 = BN= B'A + AN^ 1 + cos^. 

52. Hence may be seen the origin of the names 
given to the different Functions. 

The name sine, from sinuSy bosom, is the mere Latin 
translation of an Arabic word, PN being half the 
string, as it were, of the arcua, or bow, of which BP \ 
is half, and being the part brought up to the breast ^ 
of the archer in discharging it. The names tangent [ 
(touching line) and 'secant (cutting line) explain them- 
selves from the figure : and, of course, the cosine, 
cotangent, &c. were so called, as being the sine, tan- 
gent, &c. of the complement The name versed-sine is 
not so easy to explain: but BN was formerly called 
from its position the sagitta, or arrow, of the bow. 

53. If, however, in any case, the radius be not taken 
as the unit of measurement, let r be its numerical value, 
expressed in terms of some other unit; then, if we 

use Sin^ (with a capital letter) to denote the line 

PN 

PN and sin^ to denote the ratio --— , we shall have 

AP 

sinA = , or Sm-4 = r 8in-4 : 

r 

and so with the other functions. Hence any result 
obtained for Sin^, Cos^, &c. to radius r may be 
adapted to the radius unity , or converted into the cor- 
responding result for the Ratios, by writing r sin^, 
r cos-4, &c. for Sin-4, Cos-4, &c. : and, conversely, 
any result, obtained by means of the Ratios, or by 
the lines to radius unity y may be converted into the 
corresponding result to the radius r, by writing 

Sin-4 Cos-4 o. r ' J J OL. 
, , cfec, tor sm^, cos^, &c. 
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Ex. 1. sin'^ + co8*^ = 1 becomes, to radius r, 
Sin«-4 Co8«^ 



f* 



= 1, or Sin«-4 + CosM = r«. 



Ex, 2. sin^ = z becomes, to radius r, 

cosec^ 

Sin^ = ^ or Sin^ = ^ 

r CosecA * cosec^ 



It will be seen that thishas^ in fact, amounted to 
multiplying each term of the expression to radius unity 
by such a power of r, as will render the whole result 
homogeneous; it being observed that the quantities 
Sin.^^ Cos.^^ &c., being lines and not ratios, will be 
each^ as weU as r, of one dimension. 

Ex. 3. If, to radius unity, we have cos 3^ = 4 cos'^ - 3 cos ^, 
then/ to radius r, we shall have 

=4 — -= 3 , or r* Cos3^ = 4 Cos'-^ - 3r* Cos^ ; 

r T T 

the same result as we shall get, if we merely multiply each term 
of the giyen result by such a power of r, as shall make its dimen- 
sions equal to those of its highest term, which is plainly cos'^. 

Ex. 4. If, to radius unity, 2 8in-4 = V(l + sin 2-4) + V(l - sin 2^), 
then, to radius r, 2 Sin-4 = ^|{f + r Sin2-4) + V(r» - r Sin2^), 
where each term is made of one dimension. 

The Student should /?rore the truth of this last adaptation. 

54. According to the /e/te-definitions then^ it is plain 
that^ unless the radius be taken for unity, the tri- 
gonometrical functions of any given angle are not fixed 
in value, as they are with the ra^fo-definitions, but are 
always, like the arcs themselves, proportional to the 
radius employed. It becomes necessary, therefore, to 
mention the radius in any such case, or, at least, to 
refer to it as understood. It is this inconvenience 
which has led to the general disuse of \k^^^ \\Tka^. 
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Most commonly, however, the radios is understoc 
to be unity, and all the other lines are referred to : 
Here then the numerical values of the lines PN, &( 
will be the same for the same angle, whatever be the 
actual length or the length of the radius, since th( 
will merely express the ratios which the lines be: 
to the radius, the value of the radius, or its ratio 
itself, being 1. And this method of exhibiting tl 
trigonometrical Ratios will be found convenient ; 
times, and may be used with advantage in the solutic 
of some Problems. 

Ex, 1. In the fig. of (50), AI* = PN* + AIT, or 1 = sin'^ + cos"- 

Ex. 2. AT* = AB^ + J?r», or 8ec*-4 = 1 + tan"-4. 

Ex. 3. Since tif = tP ^^ Pif ^ BT+ DT = tan-4 + cot^, 
.-. (tan^ + cot-4)* = {pay ^ A^ \ A1^ = 8ec*-4 + co8ec*-4. 

55. It may be as well to give here the definition 
formerly used for the different trigonometrical fun 
tions, referring to the figure in (50). 

Let there be any arc BP, subtending ai^ angle BA 
to any radius : then if BP = 90^ DP is the compleme 
of SP, and it should be observed, as in (12), tli 
whereas the arc BP begins at B^ and increases in tl 
direction firom B to D, the complement DP, on tl 
contrary, begins at D, and increases in the directi* 
from D to B, Now 

(1) The sine {PN) of the arc or angle is the pc 
pendicular drawn from the end of the arc upon tl 
diameter through the beginning of it; 

(2) The cosine (AN) is that part of the san 
diameter, intercepted between the centre and the sin 
and the versed-sine (BN) is that part of it, intercept 
between the beginning of the arc and the sine ; 
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(3) The tangent {BT) is the line drawn touching the 
circle at the beginning of the arc^ and terminated by 
the diameter through the end of it produced; 

(4) The cotangent {DT) is the line drawn touching 
the circle at the beginning of the complement, and ter- 
minated by the diameter through the end of it produced; 

(6) The secant (AT or At) is the line drawn from 
the centre through either extremity of the arc, to meet 
the line which touches the circle at the other extremity ; 

(6) The cosecant {AT or At') is the line drawn from 
the centre through either extremity of the complement, 
to meet the line which touches the circle at the other 
extremity. 

56. Let a line of unlimited length, revolving about £, 
from an initial position coincident with the touching 
line at By always pass through the extremity of the 
arc BP : then the portion of this line, intercepted 
between the two extremities of the arc, that is, the 
line BPf is called the chord of the arc BP. 

The above is a strictly correct definition of the chord, 
of which the use will be seen in (58): but, for all 
ordinary purposes, it will be sufficient to say that. 
If BP be joined, then BP is the chord of the arc BP. 

It is easily shewn that chord A = 2 sin j^. 

For let jBC be any arc Ay and draw the 
radius ADE bisecting the chord -BC (at right 
angles) in D, and its arc in Ei then we have 

^e=2CZ)=2sinCB, 
or chord A = 2 sin^. 

We may define the chord as a Ratio ^ a& f!oVLcrsR^\ 
Take equal lengths AB, -4C, in lYie^xia^ c.c^xA^cKOi'SL 
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BC HC 

the angle BAC or A\ then the ratio -^^,9 or — ^, 

is called the chord of A: and, as before, 

, , . jBC 2CZ) o . ij 
chords = -^- -j^=2 8mM. 

This Function, however, is not very frequently used. 

57. We shall now trace the changes in sign and mag- 
nitude of the trigonometrical Functions, according to 
these /m^-definitions, and, as we shall find, with the 
same results as before. 



;r T 



i 




i i-. — » i ■» *-*-! — 







The above figures will serve to shew the positions^ 
that will be taken by the difierent lines, drawn accord- 
ing to the definitions in (60), when the point P is in 
each of the four quadrants. As usual, the positions 
of the lines in the first quadrant are taken as the 
positive positions. The signs of the sine and cosine 
will be determined exactly as before by the signs of 
the lines PN and AN, The versed-sine BN, coversed- 
sine DNf and suversed-sine BN, being always measured 
in the same directions firom B, 2>, and B'^ will in each 
case be positive ; the positive direction for the versed- 
sine being, however, the negative for the coversed- 
sine and suversed-sine. The tangent ^T is positive 
in the first and third quadrant, and negative in the 
second and fourth. With respect to the secant AT, 
2t win he seen that, in the second and tYviid Gj;a^dt«cLtS) 
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the 'diameter through the end of the arc' (see Art. 55, 
Def. 3), in order to meet the line touching the circle at 
the beginning of the arc/ must be produced backwards, 
instead oi forwards y as in the first and fourth quadrants, 
the secant being drawn in the direction from P towards 
A^ instead of from A towards P: hence the secant 
is positive in the first and fourth quadrants, and nega- 
tive in the second and third — a fact which we see 
fet more plainly by looking at the sign of At The 
Student will easily be able to follow the signs of the 
cotangent and cosecant, observing the directions of the 
Tositive lines DT and AT' or Af, 

58. With respect to the chord, (found by joining 
BP,) we have seen (56) that strictly it is defined 
o be 'that portion of a line of unlimited length, re- 
volving about B from an initial position coincident 
idth jBT in fig. 1, which is intercepted between the 
beginning and end of the arc' Now, when this line 
Las revolved through 180°, it will become coincident 
nth BT in fig. 2, while the arc BP will have increased 
rom 0° to 360°, and hitherto the chord will have been 
aeasured ofi* upon the revolving line itself; but, after 
his, while the line still goes on revolving, and the arc 
BP increasing from 360° to 720°, the chord will have 
be taken off upon the line produced backwards, until 
t has gone on revolving through another 180°, and be- 
comes again coincident with BT. Hence the chord will 
)e positive, while BP, or A, increases from 0° to 360°, 
md negative, while A increases from 360° to 720°. 

This appears also from the formula chord -4 = 2 sin^^ ; 
or sinlA is positive, while ^A is in the first or second 
[uadrant, that is, while lA lies betweeii 0° ^xA \%^ , 
>r A between 0° and 360°; and nega^ve, ^\SL<b \A S& 
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in the third or fourth quadrant^ that is^ while ^A lies 
between 180'' and 360°, or A between 360° and 720^ 

59. So also with respect to magnitude. 

For, referring to the figures in (57), it will be seen 
that, as the arc BP increases from 0° to 90°, the 
sine PN increases from to AD, or (to radius untty) 
from to 1, the cosine AN decreases from 1 to 0, 
the tangent BT increases continually from 0, and the 
secant AT from AB or 1, until, when the arc is 
near 90°, and AT becomes nearly coincident vntiiAD, 
both BT and AT become exceedingly great, and ut- 
Jinitdy great at last, when the arc is 90°, and AT 
actually coincides with ADi in which case ^7 becomes 
parallel to BT, and they never meet. On the other 
hand, when the arc begins at 0°, AT' is parallel to J3r, 
and the cotangent and cosecant begin by being in- 
finitely great, and then diminish continually as the 
arc increases, till, at 90°, the cotangent DT' vanishes, 
and the cosecant AT becomes the radius AD or 1. 

Thus the changes of magnitude are the same exactly 
in the first quadrant with the lines or with the Ratios j 
and in the other quadrants the same changes are re- 
peated, the different functions alternately increasing 
and decreasing as before. 

So also the versed- sine increases in the first two 
quadrants from to BB^ that is, from to 2, and 
decreases from 2 to in the other two quadrants : and^ 
in like manner, we may reason for the coversed-sine 
and suversed-sine. 

The chord increases in the first quadrant from to 
BD, that is, from to V2, 

(since Bl^ '^AE' ^ Alf ^\\\-^1^ 
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in the second from V2 to 2, in the third decreases from 
2 to V2, and in the fourth from V2 to ; after which^ 
while the angle still increases between 360° and 720°^ 
the chord (58) changes in sign, but goes through again 
the same changes in magnitude. 

Ex. 7. 

Prove by means of the formulse in (37) the following formulae, 
and adapt them to radius r : 
, . J cos A - J sec^-l cosec^-cot^ 

1. Sm^ = —; r-j rr . 2. VetSA = 5- = ;; — . 

V(cosec"-4 - 1 ) sec ^ cosec A 

3. sin^.cos^ = 5 . . 4. coi?A cos*-4 = cotM - cos,* A, 

teaiA + cotA 

5, sec*^ cosec"-4 = 8ec*-4 + cosec'^. 

6, tan^ + cot -4 = '^{aec*A + cosec"-4). 

Prove by means of the line-definitions the following formulae, 
ind adapt them to radius r : 

7, sin-dt = 7 . 8. tan^ cot^ = 1. 9. tan^ = ^ . 

cosec ^ cos^ 

.0. sin^ = 2 sinJ^.cosJ-4. 11. cos-4 = 1-2 sin'J-4. 

12. chd«-4 = 2vers^. 



60. To express the Trigonometrical Ratios of 1 80°-^, 
180^ + A, and -A, in terms of A. 

Draw Sffy DDy cutting at right angles in A : make 

iBAP^^LBAP^^LBAPf^LBAP.^A: 
then we shall have the positive angles 
BAP.^A, 5^P,= 180°--4, BAP^ 
« 180° + ^, BAP^ = 360° - A, and the 
negative angles BAP,^ - A, BAP^ = - (180°- A), &c. 

Take AP^^AP^^AP^^AP,\ and draw P,P,, PJP^y 
mtting BB at right angles in iV, N'. Then the 
riangles AP,N, AP^N\ AP.N', AP,N, are equal in 
Jl respects, so that P,N= P,iV"« P^N' = PJS, ^^^ 
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AN= AN'. Hence it is manifest that any function o: 
either of the above angles is equal in magnitude to the 
same function of ^^ whether differing, or not, in sign: thuf 

sin(180° - ^) = t^^' = + ^= + sin^, 

80 + -4) = -^ = - -T^ = " COS-dt, 

-P N P N 

tan (- A) = ^^ = 7ir7= - tan^, &c. 

+ AN AN 

The only difficulty then will be to know when the 
sign, which connects the two equal Batios in any case 
is to be (+) or (-)• And for this we observe that, sina 
€dl the Batios of A are positive^ the sign to be use( 
in any case must be that which belongs to the equa 
Batio of 180''-^, 180''+^, or -A. 

Hence, attending to the signs of the different Batioi 
in the four quadrants, as laid down in (45), we have 

sin (1 80'' - ^) = + sin-4, sin (1 80° + ^) = - sin-4, 

sin (- ^) = - sinJl ; 

cos (180° - -4) = - cos-4, cos(180° + ^) = - cos^, 

cos(-^)« +cos^; 

tan (180° -A)^- tan-4, tan (180° + -4)= + tan-4, 

tan(- A)^- taxiA : 

and the cotangent, secant, and cosecant, follow the la^ 
of the tangent, cosine, and sine, respectively. 

Hence also, as in (51), 

suvers-4 = vers(180°-^) = 1 -cos (180°- -4) = 1 + cos-d 

61. Of course, it follows that the converse of thes 
equations are true ; 

thus sin-4 = - sin (- A), cos A •= + cos (- A). 
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It is plain also^ from the figure, as observed in (7), 
that the Katios of the angle BAP^ will be the same, 
whether we regard it as the positive angle (360°- A)y 
or the negative angle (- A) : and, generally, that the 
Eatios of any angle will not be at all affected, by sup- 
posing the angle increased or diminished by any mul- 
tiple of 360° (or 27r), since this only brings the revolving 
line to the same position exactly as before. 

It is useful to notice the pairs of quadrants in which 
the different Katios are the same, in sign as well as 
in magnitude, with the corresponding Batios of Ay 
namely, the sine and cosecant in the^r^^ and second, 
the cosine and secant in the^r^^ and fourth, the tangent 
and cotangent in the^r^^ and third, — in fact, the same 
pairs of quadrants as those in which (45) the respective 
Ratios are positive. 

Of course we may write the above results, if we 
please, in circular measure: thus 
8in(7r-6)= + sinfi, sin(7r+0)=»-8infi, sin(-fi) = -sinfi, &c. 

62. In like manner, if we now make 
lDAP,^lDAP^^lD'AP^^lDAP,^lBAP^A, 

then we shall have the positive angles 






V yf^ -B-4P^= 9 0°-^, S-4P, = 90o + ^, 
^,-!f^^^BAP^^21(f-'A, BAP^^21(f + A,8cc., 
and the negative angles 
^ i^^"^ BAP^-^ - (900-^), jB-4P3= - (90o+-dt),&c. 
Take, as before, AP, = AP^ = AP^ = AP^ = AP, and 
draw PN, P.N'P^, P^N'P^, perpendiculars on BB. 
Then the triangles AP^N*, &c. are, each of them, equal 
in all respects to APN, but so that P^IST = P^N" » &c. 
^AN, and AN' ^ AN" ^ PN. Hence it is manifest 
that any function of either of the angles BAP^, &.^.tn^ 
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be equal in magnitude to the corresponding cofunction 
of A, whether differing, or not, in sign : thus 

cos (90° + -4) = —-Tp = - -jp = - sin^, &c. 

So that, determining the signs as before, we have 

sin (90° - ^) = + C08-4, cos (90° - ^) = + sinu4, 
tan (90° - ^) = + cot-4, as in (35) ; 

sin (90° + ^) = + cos^, cos (90° + -4) = - 8in-4, 
tan (90° + A) = - cot-4 ; &c. 

63. We may now shew, as stated in (34), that any 
function of any angle whatever may be expressed as 
a function of an angle less than 45°. 

First leave out of the angle any multiple it may 
contain of 360° (or 2ir); for by (61) the given function 
of the remaining angle will be the same as that of 
the original angle. Then put this remainder in the 
form ».90° ± A^ which may always be done so as to 
have A less than 45°, by taking that multiple of 90° 
which is nearest to the angle in question, whether 
greater or less than it. And now, according as n is 
ecen or odd, the given function of n.^(f±A may be 
written down at once as the corresponding ^wc^ibn or 
cofunction of Ay with that sign which belongs to the 
given function of ».90° ± A* 

Ex.1. 8ml60°=8in(90° + 60°) = + coB60° = i: 
here, however, we should most naturally have used the formula 
8in-4 = 8in(180°-^), or sin 150°= sin 30°= i, as before. 

Ex. 2. cot330° = cpt(3.90° + 60°)= - tan 60°= - V3 ; 

or = cot (4.90° - 30°) = - cot 30° = - V3, where 30° < 46°. 
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Ex. 3. sin 369° = sm 9°, by merely leaving out 360° ; 
tan 600° = tan 140° = tan(180° - 40°) «= - tan 40°; 
cot 660° = cot 300° = cot (3.90° + 30°) = - tan 30° ; 
sec 820^ = sec 100° = sec (90° + 10°) = - cosec 10° ; 
cosec 900° = cosec 180° « 00 . 

Ex. 8. 

1. Write down the values of the cosine and cosecant of 150°, 
the sine and tangent of 135°, the tangent and secant of 120°. 

2. Write down the values of the sine, cosine, and tangent of 240°. 

3. Find the chord and versed sine of 120° and 300°. 

4. Find the coversed sine of 330°, and the suversed sine of 315°. 

5. Express sin 100°, cos200°, tan 300°, cot 400°, sec 500°, cosec600°, 
as functions of angles less than 45°. 

Simplify the following expressions: 

6. 1 + {sin(^ - ^) + cos(^ - ^)} X {cos(^ - ^) + sin(^ - ^)}. 

7. sm(?r+^)cos(27r-^)+cos(^ +^) sin(?^ + ^)+ tan(7r +^)tan(^ -^). 

8. tan(^ - 180**) 4 cot (90* + -4) + tan(180* - -4) + cot(^ - 270**) 
+ tan (180** + ui) + cot (270** - A). 

9. Express sin{(4n+l)^±^} and tan{(4n+3)^ ±^} in terms of ^. 

10. Shew that 

Ter8(90'+ui) vers(^-90'*) + covers(270'--4) covers(^-270') = l. 

Q 

11. Given 8ec(7r - &) cos (- + a) cos(7r - a) = tan( - - a) sin ( — + 0\ 

find seed. 

12. Shew that the sum of the suversed-sine of the complement 
of A and the coversed-sine of the supplement of A is 2. 



64. To obtain general expressions for all angles which 
have the same given function as A. 

(1) 8in-4=+8in(180®--4), andcosec-4=+ cosec (180**-^): 
hence by (61) all angles will have the same sine and 
cosecant as A, which are included in either of the 
expressions w.360'* + -4 or «.360° + (ISO*"- -4), where 
W.360® represents a multiple of 360°, n being any in- 
teger positive or negative, including zero. 
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Now these expressions may be written 

2w.l80° + A and (2» + 1) 180** - A, 

where, we observe, the sign is + or -, according as the 
multiple of ISO® is even or odd: hence they may be 
both included in the single formula, 7J.180** + (-l)rJ, 
since (- 1)" = + 1 or - 1, according as » is even or odd. 

(2) cos-4 = + cos (- A), and sec A = + sec(- A): 
hence all angles will have the same cosine and secant 
as A, which are included in either of the expressions 

n.S60° + A or w.360°-^, 
or, in one formula, 2n.lS0° ± A, the multiple of 180" 
being here always even, 

(3) tan^= + tan(180''+-4), andcot-4=+cot(180%^): 
hence all angles will have the same tangent and co- 
tangent as Ay which are included in either of the \, 
expressions n.Q60° + A or n.360® + (180**+ -4), which 
may be written 2«.180''+ A or (2n + 1) 180**+ A, or, 
in one formula, n.l80® + -4, where n may be even or 
odd, the sign being always +. 

For the circular measure, the above results become 
sinO = sin{wTr + (- 1)'*0}, cos6 = cos(2n7r ± 0), 

tan = tan (nir + 0) ; 
with the corresponding expressions for the other Ratios. 
Ex. Since sin 30^ = i, therefore the general value of all angles, 

whose sine is J, will be wtt + (- 1)* — = ^ — ^ w; from which 

6 o 

expression, by giving n the values 0, 1, 2, &c. successively, we 

get the series of angles ^tt, fir, J-^, &c. 

65. It should be observed that sin-4, when deter- 
mined from cos^, has properly two values, namely, 

+ V(l - cosM) and - -/(l - cos'-4) : 
and this we may expect beforehand. For, when cobA 
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is given, A itself is not giveti, but may be any of the 
angles expressed by the formula 2mr ± a, using a for 
the least of those angles which has the same given 
cosine. Hence we should expect that any formula^ which 
we may be able to obtain for sin^ in terms of cos^, 
would give us also the general value of sin {2nir ± a). 

Now sin (2»Tr ± a) = ± sina, and admits, therefore, of 
two equal values with different signs, which is just 
what we find when sin^ is expressed in terms of cos^. 
And so in other similar cases. 

Ex. To shew that the sine, when determined from the tan- 
gent, will have two values. 

Here tan^ is given to find sin^ ; and tan^ = tan {nw + a) ; 
we may expect then that our result will give us the value of 
sin (nv 4- a), and this will be ± sma, according as n is even or odd. 

Thus, if tan^ » f , then (32 Ex.) sin^ = f, cos^ = f ; but these 
should properly be ± f, ± f , since the den', is V(l^ + 9) = ± 5 : 
and this we should expect; for, if tan^ =|^, we have nothing 
to tell us whether ^ is to be an angle in the Jirst or third 
quadrant, in either of which the tangent is positive, though the 
sine and cosine are both positive in the one, and both negative 
in the other. 

So, if tan^ = - 1> we shall have sin-4 = ± f, cos-4 = + $. 

66. The preceding results may now be practically 
employed, in certain simple cases, to find the heights, &c. 
of objects, as in the following Example. 

Ex. A person, standing at a distance of 80 feet from the foot 
of a tower BC, observes the angle BAC, which a line 
from his eye to the summit of the tower makes with 
the horizontal line AC, to be 60^. Find the height 



of the tower. 



Here, J?a=^Ctan^=80 tan60^=80 V3= 80 xl. 7320 &c= 138.66 
= 139 feet nearly, to which adding the height of the observer's eye 
at A, say 6 feet, we shall have the height oi ^ilb^ \xy«^\ \\T> l^^x. 
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The angle BA C in the above is called the angle of elevation, 
or, simply, the elevation of the tower. And, in like manner, if 
an object at A were viewed from a higher position at B, the angle 
which the line BA makes with the horizontal line through the eye 
at Bf or its equal, the angle BA C, is called the angle of depret- 
sion of the object at A, Such angles would be commonly observed 
with an instrument, called a Sextant, held in the observer's hand. 

Ex. 9. 

1. Given tan^ = 1, write down the general value of A. 

2. Find the general value of A, when tan 2^ » ± 1. 

3. Find the general value of A, when sec^ = - 2. 

4. Given cos 2^ = ^, find the general value of ^. 
6. Gfven tan 5 A = V3, find the general value of A. 

6. Shew that sec^, in terms of tan^, will have two values. 

7. Shew that cos 2^, in terms of sin^ or cos^, will have bat 
one value; but sin 2^, in terms of sin^ or cos^, two valuei. 

8. A ladder, 30 feet long, inclined at an angle of 60^, rests 
against a wall ; find the height of its top from the ground, 
and the distance of its foot from the base of the walL 

9. From the top of a ship's mast, 90 feet above the surface of 
the water, the angle of depression of the hull of another ship 
was found to be 30° : find the distance between the ships. 

10. A May-pole being broken off by the wind, its top struck the 
ground at an angle of 45°, and at a distance of 21 feet firom 
the foot of the pole : what was its whole height ? 

11. The shadow of a church-tower extends 56 yards firom its base; 
find its height, it being observed that a two-foot rule, held 
vertically, casts a shadow of 4 ft 3 in. 

12. A ladder, 45 feet long, being placed in a street, will exactly 
reach to a window 27 feet from the ground on one side : and 
upon being turned over without moving the foot, so as to lie 
at right angles to its former position, it will just reach a 
window on the other side of the street : determine the height 
of this latter window, and the breadth of the street. 



( 53 ) 



CHAPTER III. 

ON THE TRIOOXOMETRICAL RATIOS OF THE SUM AND DIF- 
FERENCE, MULTIPLES AND SUBMULTIPLESy OF ANGLES. 

67. To jind the sine and cosine of the sum and dif- 
ference of two angles in terms of the angles themselves. 

Let BAC{A) and CAD{B) be two given angles: 
then, according as we measure CAD forwards or back- 
wards from AC^ the angle BAD will be expressed 
by (-4 + -B) or by (^-J?). 

(1) To find the sine and cosine of (A + B). 

Take any point P in ADy and draw 
PMy PQ, perpendiculars on AB, AC, 
QN, QMy perpendiculars on AB, PM: 

jLji^jr -JB then we have 

lQPB^W'LPCIB^lB.CIA^lCIAN^A. 

PM QN+PE QN PR 




sai{A+B) = WD.BAP 



AP AP AP AP 



QN^ AQ PR PQ 
~ AQ' AP^ PQ' AP 

/^ m i>AT3 ^^ AN- OR AN QR 

AN AQQR PQ 
" AQAP PQ' AP 

= cosA.coaB - amA.suiB. 
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(2) To find the sine and cosine of (A - B). 

Drawing the figure as before, exce] 
-^^ that QR will in this case fall on PM pr( 
duced backwards, we have 
LQPR=^(f^LPQR^LRQC=LBAC=^ 

Hence sin(^ - ^) = sin^J^P = ^= ^^^P^ 

QN AQ PR PQ . , ^ ^ . -, 

= -tf: • —r^ " Ti^ • -7x7= sin^.cos^ - cos^.sm^ j 
AU AF FQ AF 

and cos(-A - B)^ cos BAP = -;-= = j-=r — 

AF AF 

AN AQ QR PQ . „ • . . „ 

"AQ-AP'^PQAP" '^'^^-'^'^ + 8in^.8m5. 

68. We have given in (67) the complete geometric 

proof of the two cases : but the results of the first inclm 

those of the second by merely writing - jS for +jB; thu 

8in(-4- J?)= sin {A+{-B)} = sin-4.co8(-J?)+co8 J[,8in(-J 

= sin^.cosJ? - cos-4.sinJ5, . 

cos(-4-J5) = cos{^+(--B)} = cos-4.cos(-J?) -sin-4.8in(-j 

= cos^.cosJ5 + sin-4.sin5. 
And these results we might have anticipated from tl 
figure itself, since in the latter case the angle CA. 
and the lines PR, QR, are all negative, being draw 
in opposite directions, with respect to the line -4C ar 
the points P, Q, to those which in (1) we assume 
to be positive. Hence, looking at the results for (1 
we should expect to get for (2), (as we actually do,) 

sm(-4-5)= — -jp — =&c, cos(-4--B)= — —= — = & 

In short, we have drawn the first figure in (67) for tl 
most simple case ; but, by the principle laid down in (€ 
the results are applicable to all cases whatsoever. 
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69. We shall here^ however, give the strict geome- 
trical Proof in one other case, in order to shew how 
it may be conducted in similar instances. 

Suppose then that A lies between 180^ 
and 225% and -4 - ^ between 45® and 90° i 
to find the sine and cosine oi A-B, 

The figure will be as annexed, where 
BAC=A, CAD=^B, and PQ falls on 
A C produced backwards : hence we have 

sin (^ - -B) = sin^^D 

PM QN^PR ON AQ PR PQ 
AP AP " AQ' AP^ PQ' AP' 

ii08(A - B) =^ cosBAD 

AM AN- QR AN AQ QR PQ 
AP AP AQ' AP' PQ' AP' 

^ QN 

But ~ = siaBAC = sin (^ - 180°) = - sin (180° - ^) = - sin^, 
A\i 

=^ =cos^^C" = C08(^ - 180°) = + cos(180° - A) = -cos-4; 
AQ 

^ = cwBAC = cos(180° --») = - coB^, ^=+gin-B; 

^ = sinPQJ2=co8i2Q-4 = co8^^e'=-cos^, ^=-8in^: 

hence sin (-4 - -B) = (- sin -4) (- cos^) + (- cos -4) (+ sin-B) 

= sin^ cos^ - cos^ sin^; 

cos {A- B) = (- cos^) (- cos^) - (- sin^) (+ sin^) 
= cosu^ cos^ + sin^ sin^. 

70. So too we may derive cos(-4+5)from sin(-4 + jBj; 

for cos(-4+ J?)«sin{90°-(^+J5)}= sin{(90°--4)+(-J5)} 

= sin(90°- J[)cos(-5)+cos(90°-^) sin(-^5) 

s cos^.cosJ? - sin^.sin J3 : 

and, generally, in the same way, from any one of tlk& 
four formuJa? the others may aU be dedwcedi. 
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71. To express tan (A ± B) in terms of A and B. 

fj4 7i\ 8in(-4±-B) sin^ cosB ± cosA sinB 
- cos (-4 + -B) " cos A cosB ? sin-4 sinB 

tan A ± tanJ? 
1 T tanA tanB ' 

by merely dividing every term by co8-4.co85. 

Ex. 1. sin 76' = sin (46* + 30*) = sin 4fi*» cos 30' + cos 46" sinSI 

1 V3 1 1 V3 + 1 i«o 

= — , - — 1- — . - = ' = cos 15 : 

V2 2 V2 2 2V2 
so also sin 15' = sin (45* - 30') = ^^^^^ = cos 75'; 

Z Y Z 

whence tan 76' = ^^^|ii = cot 16% and tan 16' = ^^^|^ = cot 75 

y o — 1 V o + 1 

T. « /.eo . j^ tan45'±tan-4 1 ± tan-4 

Ex.2. tan(45'±^)=j^,^j^.,^^ = j^^;^, 

since tan 45'= 1. 

Ex. lO. 

Prove the following results : 

1. cos(60'--4) = i(cos^+V38in4); sin(45'+^) = ---(8in^+co8^ 

2. vers {A + 30') - vers (A - 30') = sin^. 
sin (45'* ^A)- cos (45' ^ A) _ 

' sin (46« 4- ^) + cos (45» + ^) 

. tan(45'+^)-tan(45'-^) ^ . ^ 

^' ;^ — )ako , a , ^ — zr^o — Tv = 2 sm^ cos-4. 
tan (45 + A)-¥ tan (46 - A) 

5. Shew that sin (n + 1) ^ = 2 sinn^ cos-4 - sin (n - 1) A, 

and cos (n + 1) -4 = 2 cosn^ cos-4 - cos (n-l)A; 
and hence express sin2^, cos2^, in terms of sin^if, cos^. 

6. Express cot (-4 ± ^) in terms of cot^ and cot^. 

7. Express sec (^ ± ^) in terms of sec^ and sec^. 

8. Express co8ec(^ ± B) in terms of cosec^ and cosec^. 

9. Given the expression for sin (A-B) deduce that for cos {A -2 

10. Given the expression for cos {A + B) deduce that for sin (^ -f J 

11. Find (geometrically) the sine and cosine of -4-^, when 
and ^ - j9 are each between 90' and 180'. 

12. Find the sine and cosine of ^ + ^, when A lies betwe 
90^ and 180°, and ^ + ^ between 180° and 270°. 
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72. To express the ratios of 2 A in terms of A. 

If in the formulee for sin (A + B) and cos (A + B) 
we write A for B, we get immediately 

sin 2A = sin^ cos^ + cos^ sin^ ^ 2 sin^ cos^, 
cos 2 A = cos^ cos -4 - sin^ sin -4 = cos'^ - sin'^. 
For the latter formula, however, it is often conve- 
nient to use one of its equivalents ; viz. 

cos* A - (I - cosM) = 2 cos* A - I, 
or (1 - sinM) - sin'-4 « 1 - 2 sin'-4. 

So also, writing A for B in the expression for 
tan (A + B)y we get 

tan^ + tan^ 2tan^ 



tan 2^ =» 



1 - tan^ tan^ 1 - tan'^ * 



73. We may derive other results, of course, from the 
above, by giving different values 4»» A^ ^ 

Thus, writing ^A for -4, we get %mA = 28in|-4 cosj^, 
C08-4 = cos'i^ - am*iA = 2 co8"J-4 -1 = 1-2 sin" J-4 ; &c. 
1 ± 8in-4 (cos* ^A + sin* ^A) ± 2 sin iA cos J-4 



Hence 



cos -4 " cos*i-4 - sin*i^ 



(cosj^ + sinj^)* _ cosj^isinj^ _ Iftanj^ t^(4S^+XAY 
' co^iA-Binl'iA "cosi^ + sini^'l+tani^"^^^ ^ ^«^^ 

The step in the above by which 1 ± sin-4 is changed 
to (co8j-4 ± sin^A^ should be particularly noticed, as 
it will be found to be often of great use in the solution 
of Problems. 

74. Notice also the following expressions for tan-dt. 
J sin A _ 2 sin-4 cos^ ^ sin 2^4 
° cosA 2 cos'^ 1 + C082-4 * 

_ 28in«^ Ij:^oob2A 

" 2 sin^ cos^ 8in2^ 

- . sin-4 1 - cos^ 

and so, tan^^ = ^ -r, or = — i — - — • 
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75. Hence also we may get sin 3^, cos 3^^ tan 8^, 
in terms of sin^^ cos^^ tan^, respectively. 

For sin SA » sin (2 A + ^) = sin 2 A cos A + cos 2 A mA 
a (2 sin-4 cos -4) cos -4 + (1 - 2 sin'-4) 9in-4 
= 2 sin-4 (1 -sin*-4) + (1 -2 sin'-^) sin-4 = 3 sin Jl-4 sinM. 

cos SA B cos (^2 A + A)^ cos 2 A cos A - 8in2 Jl sin^ 
*» (2 cos* A - 1) cos -4- 2(1 -cos'^) cos-4 = 4 cos'-4-3 cosJ. 

tan 3 A = tan (2 A + A) 

2 tSinA . 

tan2^+tan^ 1 - tan'^ ^ 8tan^-tan*ii 

"^ l-tan2-4tan-4 ^ , 2tan-4 . l-8tan*-4 

1 - r-z tan-4 

l-tan'-4 

Hence also, as before, by writing ^A for A, we get 
sin^ = 3 siniA - 4 sin'^^, cos^ = 4 cos'i^ - 3 cos ^4, &e. 

76. To express sin A and cos A in terms o/*co82A« 
By (72) 2 sin'-4 = 1 - cos2^, 2cos'-4 = 1 + cos2-4 ; 



JV(2-2cos2-4), 
Jv^(2 + 2cos2J[> 



so that sin-4 = ^{5(1 - cos 2 A) 

cos A = a/{J(1 + cos 2-4)^ 
Hence 

^ ,. sia^A l-cos2^ , ^. l-tan'-4 

tan'-4 « — 5-7 B -—7, whence C082^ = rr J 

cos'-4 1 + cos 2-4 I + tan*-4 

which last result, however, may be obtained more 

directly as follows: 

^ J 8 ^ > t A cos* A - sin'-4 1 - tanM 
cos2^ = cosM - sm'^ = — 5— ;-=— « - — 7 — =-. , 

cos -4 + sin'.4 1 + tan\4 

if we divide every term by cos'^. 

Hence also, as before, 
2 8in"M = l-cos4l ,4 l -cos4 1 - tan'^i^ 

2cos«J4 = l + co84r 2''l + co84' ^ l+tan'i^l* 

77. To express sin A and cos A in terms 0/* sin 2.4. 
In order to this, we might square the equation 
sin 2.4 B 2 sin^l cos.4 ^ 2 sin^ VQl "- sin'Jl), 
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and then we should get a biquadratic for determining 
sin ^ in terms of sin 2^ : but the following is a more 
simple method of arriving at the same result. 
Since (sin -4 ± cos -4/ = sinM + cos'-4 ± 2 sin^ cos^ 

= 1 ± sin 2-4, 
;.8in-4+cos-4 = ± V(l48in2 J[), sinA-cosA = ± V(l-sin2-4): 
whence^ adding and subtracting these equations, we get 
2 8in-4 = i V(l + sin 2^) ± V(l - sin 2-4), 
2 C0S.4 = ± V(l + sin2-4) + V(l - sin2-4). 
78. In the above results it is seen that the signs of 
the square-roots are not determined : nor can they be, 
until we know the value of A or of 2-4 in any case. 
We now proceed to fix them for different values of -4. 

Draw, as usual, Bff, DDy intersecting 
at right angles in A ; and draw also PP^, 
QQf so as to bisect these angles, and, 
therefore, making angles of 45° with SB' 
or DV; these we shall call the octant-lines. 
Measuring, as before, all angles from AB, it is plain 
that for any angle, whose bounding line lies any where 
in either of the spaces, P-4Q', QAP^ that is, between 
BB' and either of the octant-Unes, -4 JV will be greater 
than PNy or the cosine will as to magnitude (without 
regard to sign) be greater than the sine; whereas for 
any angle, whose boimding line lies between DIX and 
either of the octant-lines, PN will be greater than ANy 
or the sine will be greater than the cosine. 
Now sin -4 + cos .4 is positive, 

(1) when sin is (+) and cos (+), 
that is, in the whole of the first quadrant ; 

or (2) when sin is (+) and cos (-), if sin > cos, 
that is, in the former half of the second quadrant; 
or (3) when sin is (-) and cos (+), if cos > sin, 
that is, in the latter half of the fouitYi (\y>ay3c£^XL\.\ 
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collecting which results we may say that 

sin-4 + C08-4 - + V(l + sin 2-4), 

when ^ is an angle in the^r^^ quadrant, or in either of 
the two adjacent half-quadrants. 

Similarly, sin -4 + C08-4 =■ - \/(l + sin 2.4), 
when A is an angle in the third quadrant, or in either 
of the two adjacent half-quadrants. 

Again, sin -4 - cos -4 is positiye, 
(1) when sin is (+) and cos (-), 
that is, in the whole of the second quadrant ; 

or (2) when sin is (+) and cos (+), if sin > cos, 
that is, in the latter half of the first quadrant ; 

or (3) when sin is (-) and cos (-), if cos > sin, 
that is, in the jTormer half of the third quadrant : 
collecting which results we may say that 

8in-4 - cos-4 e + \/(l - sin 2-4), 

when A is an angle in the second quadrant, or in either 
of the two adjacent half-quadrants. 

Similarly, 8in-4 - cos Jl = - V(l - 8in2-4), 

when ^ is an angle in ihe fourth quadrant, or in either 
of the two adjacent half-quadrants. 

It will be seen that each of these formulae holds good 
for 180° together, between alternate octant-lines, and 
that any pair of them, (namely, one for sin .4 + cos 4, 
and one for sin^ - cos^,) holds good for 90° together, 
between successive lines of octants : that is, for instance, 
all angles, whose bounding lines lie between AP and 
AQ will have the same pair of formulae, namely, 

sin-4 + cos-4 ■> + V( 1 + sin2-4), sin^ - cos^i ■> + V( I - sin 2 ^). 
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When, therefore, any value of A is given, and we 
are required to find for it the corresponding pair of 
formulae, we must consider in what quadrant the given 
angle is, and select the proper signs accordingly. 

Ex. If -4 = 30*, then siii-4 + co8-4 = + V(l + 8in2^) 

unA - C08-4 = - V(l - 8in2-4) ; 
/. sin^ = \ {V(l + sin2^) - V(l " sin2^)}, 
cos^ = i {V(l + sin2^) + V(l - 8in2^)}. 
We may prove the truth of this result by trial : for sin2^ = J V^ » 

and .-. 8in^= -{V(l + \)'^/iX-\)} = g W — 4-^ -V — j-^} 

_ 1 V3 f 1 ys-i . 1^ 
2^ 2 " 2 ^"2' 

and co8-4 = ^{^^-s — +^ — '"V* ^^ 1* ^"ould be. 

79. The reason why in (77) the expressions for 
2 sin -4 and 2cosJ[ appear with so many undetermined 
signs is this, that, as in (65), we cannot help including 
in the steps, by which we arrive at the result, a great 
number of angles, which agree in certain of their tri- 
gonometrical properties, those, namely, expressed in 
the formulae with which we start, but not in aUy nor, 
in fact, in those for which we are seeking expressions. 
Thus there is a multitude of angles, for which the 
equation (sin -4 + cos-dt)'= 1 + sin 2^ is true; but these 
angles may differ in their expressions for sin^ + cos^, 
which in some of them may « + V(l + sin 2 A), and in 
others may = - V(l + sin 2-4). 

Ex. u. 

Prove the following formulae : 
1. cos-4 = co8*J-4 - 8in*|-4 . 2. cot-4 - tan-4 = 2cot24. 

3. tan|-4 = :; J. 4. cosec24 = « — j- . 

' 1 + 860-4 2 cot-4 

6. sec.4 = 1 + tan4 tan^4 • 6. co&eoA^ \V>si\A\^ic3X\A>v^ 
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„ 2 sin^ 4 sm2A ^, . . 8in2^ cob A ^ , ^ ! 

2 8m-4 - sin 2-4 ' 14cob2^ UcoaA " . r 

_ 1+810-4 ,,t.. , ^v, -n co8ec2-4 l+tan*-4 

9. 7- ;^ = f (1 +tan J-4)». 10. :r-; jr-j = r= jr^. 

1 + C08-4 ""^ ' ' l + co8ec2-4 (l+tan^^f 

11. cot-4>cot2-4 = co8ec2-4. 12. tan|-4 + 8ec}-4 = tan(45°+ii<). 



80. The formulae of (67) may be combined in yariou 
ways, so as to produce other formulas, which are of 
great use in trigonometrical operations. 

Thus we have given 

sin (A + B) = sin A cos J5 + co8-4 sin J9, 
sin (A - B) '= Bin A cosB - cos A sin J9, 
cos (-4 + -B) = cos-4 cosjB - sin-^ sin 5, 
cos (-4 - jB) = cos -4 cosJ5 + sin -4 sin-B. 

Hence sin ( J[ + jB) + sin (-4 - jB) = 2 sin -4 cos jB, 
sin ( J[ + -B) - sin (A- B)=> 2 cob A sin jB, 
cos (-4 + jB) + cos(-4 - jB) = 2 cos-4 cosJ?, 
cob(A + J5) - cos(^ - J?) = - 2 sin-4 sin5, 

or co8(-4 - jB) - cos(-4 + J5)= 2 8in-4 sinJ?. 

Again, sin {A + B)x sin (A - J?) 
= sin'-4 cos'J5 - cos'^ sin"J5 
= sinM (I -sin'-B) - (1 - sin'^) sin'-B - sin»^ - sin'^; 

or =(1 -cos*-4)cos'J5-co8'-4(l-cos'J?) = cos*J5-cos'4: 

cos (-4 + jB) X cos (-4 - jB) 
= cos*-4 cos' J? - sin'-4 sin'J? 
= cos'^ ( 1 - sin'^) - ( 1 - cos'^) sin' J? = cos'-4 - sin'-B ; 

or = ( 1 - sin'-4) cos' J? - sin'-4 (1 - cos* J?) = cos'5- sin'^. 

The preceding result8 are very luseful, and may be ea8ily 
remembered by observing that each product is expressed by the 
difference of the squares of two functions of A and B, those 
functions being taken, the Jirst out of the Jirst term of the 
expressions for the factors multiplied, and the second out of the 
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wxmd term. Thus sin (^ + ^) sin (^ - ^) = sin*^ - sin'^, where 
tm^ is taken out of sin^ cosj9, the^r«^ term of the expressions 
k dn(^±^), and sin^ out of cos^ sinj9, the second term: 
bat this product also = cos'j9 - cos'^i where cosj9 is taken out 
of the first term, and cos^ out of the second. 

Of course A and B in the above may stand for any angles 
vhateveri as in the following Examples. 

Ex. 1. sin (2^ + 3^) -i- sin {2 A - 3^) = 2 sin 2^ cos 3^. 
Ex. 2. 2 sin (-4 + B) cos (A - B) 

= sin{M + ^) + (^ - B)] 4- sin{(^ + ^) - (^ _ B)} 

= sin2^ + sin 2^. 

Ex. 3. cos(^-^)cos(^-C)=J{cos(^-^+5-e)+co8(^--B-^+C)} 

= i{cos(^-C) + co8(-4-2J?+e)}. 

Ex. 4. cos (^ + 30°) cos(30» - A) 

= cos(^ + 30') cos (-4 - 30**) = cos*-4 - sin' 30* 
= cos*^ - i = i (1 + cos 2-4) - J = i(l + 2 cofl2^). 

Ex. 12. 

Prove the following formulce : 

1. sin (30° + ^) + siD (30° - ^) = cos^. 

2. cos (30° - }^) - cos (30° + §^) = sin iX 

3. sin (46° + A) sin (45° -A)^l co82^. 

4. cos (60° + A) cos (60° - ^) = i (2 co82^ - 1). 

5. 1 + cos2 (^ + B) cos2 (^ - -B) = cos* 2^ + cos»2-B. 

6. 2sini(^ + B) sinf (^ - 5) = eo8(^ - 25) - cos (2^ - -B). 

7. 4 sin^ sin (60° + A) sin (60° -A)^ sin 3^. 

8. sin (^ + B) %m{A - -B) + sin(-B + C) sin {B - C) 
+ sin(C+^)8in(C-^) = 0. 

9. cos(^ + 2B) cos {A - 2B) + sin {2B + C) sin (2-B - C) 
= cos (-4 + C) cos (-4 - C). 

10. sin (^ - 5) 8inC+ 8in(5 - C) sin^ + sin(e- A) sin^ = 0. 

11. sin^ cos (A^-B)- cos^ sin (A - B) = cos 2^ sin5. 

12. vers (-4 + B) vers (A- B)^ (co^A - cosB)\ 

81. All the preceding formulae^ in which functions of 
A-\- B and A- B are expressed in terms of A and B, 
may now be used to lead to others, in which functions of 
A and B are expressed in terms of l^A+B) and J(-4-5), 
that is^ of the semi-sum and semi-diSeieuc^ oi A^xl^I^ 
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For A e 1{A + -B) + \{A - 5) = o + j3, suppose^ 

and jB = K^ + ^) - JU -^)= « " 13: 

.*. An A + AnB = sin (« + jS) + sin (a - /3) = 2 sino cosj3 

= 2sm\{A + B)cos\{A-B); 
An A - sin-B = sin (« + )3) - sin (a - /3) = 2 coso sin j3 

= 2 cos J(^ + B) sin J(^ - 5); 

cos -4 + cos JB = cos (a + )3) + COS (o - /3) = 2 COSo COS j3 

= 2 COS i(^ + jB) COS J(^ - jB) ; 
cos-B - COS -4 = COS (a - /3) - cos (o + /3) = 2 sino sin j3 

= 2 sin J(^ + B) An\{A - jB). 

So also 8in-4 sin-B = sin (o + j3) sin (a - j3) 

= sinVsin'^« An^A^ByAn^A-E, 
or = cos'jS-cos'oa co8'J(-4-jB)-co8*J(-4+^ 
co6^ cos JB = cos (a + )3) cos (a - /3) 

= cosV8in'j3=cos'K-4+5)-8in»J(^--B 

or = cos'j3-sin'a « cos'J(-4-jB)-sin'J(-4-f 5 

Hence also we get 

sin^ -¥ AnB ^ 2sin^(^ + jB)co8J(^ -jB) ^ tan^^ + J) 

sin^ - sinJS ' 2 co8|(^ + B) Ari\{A - i?) ' tanJC^- 5) 

with other similar results. 

82. From the above it will be evident that an 

formula whatever, obtained for functions o{ A + B an 

^ - jB in terms of A and B, may be converted at on( 

into a corresponding formula for functions of A and B i 

terms of J(^ + B) and I (A- B\ by merely writing in 

A ior A+ By and JB for -4 - J5, 

l(A + B) for A, and l(A + B) for B. 

Thus sin(^ + JB) « sin-4 cosJB + cos -4 sinJB; 
/. 8in-4 ■» sin J(-4 i-B) cos J(-4 - jB)+cos J(-4+-B) sin ^(A --JE 
which may be proved as before^ by putting 

.'. sinJl m sin (a + /3) 9 sina cos/S + cosa sin j3 » &c. 
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83. Since sin -4 sinj? = J{co8(-4 - J3) - cos(^ + JB)}, 

or ^8m*l(A-^B)''Bm^l(A-B% 
and cos A cosB = j {co8(-4 + JB) + cos(^ - B)}, 

or =cos'J(-4 + J?J-sin'J(^-J3), 

we see that we may always resolve a product of two 
sines or two cosines, in two different ways, namely, 
either by means of a sum or difference, or by means 
of the difference of two squares ; and the same is also 
true of the product of a sine and cosine, since 
8in-4 cos J3 = ^sin (-4 + -B) + sin (A - B)}, 
and also 
= 8in-4 sin(90°-jB) = sin'^(^+90"-jB) - sin'JU-90°+J3) 

= sin'{45° + |U-5)}-sinH45°-K^ + -B)}. 

Ex. 13. 

Express (i) by means of a sum or difference, (ii) by means of 
the difference of two squares, the following products : 

1. sind^sin^; sin 3^ sin 2^; sin ^ sin ^^. 

2. cos 3^ cos|^; COB 2^ cos^; cos}^ cos}^. 

3. sin 2^ cos 3^; sin^^cosf^; cos f^ sin ^. 

4. sin (-4 + J5) sinCj cos {A - B) cosC; sin {A + B) cos {A - B). 

Prove the following formulsB : 
6. cos -4 + cos (-4 + 2B) = 2 cos J? cos (A + B), 

6. cos' iA (1 + sec J-4 + tan iA) (I - sec iA + tan ^A) = sin-4. 

^ J, n A 4. \ A C08-4-C082^ 

7. tanf-4 tani-4 = 



8. tan»2-4-tan"^ = 

9. \xjx2A- tan^ = 



cos^ + cos 2^* 
sin 3^ sin^ 



cos" 2-4 co8"-4 ' 
2 8in.4 



cos.4 + cos 3-4 ' 

^^ ^ J sinf-4 + sinf-4 .- , . . sin.4 + sin3.4 

10. tan-4 = — \-: ^. 11. tan24 = ^ ~-. 

cos ^A + cos ^A co^A + cos ZA 

_ . sin-4 4- sin 3-4 + sin 6-4 

12. tan 3-4= -r-^ ^-5- ^-j^ 

cos -4 + cos 3.4 + cos 5-4 
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84. Conversely, the sum or difference of any two 
sines or cosines, or of a sine and cosine, or the differ- 
ence of their squares, may be transformed at once into 
a product. 

Ex. 1. 8in(^ + ^)-f8in(-B+C) = 28inJ(^+2^+C)co8j(^-C). 
Ex. 2. cos-4 - cos(-4 + 2B) = 2sini(2-4 +-2-B) 8inJ(2-B) 

= 2 8in(^ + ^)8in-B. 
Ex.3. 8in(-4-5) + cos(^ + -B)=8in(^--B) + Bin(90°--4-J?) 

=28inJ(90-2J?) cosi(90-2^)=2sin(46°- J?) C08(46°-^). 
Ex. 4. sin" {A-B)' cob* JB = - {cos"^ - sin" (A - B)} 

=^-co6(B + A-B)cos(B-A + B)=:-co9A cob(2B-A). 

These last transformations are in fact more pracd* 
cally useful than the former, as they enable us to 
adapt the given quantity in each instance to logarithmic 
computation^ for which, as will be seen in the chapter 
on logarithms, it is necessary to express it in factors. 
On this account, and because it is very desiraUe that 
the Student should be able readily to perform these 
operations, which are required frequently in Problems, 
we shall make them the subject of another Exercise. 

Ex. 14. 

Express in factors the following quantities : 

1. sin 5^ + sin 3^; cos^ - cob\A, 

2. sin-4 + sin (-4 - 2B) ; co8-4 - sin (-4 - B). 

3. sin {Aa-B)- sin^; 2 sin J-4 + 2 sin JJt. 

4. vers 2-4 - vers -4 ; cos {A - B) ^c co%{B - C). 

5. 8in"-4 - sin" (-4 - 2B) ; co8*-4 - cos" J-4. 

6. cos (2-4 + J5) - cos {A - 2B)\ sin Jt + 8in2-4* 

7. ven^ {A^C)- \eT8{B + C); co^B - co8«(Jt - 2B). 

8. 4 sin" ^-4 - 4 sin" |(-4 - -B) ; 8in-4 + cos.4. 

9. sin"(^ + B)- cob\A + B) ; cos"(Jt - -B) - 8in"(^ + B). 
10. sin (^ + ^) + cos {A- B); sin ^A - cos J-4. 



85. We may now go on to expand sin (-4 + JB + (7) 
and cos (A-{-B + C), by making use of the formulae for 

sin (A + jB) and cos (-4 + B). 
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Thus 8inC-4+jB+(7)«8in^ cos(jB+C) + co8^ 8in(5+(7) 
= sin^ (cos jB cos C - sinB sin C) 
+ cos^ (sin^ cos C7+ cos^ sinC). 

Hence^ i£A,BfC are the three angles of a triangle^ then 

sin(Jl + jB + C) - sin 180** = ; 

.'. sin^ cosJB cos(7+ sin£ cos^ cosC+ sinCcos^ cos£ 

» sin^ sinjB sin (7; 

or, dividing every term by cos^ cos£ cos (7, 

tan^ + tan£ + tan (7= tan^ tan£ tanC 

Like results may be found by expanding cos (-4 +5+ £7), 
and observing that cos(-4 + jB + C) = 0, when A, B^ C, 
are the angles of a triangle. So too, if -4 + -B+ C7= 90°, 
or Ai By C be the «6me-angles of a triangle, other results 
may be obtained from the above expansions by ob- 
serving that sin (-4 + 5 + (7) « 1, cos (-4 + 5 + C7) « 0. 

In like manner, if A^ J3, C7, be the angles of a triangle, 
so that -4 + J3 + C7= 180^ or J^ + J5 + JC-= 90^ then 
we have cos-4 -♦- cosJB + cos£7 

= 2 cos J(-4 + B) cos J(-4 - jB) + cos(7 

« 2sinJ(7cosK^ - J3) + (1 - 2sin'J(7) 
- 1 + 2 sin iC7{cos J (^ - 5) - sin ^C} 
« 1 + 2 sin JC7 {cos J(-4 - ^) - cos J(-4 + B)} 
= 1 + 2 sin JC {2 sin J ^ sin JjB} 
<= 1 + 4 sin J^ sin \B sin J(7. 

Again, tanU + 5 + C) tan^^tanC 

tan^ + tan(^+(7) ^^^ "^ 1 - tan^ tanC 
" 1 - tan^ tanC^ + (7) " tan^(tanjB-htan(7) 

1 - tan£ tan(7 

tan^ + tan^ + tan (7- tan^ tan^ tan (7 
^ 1 - tan^ tan JS - tan-4. tanC - tauB \;MiC* 
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Hence, if -4 + 5 + (7= 180^ or tan(^ + 5+ C) =0, 
we have the numerator « 0, or (as before) 

tan-4 + tan5+ tanC^ tan-4 tan£ tanC: 
and if ^ + jB+(7=90% or tan(^ + 5+ (7)= x, we 
have the denominator = 0, or 

tan^ tanJ3 + tan^ tanC7+ tanj? tan(7=: 1. 

Ex. 15. 

Prove the following formulse, where -4 + J5 + C= 180*: 

1. 8m(^ + -B)8m(5 + C) = sm^8inC. 

2. cot -4 cot-B + cot-4 cotC+ cot^ cotC= 1. 

3. sin(Jt + -B+C) + 8mU + 5-C)+8in(^+C-^)+8m(-B+C-4) 
s 4 sin^ 8m^ smC 

4. 8in-4 + sin-B + 8inC = 4 co8 JJt cos ^B cos J C, 

5. cos'Jt + cos'-B + co8'C+ 2 cosJt cos-B co8C= 1. 

6. sin" JJt + sin'i-B + sin^JC-h 2 sin J^ sinj^ sin J C= 1. 

Prove the following formulsB, where A -i- J5 + C = 90® : 

7. cot-4 + cot-B + cot (7= cot-4 cot-B cotC. 

8. tan.4 + tan^ + tan(7 = tan^ tan^ tanC + sec^ sec^ secC. 
9^^m2A + 8in2^ + sin2C= 4 cos^ cos^ cosC 

For all values of A, B, C, shew that 

10. cos(Jt + 2-B) + co8(-B + 2C) + co8(C+ 2A) 
= 4 sin ^(-4 - B) sin i(5 - C) sin i ( C- A). 

11. co8(^+-B-hC) +co8(jB+C--4)+co8(^+C--B)+co8(-4+J9-C) 
= 4 cos^ cos^ cosC 

12. sin(Jt + -B) sin(5 + C) 

= sin^ sinC + sin^ sin(-4 + -B + C). 



86. To shew that tan"*m ± tan'^w = tan"* -—z — . 

1 + mn 

By the expression tan~*m is meant the angle whose 

tangent is m ; thus if tan^ « m, then A « tan'^m. (The 

origin of this notation is easily seen : for^ if we could 

for a moment conceive the symbol tan separated from 

the angle A, we might write the above equation -4 « — 

tan 
or by the Theory of Indices, A « tan"*.w.) 
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Let tSLuA^m, tazuBsn; then ^=tan'*m, -B=tan"*n; 

I. ^ ^ / J ■D\ tan^±tanJ5 m+n 
but tan(^ ± JB)= — _ =^ = = — = — : 



,\ tan"*m ± taii"*n = -4 ± jB = tan"* --rF — . 

1 +mn 

Ex. 1. 2 tan"*m = tan"* ^ ; 3 tan'*m = 2 tan'^m + tan"*m 

1 — m 

2m 

I ^ fit 

^ ., 2m . .1 , . 1 - m' . . 3m - m* 

= tan*:i , + tan^m = tan' i ■ =tan^ ^ — 5-^. 

1 - m" ^ 2m" 1 - 3m" 

Ex. 2. taii-4 + tan-^ = tan"* .^-^^ = tan'* | = tan"* 1 :. 

hence, if tana = J^, tan)3 = J, we have o + /3 « tan"* 1 == J^r, 

or, in degrees, Jt + -B = 46°. 

87. We may here observe that the expression sin'^^ 
which we have used all along for (sin Ay ^ should be 
more correctly employed to denote sin (sin -4), that is, 
the sine of an angle whose value (of course, in circular 
measure,) is the numbery sinA. Thus, if sin^ « 5, then 
sin'^ e 8in(sin^) = sin^, that is, » sin (^co) « sin 34°.4 ; 
and, if sin 34°.4 be found from the Tables, = | nearly, 
then sinM = sin(sin'-4) = sin| = sin 32°.7, &c. In like 
manner, sin'^m is the angle whose sine is sin"*m: thus 
if m= 5, then sin"*w = ^tt = .523 &c ; and sin"'m would be 
the angle whose sine is .523 &c. But instances of this 
kind so rarely occur, that no mistakes are likely to 
arise from using generally the more convenient notation 
sin'^, sin'-4, &c. for (sin^)', (sin^/, &c. 

88. By means of the formulae for sin^, cos^, and 
tan^, in terms of sin 2^ and cos 2^, we may obtain 
the numerical values of the functions of those angles, 
which are the halves of 30°, 45°, 60°, &c, and so again, 
of the halves of these angles. 



70 PLANE TRIGONOMETRY. 

Ex. 1. Bin^ = J V(2 - 2 coi2A) by (76); 

.-. 8m22« 3(y « i V(2 - 2 co846*») = i V(2 - ^/2). 

Ex. 2. 2 C08-4 = V(l + 8in2^) - V(l - Biii2J[), if -4 be < 46'; 
.-. 2 cosll^ 16' = V(l + 8m22° SO') - V(l - 8"i22** SC) 

= V{1 + J V(2 - V2)} - V{1 - i V(2 - V2)}. 

V2 

Ex. 16. 

Prove the following results: 
1. 2tan-4 = tan-»lJ. 2. 2 tan"* i = oof* IJ. 

3. tan-* f + 2 tan-» i = i^r. 4. cot"* i + cof* f = |x. 

5. sin- Vf = tan- Vf • 6« sin"* f + tan'* ^ = tan'* 82. 

7. 8in-*4? + cot-*3 = J^. 8. tan-*J+tan-*i+tan-*J-Ftan-*}=Jv. 

Obtain the values of the following trigonometrical functions : 

9.00822^30'. 10. cos67°30'. 11. tan37*'30'. 12. sinT^SC. 
13. vers IS*'. 14. cos IP 16'. 15. sin 66° 15'. 16. chdl36^ 
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CHAPTER IV. 

ON THE CALCULATION OF THE NUMERICAL TALX7ES OF THE 

TRIOONOMETBICAL RATIOS. 

We shall now proceed to shew how the values of the 
Trigonometrical Eatios are found for all angles from 
0°to 45°, at intervals of 10": but, in order to this, we 
mast first prove the following propositions. 

89. I%e perimeter of any convex curvilinear figure^ 
contained within another ^ is less than that of the con- 
taining figure. 

Let AEB be a convex curvilinear figure; and if 

AEB be not shorter than all the lines 
r^ ^<\ that can be drawn from A to jB, 

yi -\ forming a figure exterior to AEB^ 

let ACEDB be taken the least of 
all such lines. Draw a line FHG touching the given 
convex circumference in H, and cutting C4, CE in 
F, O : then since CF and CO are together greater than 
FOy the line AFODB will be less than the line 
A CEDBf which is absurd. Hence it follows that the 
perimeter of the convex figure AEB is less than that 
of any other containing figure. 

90. The circular measure of any angle between 0° and 
90^ is greater than its sine and less than its tangent. 

Let BAPf BAP*, be equal angles, whose circular 

measure is 0: with any radius AB 
describe the circular arc PBP'; draw 
^ PNP' perpendicular to AB, and PT^ 
PT, perpendicular to AP, AP* 




72 PLANE TRIOONOMETRT. 

Then arc PBF > line PNP\ or PB > PN, 

PB PN 

and, therefore, -^n > —r^ y OJ^ d > sin© ; 

A.ir AF 

also (89) arc PBP* < line PTP', or PB < PT, 

PB PT 

and, therefore, -r^ < -3-^ , or fl < tand. 

AJr AF 

91. -^5 6 w diminished^ each of the ratios — ^ , -^ , 

^^cf5 more and more to unity , and has unity for iU 
limiting value. 

For lies between sin0 and tan0, and, therefore, 

d 1 

lies between 1 and — ^; but, as is diminished, 



sind COS0 

CO80 tends continually to 1, and ultimately becomes 1, 

when » ; hence -r- ^ , and therefore also — rr— , be- 

sma u 

comes ultimately 1 ; and hence also —77— - —r— x — -g. 

becomes idtimately 1, when d » 0. 

The Student will understand, from the remarks in (48), that 
the real meaning of such expressions as these is that, as the 
togle is diminished, its circular measure becomes more and more 
nearly equal to its sine or its tangent, and, by diminishing the 
angle, the difference between and sin0 or tan0 may be made 
as small as we please, without its ever becoming actually zero, 
because it is impossible that the angle should actually vanish, 
and its cosine become 1. 

Hence also cos^ = (1 - sin«^)4 = 1 - J sin«^ + &c = 1 - J^, when 
9 is very small. 

92. If he the circular measure of an angle between 
(f and QO*', then sin > - JS". 

8in0» 2sin^0 cosJ0; but tani0>|0, or 28in}0> 0cosJ0; 

.-. sin0>0 co8'J0>0(l-sin'i0), and,a/or^tm, >0(1-J0»> 
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93. The properties just proved may be at once ap- 
plied to obtain some interesting results^ as in the 
foUowing Examples. 

Ex. 1. A church- tower, seen along a horizontal plain, at a 
distance of 2 miles, subtends an angle of 1^5' 6'': to find ap- 
proximately its distance. 

In the figure of (90), let A be the observer's place, PiV the 
tower: then LPAN^ 1° 6' 6"= 1°.085, and its circular measure 

1°.085 1085 22 341 

X W = ^ X 



180*» 180000 7 18000 

hence PiV= -4iVtan^ = ANx nearly = t|J^ x 2 miles = 200 
feet nearly. 

Ex. 2. The Earth's radius (4000 miles) is found, by Astro- 
nomical calculations, to subtend at the centre of the Sun an angle 
of 8".57116 : determine the Sun's distance from the Earth. 

In the same figure, let A represent the centre of the Sun, and 
FN the Earth's radius : then, as before, PN = ANx nearly, 

JUT Bxr /I >.AA/x 8".67116 ^^^^ 206265 
or AN= PN^ (? = 4000 ^ ^-^3:29577 = ^"^ " 8:57116 

= 4000 X 24065.0040 = 96,260,016 miles. 
In fiu^t the Earth's diameter may be regarded as a small circular 
arc PP'f subtending at the Sun the angle PAP, to which arc 
we may apply the formula of (29), a = rO. 

Hence the Sim's distance from the Earth, or the radius of the 
Earth's orbit about the Sun, may be taken as 24,000 times the 
Earth's radius, or 96 millions of miles. 

Ex. 3. Given the Sim's apparent diameter to be Sl^': deter- 
mine his actual diameter in miles, and compare his bulk with 
that of the. Earth. 

By the Sun's apparent diameter is meant the angle, or arc 
(to radius 1), which his actual diameter subtends to an observer 
upon the Earth, or, rather, to one supposed to be placed at the 
Earth's centre. Hence if, in the figure of (90), A be taken to 
represent the Earth's centre, and PNP the Sun's diameter, then 
LPAP* is his apparent diameter; and PJVP'= arc PjBP nearly 

^1X' SI A 22 11 

"= 880,000 miles, or the Sun's diameter ^ 1\Q X^txl^^ ^<& ^«sS^% 
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diameter. Hence, since the volumes of similar solids are as 
the cubes of homologous lines, we have volume of Sun : volume 
of Earth : : (diameter/ of Sun : (diameter)* of Earth : : (llOf : 1 
:: 1,331,000: 1; so that the Sun is more than a million times 
as large as the Earth. 

Ex. 4. The top of a mountain can be just seen at sea at a 
distance of d miles : determine its height above the level of the sea. 

In the figure of (90), let FBP represent a portion of the 
Earth's surface, BT the mountain, whose top T can just be seen 
at the point P, where the line TP touches the circle: then 
PJS =zd = r0f if r be the Earth's radius -4P, and the circular 

measure of lPAB: hence = -, and (91) 

r 

/.. = linearly = ^, orA=-. 

If <? = 1, we have h - ^f}^^ mile = 8 inches nearly, so that 

an object 8 inches high, would be hid by the curvature of the 

earth at the distance of a mile. This is expressed by saying 

that the dip or depression of the horizon is 8 inches for a mile 

of distance ; hence, since h : h' i: d* : d'^^ or the dip increases 

as the square of the distance, a hill, 600 feet or 7200 inches high, 

h' 7200 
would be hid at the distance of d ^f— = ^/—^— = 30 miles. Such 

h o 

an approximation is sufiiciently exact for ordinary purposes. 

Conversely, from the formula d* - 2rh, may be found the 
distance, when the height of the object is given; or the radius 
of the Earth may be found, if we know by other means the 
values of d and h in any case. 

Ex. 17. 

1. Two towers, seen along a horizontal plane, at distances of 
2\ and 3J miles respectively, subtend angles of 1° 26' 33" and 
1° 36' 10"; compare their heights. 

2. The Earth's radius (4000 miles) subtends at the Moon an 
angle 67' T'.S : shew that the Moon's distance from the Earth is 
about 60 times the Earth's radius, or 240,000 miles. 
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3. The Moon's apparent diameter being 31' 15", determine 
its actual diameter, assuming the result of the last question : and 
shew that the Earth appears to the Moon about 16 times as large 
as the Moon appears to us. 

4. The diameter of the Earth's orbit subtends at the nearest 
fixed star an angle of 1": shew that the star's distance from the 
Earth must be nearly 20 billions of miles. 

5. Shew that the dip of the horizon for three miles of survey 
is nearly a fathom. 

6. At what distance may the Peak of Teneriffe, which is 
2 J miles above the level of the sea, be just seen from the deck 
of a ship ? 

7. The summit of Dhawalagiri, the highest point of the Hima- 
layas, is 28,000 feet above the level of the sea : at what distance 
would it first appear in the horizon ? 

8. K a mountain, 6600 feet high, can be seen at the distance 
of 100 miles, what must be the Earth's radius ? 

9. Two points, each 10 feet above the surface of still water, 
are first visible from each other at a distance of 8 miles : find 
the Earth's diameter. 

10. The hull of a ship is 40 feet above the water, and the 
masts reach 80 feet above this: at what distance will the hull 
be hidden from the sight of a person standing on the sea-shore ? 
and at what distance will the whole vessel be lost to view P 



94. To find the numerical value of sin 1 0". 

Let d be the circular measure of 10": then, since 7r is 
the circular measure of 180% we have 

e 10 1 

TT 180 x60x 60 " 64800* 

a IT 3.14159 ^^^^.^.o,„^o 

or = — - — = ■— = .00004,84813,68. 

64800 64800 

Now sinlO"<e>e-|0', a fortiori, >e-|(.00005) 

> fl- .00000 00000,00032, 

where the quantity to be subtracted does not at all 
affect the first twelve places of decimi\^. 
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Hence to twelve places at least the value of sin 1 0" is 
accurately given by the formula 

sinlO"=circ.meas.of 10"= ~- =.00004,84813,68; 
and, therefore, a fortiori, 
sin l"= circ. meas. of 1"= J^ = .00000, 48481, 36. 

Having thus determined sin 10", we obtain cos 10" by 
the formula cos 10" = V(l - sin' 10") = .99999,99988,24. 

95. If a be the circular measure of n", we have 
a = n X circular measure of 1" = « sin 1" : 

and conversely, if a, the circular measure of an angle, 
be given, we may find n the number of seconds, by the 

formula n = -r^, . This agrees with the Rule in (30); '' 

sml 

for there the angle was expressed in degrees by mtd- 

180 
tiplying the circular measure by , and, therefore, 

TT 

to bring it into seconds we should have to multiply the 

, , 180 X 60 X 60 ^ ,. ., . , 

circular measure by , or to divide it by 

TT 

sinl", as we have seen above. 



180x60x60 648000 

96. Knowing now the sine and cosine of 10", the 
sines and cosines of all angles between 0° and 90°, 
at intervals of 10", may be computed as follows. 

In the formula, sinC^ + -B) = 2sin-4 cos -B -sin (-4 -5), 
put A = nAO", 5=10"; then 

sin (n + 1) 10" = 2 sinw.lO" cos 10" - sin(« -1)10" 

= (2 - A) sinn.lO"- 8in(» - 1) lO", 

if we write 2 - A, (where A is a very small quantity, 
.00000,00023,50), for 2 cos 10". 
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Hence {siii(n + 1) 10" - sinn.lO"} 

= {sin7i.lO" - sin(n - 1) 10"} - k sinn.lO"; 

where by putting, successively, » = 1, 2, 3, &c, we get 
the values of sin 20", sin 30", &c: thus 

(sin 20" - sin 1 0") = (sin 1 0" - sin 0") - A sin 1 0", 

(sin30" - sin20")= (8in20" - sinlO") - Asin20", 

&c. = &c. 

The formula is put in the above form, because it is 
seen that the quantity in brackets on the second side 
is merely a repetition of that which stands upon the 
first side in the preceding line; so that the only ad- 
ditional labour in each line will be to multiply by k 
the value of sinw.lO" found from the preceding line. 

Having thus computed the sines up to 60®, we may 
proceed to find the rest more simply by mere addition 
of sines already found, as follows : 

sin(60° + -4)-sin(60°-u4)= 2 cos60 sin^ = sin^; 
.-. sin (60° + -4) = sin (60'' - ^) + sin^ : 
thus sin60° 10" = sin59° 59' 60" + sin 10", 

sin 60° 20" = sin 59° 59' 40" + sin 20", &c. 

And, lastly, having found the sineis from 0° to 90°, 
these give us immediately the cosines from 90° to 0°, 
since cos ,4 = sin (90° - A), 

97. The tangents and secants from 0° to 90° may 

• » 

now be found by the formulae tan = — , sec = — ; 

cos cos 

and these will give the cotangents and cosecants from 

90° to 0°. But when the tangents have been found up to 

45°, the rest may be found more simply by the formula 

tan (45° \ A)- tan (45° - ^) = 2 tan 1A : 

thus tan 45° 1 0" = tan 44° 59' 50" + ^ taii^i.^*' , &c. 
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Also, since 

cosec-4 = 7 = -r-r--,— i T? = 2(taniu4 + cotj^), 

8in-4 28m J^ cos^^ ^ ^ ^ ^ 

we have cosec 20"=^ (tan 1 0" + cot 1 0"), 

cosec40" = i (tan 20" + cot 20"), &c. 

or the cosecants and, therefore, also the recants, may 
be found for all even multiples of 1 0", by mere addition 
from the Tables of tangents and cotangents. 

98. As, by the preceding methods, an error, intro- 
duced at any point, would be carried on throughout 
the series of operations, and probably before long begin 
seriously to afiect our results, it is desirable to calculate 
directly some of the Ratios for particular angles, by 
comparing which with the values for the same Ratios 
obtained as above, we may check our work at different 
points, and be certain that we have attained a sufficient 
degree of accuracy. The Ratios employed for this 
purpose are the sines and cosines of angles at intervals 
of 9° from 0° to 90°. 

99. To find the value of mi 1 8°. 

Let -4 = 18°; then sin 36° = cos 54°, or sin 2 A = cos 3-4 ; 

.*. 2 sinu4 cosu4 = 4 cos'.4 - 3 cos^, 

or 2 sin -4 => 4 C08'-4 -3 = 1-4 8in'-4 ; 

.-. 4 sin'u4 + 2 sin-4 -1 = 0, and sin-4 = J (V5 - 1), 

where we take the positive sign of the root, because 
we know that sin 18° is positive. 

100. We have now sin 1 8° = J(V5 - 1 ) = cos72°, whence 

cosl8° = \/(l-sinM8°)=V{l-Tfe(6-2V5)}=JV(10+2V5)«8in72' 
cos36°= 1 - 2sin'l8°= l-i(3-V5) =Kv'5 + l) =8in54° 
sin36° = \/(l-cos'36°)=V{l-'^(6 + 2V5)}=iV(l^--2V5)=cos54' 
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Also putting 9° and 27° for A in the formulae 

sin^ = J{V(1 + sin2^) - V(l - sin2^)}, 
cos A = J{\/(1 + sin 2^) + V(l - sin2-4)}, 

we get sing*' = J{V(3 + V5) - V(5 - V5)} = cos 81% 
cos 9° = J{V(3 + V5) + V(5 - V5)} = sin 81°, 
sin 27° = J{V(5 + V5) - V(3 - V5)} = cos 63°, 
cos 27° = ^{V(5 + V5) + V(3 - V5)} = sin63°. 
And thus, remembering that sin 45° = |V2 = cos 45°, 
we have the values of the sine and cosine for all angles 
at intervals of 9° from 0° to 90°, which, by extracting 
the roots indicated, may be expressed as simple decimals. 

101. The following are called FormulcB of Verifi- 
cation, 

8in(36°+ ^) - sin(36°- ^) = 2 cos 36° sin^ = ^(V5 + 1) sin-4, 
8in(72° + ^)-8in(72°-^)=2cos72°sin^ = J(V5-l)sin^; 
.-. sin^ -sin(36°+^)-sin(36°-^)-sin(72°+^)+sin(72°-^), 

a relation between the sines of five angles, which, if 
found to be satisfied by our tabulated results, will prove 
them to be sufficiently accurate. 

In like manner 
cos^ = cos(36°+^)+cos(36°-^)-cos(72°+^)-cos(72°-^). 

Since sin(36°+-.4)=cos(90°-36°-^)=cos(54°-^), &c, 
these two formulae may also be written 
sin A = cos(5 4°--.!) - cos(5 4°+^)- co< 1 8°-^) + cos( 1 8°+^ J, 
C08^ = sin(54°-^)+ sin(54°+^)- sin(l 8°-^)-sin(l 8°+^). 

102. The Tables do not go beyond 45° : the values of 
the sines, tangents, and secants for angles above 45° 
being the same as those of the cosines, cotangents, and 
cosecants of their complements. Thus the page which 
contains the values of the Eatios from 19° to 20°, k 
marked at the toip with 19°, and on tke \eix. \i"KcA \^ 
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a descending column of minutes ; while at the bottom it 
is marked with 70'', and on the right is an ascending 
column of minutes ; and the columns, which are marked 
sin, cos, tan, &c. at the top, are marked cos, sin, cot, &c. 
at the bottom : so that (for instance) the same numerical 
value would be read from the top as that of sin 19° 54', 
and from the bottom as that of cos 70° 6'. 

Since the values of the sine and cosine, or of the 
tangents of angles less than 45°, are always less than 1, 
and therefore will be decimal fractions, sometimes with 
two or three cyphers after the decimal point, they are 
printed in some Tables with the decimal point moved 
four places to the right, (as if they were each multipUed 
by 10,000), while in others the decimal point is omitted 
altogether* No mistake, however, can arise in taking 
out the true value, if the Student is only made aware of 
this fact. 

All the above values are called the Natural sines, 
cosines, &c., to distinguish them from what are com- 
monly called the Logarithmic sines, (or shortly, log- 
sines,) &c. which, however, would be more properly 
called the Logarithms q/*^A^ (Natural) sines, &c. These 
latter are by far the most frequently required in prac- 
tice : more will be said about them in the chapter on 
Logarithms. 

103. All Tables, however, are not given so accu- 
rately as to 10"; but, in such cases, the values of the 
sine, &c. for any angle not exactly given in the Tables, 
may be found with sufficient accuracy for all ordinary 
purposes by a simple Proportion: and, conversely, 
if we have given the value of a Ratio, which we cannot 
find exactly in the Tables, we may, in like manner, 
obtain the proper angle. 
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Thus, let the interval at which the angles are given 
in any set of Tables be a", and let D be the difference 
between any (the same) functions of two successive 
angles, A and A + a", D being obtained by subtracting 
the function of the lesser angle A from that of -4 + a ; 
and let d be the difference similarly obtained between 
the same functions of A and A+n: then, assuming that 
D:d::a:ny which (as will be presently shewn) is in most 

cases very nearly true, we get d^ - x D^ n= — xa. 

If a = 60, as in Button's Tables, where the angles are 

given at intervals of l', these become 

T ^ T^ d ^. 

d= — X Dy n = — X 60. 
60 D 

Ex. 1. To find the value of sin 37** 23' 42" from Hutton's Tables. 

Here sin 37° 24'= .6073758^ ^ , , „ ^i, rp vi 

• o^ no/ flA^i AA^f^ taken out from the Tables ; 
sm 37 23'=. 6071447 J 

2)=Difr. for r or 60"= + 2311 : .-. £l=diff. for 42"=$gx 231 1 = 1618; 
/. sin 37** 23' 42" = .6071447 + .0001618 = .6073065. 

Ex. 2. To find cot 56" 27' 48". 
Here cot 56*» 28'= .6881379 
cot 55** 27 = .6885666 

2)=Diff.for60"= -4287; .-.£1= difi'. for 48" = ffx -4287 = -3430; 
/. cot 55** 27 48" = .6885666 - .0003430 = .6882236. 

N.B. Notice that the Bifil will always be negative for the 
cosine, cotangent, and cosecant, which all decrease as the angle 
increases from (P to 90°. 

Ex. 3. Given sec^' = 9.7654237 : to find A' or sec"' 9.7654237 
accurately to 1", from Tables calculated at intervals of 1'. 

Here, by the Tables, it would be seen that A' lies between 
84* r and 84** 8', or A* = 84** T n" = A ■{■ »", suppose. 

Now sec {A + 1') = 9.7834124 and sec(^ + n") = 9.7654237 
sec^ = 9.7557944 sec^ = 9.7557944 

/. Diff. for 1' or 60" = +276180; diff". for w" = +96293; 

hence n = m^o x^0 = 20.9 = 21 nearly, and A' =%\^ T ^V . 
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Ex.4. Given C08^'= .8241657: to find A' or cos"* .8241657 
from the same Tables. 

Here, by the Tables, A' lies between 34** 29' and 34* 30', or 
A' = 34** 29' n" = ^ + n", suppose. 

Now cos(^ + 1') = .8241262 and cos(^ + n") = .8241657 
cos^ = .8242909 cos A = .8242909 

/. Diff. for r or 60" = - 1647 ; diff. for n" = -1252 : 

hence n = fHf x 60 = 45.6 = 46 nearly, and A' = 34"* 29' 46". 

Ex. 18. 

1. Given sin 24° 37' = .4165453, sin 24° 38' = .4168097 ; 

find sin 24° 37' 15", and sin"* .4 166287. 

2. Given cos 68° 12' = .3713678, cos 68° 13' = .3710977 ; 

find cos 68° 12' 24", and cos"* .371 1999. 

3. Given tan 45° V = 1.0005819 ; 

find tan 45° 0' 35", and tan"* 1.0002345. 

4. Given cot 30° V = 1.7308878; 

find cot30°0' 17", and cof^ 1.7312123. 

5. Given sec 59° 59^ = 1.9989929 ; 

find sec 59° 59' 25", and sec"* 1.9990678. 

6. Given cosec60° 1' = 1.1645067 ; 

find cosec 60° a 37", and cosec'M. 1546025. 

Prove the following results : 

7. vers (A - B) suvers {A-\^B)- (Bin A - sin-B)*. 

8. tan (45° + \A) + cot (45° + \A) = 2 sec^. 

9. tan(30° + A) tan(30° - ^) = ^ IZ \ - 

' ^ 2 cos2-A -I- 1 

in t ^A - ^^^^-^ ~ ^ sin*^ 

~ sin* 2-4+4 8in*-4 - 4 * 

11. If 1 = .-TTr+ cos*-4 cos'C, shew that sinC= ^ . 

8m*-B tan-B 

12. Determine B from the equation 

sin^ + sin {2B + u4) - sin {2B - u4) = sin<-B + ^) - sin (J? - A). 

If -4, B, C, are in A. P., prove the following formulae : 

13. sin-4 - 8inC= 2 sin(^ - B) cosB. 

14. (siaA - sinC) sin^ = (cosC - cos^) cos^. 
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104. We shall here prove the truth of the principle 
assumed in (103), namely, that for a very small incre- 
ment of the angle, the increment of its sine, cosine, &c. 

is, in general, proportional to the increment of the angle. 
8m(^ + ^) - sin^ = sin^ cos^ + cos^ sin^ - sin^ 

= COS0 sin^ - sin^(l - cos5) 

= CO80 8in5 (1 - tan^ tan J^) by (74). (1) 

co8(^ + 5) - cos^ = cos^ cos^ - sin^ sin^ - cos^ 

= - sin^ Bind - cosO (1 + cos^) 
= - sin^ siad (1 + cot^ cotj^). (2) 

. //I -^v * /I sin(0fa) sin^ sin(^H-^)co80-cos(0+^)8in^ 
\&n(0 + o) - tan0 = — —- — = — ^^ ^-— — ^^ 

C08(^ + ^) COS^ 008^008(6^+5) 

sin(^ + 5 - ^) 8in5 

" 008^ 008 (^ + S) " 008*^ 008^ (1 - tan^ tan^) 

_ 860*^ tan 5 ^ 

"■l-tan6^tan5* ^ ' 

Now, if 3 be very 8mall, 8in5 and tan 5 are by (91) very nearly 

equal to d, and both, therefore, very small ; hence, unless tan^ be 

large in (1) and (3), or cot^ in (2), we may write the above 

sin {0 ■{■ 6)- 8m0 = 6 cos^, oos (^ + 5) - oos^ = - S sin^, 

tan (0 + 5) - tan^ = S sec*^; 

where we see that, for any given value of 0, the increment of the 

sine and tangent are proportional to that of the angle, supposed 

very small, provided, however, that tan^ be not very great, or 

near 90°; and similarly for the cosine, provided that oot^ be not 

very great, or near 0° or 180°. 

Similarly it may be shewn that 

*/i3 jt\ ^n -sin^cosec*^ 

oot(0 + 5) - cot^ = -. -5— — . , 

' 1 + oot^ tan^ 

,^ ,. ^ - tan^ oosec^(cot^ - tani^) 

oosec (0^6)- coBecO = — — -^- — — ?-^ . 

1 + cot^ tan|5 

So that here also we may write 

cot (^ + ^) - oot^ = - 5 cosec*^, sec (0 -\- d) - secO = ^ seo^ tan^, 
cosec (0 + 5) - oosec = - 5 oosec ^ cot^, 
unless be near 0° or 180° for the cotangent and cosecant, or 
near 90°, for the secant. 
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CHAPTER V. 

ox THE TRIGONOMETRICAL PROPERTIES OF TRIANOLES, 
QUADRILATERALS, AND POLYGONS. 

105. To shew that in any triangle the sides are 
proportional to the sines of the opposite angles. 

In future we shall use the letters a, J, c, to denote 
the sides BC, AC, AB, opposite to the angles Ay B, C, 
respectively, of any triangle ABC. 






Let ABC be any triangle, and from C draw CL 
perpendicular on AB^ or on AB produced: then 

CB^AC^mA^BC^mB, or 4^=^=^. 

smjD AC h 

Similarly, by drawing a perpendicular from B or 

AC, we may shew that -r->, = -p= =i - . 
^ ^ smC AB c 

Hence we have a :h '. c :: AnAi smB : sinC; 

, , .^^ sin -4 sin 5 sinC 
or, as it may be also written, = — - — = . 

a c 

106. To express the cosine of an angle of a triangl 
in terms of its sides. 

Let ABC be any triangle^ and from C, as before 
draw CD perpendicular on AB, or on AB produced. 
Then in figs. 1 and 2, 

BC ^AC^-v Aff - 2AB.AD, (Euc. ii 13) 
in fig. 3, 

BC = AC + Aff + 2AB.AD: {Euc. ii 12) 
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but AD = AC co^CAD = AC cos-4 in figs. 1 and 2, 

= - AC co^A in fig. 3 ; 
.. in each case, jBC^= ^C+ ^J?- 2AB. AC cos A, 

or fl*= &'+ <?- 2bc cos-4, whence cos^ « ; . 

2bc 

Of course, it was not strictly necessary to hs^ye proved 
(as we have done) the truth of the above in aU cases ; 
since the result with the first figure would have served 
for all the rest by the principle of (6). 

In like manner we should get 
J' = a' + c' - 2ac cos jB, c' = a' + J' - 2aJ cosC, 

and cos^ = , cos(7= = . 

2ac 2ao 

107. To shew that, if 5 = \{a + i + c), then 

be ^ be 

and thence to deduce expressions for tan^^ and sin^. 

2cos'i-4 = 1 + COS-4 = 1 + ; = ^^ — -T 

^ 2bc ibe 

_ (J + c + o) ( J + c - a) 2« (2« - 2a) ^ 

24c " 2*c ' 

and 2sin'M = 1 - cos^ = 1 —z = — "^^ "" ^ 

^ 26c 24c 

(g - 4 + c) (g + 4 - c) (2^ - 24) {28 - 2c) 

24c "" 24c * 

. ^^fi'i A ^(^-^) Bin»l A = (g " ft) (^ - g) 
,.cosM«— j^— > Bin2^ = ^- , 

and cos|^ = V-~ — -^ , smlA = V^^ '^ ^ , 

where the positive roots are taken, because A, being an 
angle of a triangle, must be < 180% and \A < ^^. 
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Hence tanU = ^^ = /' " f ^ ^" ^\- 

coalA 8(8- a) 

2 
and sin^ ■= 2 8inJ-4 cosJ-4 «= — V{« («-a) (s- J) («- c)}. 

oc 

From the last result it appears that is a sym- 
metrical expression in terms of a,bfC; so that we find 
sin-4 2 ,. . . ... .^ sinjB sinC 

as, of course, we should expect from (105). 

In like manner we should get 

ir> /sCs-b) . ,^ U -a){8 - c) 
cosAjB = V- ' , smJjB = v^ — ^ , 

cosic/ « v-^^^ — ^, smiC/=V^ —^ ^; 

with corresponding expressions for tan^£ and sin^, 
tan^C and sinC, which may be written down at once, 
by Symmetry y from those for tan^ and sin^. 

108. The formulae proved in this chapter are true 
for all triangles whatsoever ; but they become simplified 
when applied to a right-angled triangle, so as to agree 
with our former expressions. 

Thus, if (7= 90°, then sinC^ 1, and ?^ = 1 = 5^, 

a c 

or a = c sin-4, J = csin-B: 
so cosC- = — — r — ; .'. o' + yec*, (as in Euc. i. 47); 

and .'. cos^ = — -^ = -7- = - , or = c cos^, 

2oc 2oc c 

and, similarly, a = c cobB. 
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109. To express the area of a triangle in terms of 
the sides and angles. 

Eeferring to the figures in (105), since the area of 
every triangle = I rectangle of same base and height 
= I base X height^ we shall have 

area of triangle ABC^ \AB.CD = \AB.AC^mA 
» \lc sin^ = \ac sin j5 = \ah sin (7. 

Hence also the area = by (107) 

— X -- V{«(«-a) is-b) {s-c)} = V{s(«-a) (»-i) («-c)} 

= J V(2a'y + 2aV + 2 JV - a* - 6* - c*) ; 

,- . . , a sinC a sinjB . . , , sinS sinC 

or = IJbc sin^ = h — — z ; — r- sin-4 = Ja . ^p .^^ . 

^ ^ sin-4 sm^ * sm(B+C) 

110. Since sin^, sin^, sinC, are respectively proportional to 
a, hf c, we may substitute the former quantities for the latter 
(or vice versa) in cases where they occur, involved homoffeneously, 
either on opposite sides of an equation, or in the num' and den' of 
a fraction. This step will often be found of great use in the so- 
lution of Problems, and will be best illustrated by the following 
Examples. (See Alg,, Part i 85-88, and Part ii 26-28.) 

Ex. 1. Since sin C = sin(^ + ^) = sin^ cos^ + sin^ cos^, 

we have, at once, c = o cos-B + 6 cos-4 : 

« sin C ^ sin S . c -n ^ a o 

for —. — -. = cos-B + - — 7 cos-A, or - = cos-B + - cos-4, &c. 
sm^ sm^ a a 

Ex.2. ^^ ."r^^ ,or=(5+e) ^ ^ (h^c)sm^A 



b + c sinB + sinC "^^ ^ (6+c)« " (sinJJ+smC)« ' 
We may best ^rovc the truth of such transformations by putting 

- ^ = zrr^ = ZuTTy » o' a = x siaA, b = x smBf c^x sinC 

&c. 



sin.'l sin^ sinC 

a' ax sin^ a sin^ 



"6 + c a: sin -B 4- a? sin C sin-B + sinC* 

Ex. 3. Area ^\hc%mA 

1 ,« .x ^c sin A . .,, ,. sin^ wnB %mC 
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Ex. !•. 

In any triangle, right-angled at C, prove the following farmnke : 

1. COS(^ - J?) = --J- . 2. C062^ = g — -5 . 

c* (r -{• or 

3. tan2J?=:-^. 4. tanJ(^-^) = ^. 

6. co8(2^-J?)=:^(3(j»-4ii*). 6. tani^ = V^^. 

In the same triangle, obtain the following expressions for the area: 

7. i(a + 6 + c)(a + 6-c). 8. Jc*8in2^. 

In any triangle prove the truth of the following formulsB : 

11. ^ = P^. 12. sin J(^ - S) = ^::* co8iC. 

tanC a* + c*-6" "^ ' c 

iQ* i>rfx iT> o + ft-c -. tani-4 + tanJJ? c 

13. tan J^ tan J5 = r — . 14. - — f-j — - — \^ = . . 

" a + 5 -I- c tan J^ - tan^^ a-h 

In any triangle, obtain the following expressions for the area: 

IK 1/^ 1^. sin -4 sin J? .^ 2fl6c . . .„ ,^ 

' %m(A-B) a^^h-^^c ' 

111. There are six parts of a triangle^ three sides 
and three angles; and there are three necessary re- 
lations^ which exist between these parts from the very 
nature of the case, or they could not possibly belong to 
a triangle at all. These relations are expressed alge- 
braically by the follo¥nmg equations, (to which we are 
led without considering the properties of any particular 
triangle, but merely such as are common to all triangles 

whatsoever,) namely, 

^ ^ o , sin-4 sinD sinC 

^ + 5 + (7= 180% and — ^ « — r— . 

a b c 

AU other results we have obtained are in fact only 

modifications of these. 

Thus we may derive the expression for cos ^ as follows: 
By (110 Ex. 1), we have found, merely using the above 
fonnuli^ that ^ = a cos JJ + 6 cosX : 
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hence c-h cos A = a cobB, or c*- 26c cos^ + 6* cos'-4 = a* co^ JB, 
whence c* - 2bc cos A + ft* - a* = S" sin'-4 - a* sin'-B = by (106) ; 

^nd thus we get cos^ = — sri — > ^ before. 

112. Generally then it will be sufficient^ for the com- 
plete determination of all the parts of a triangle, if 
we have given three of the six parts, or three inde- 
pendent equations between them, since then we shall 
have six equations for determining the six parts. But 
there are two exceptions to this statement. 

(1) If the three angles alone are given, we have in 

reality only Jive equations given us ; for, when two 

angles are given, the third is at once known from 

-4 + jB+C=180°, and, therefore, it is useless to give it 

as a third datum. In this case the ratios of the sides 

will be determinate, and we may find them from the 

a sin-4 a sin-4 ^i ^ ^i ^ . i 

equations - = - — =r , - = -:—pi ; so that the triangles, 
^ smB c sinC7 

corresponding to our data, will be all similar, and be 

determined in spedes, though not in actual magnitude. 

Consequently, one side, at least, must always be given, 

in order to determine a triangle. 

(2) If a, by A are given, that is, two sides and th> 
angle opposite to one of them, then, if a < J, or the side 
opposite to the given angle be less than the other given 
side, it wiU be shewn that there are two triangles, which 
have the same given data, and the problem, therefore, 
is ambiguouSy or admits of a double solution. This, 
however, can only happen when A<^(f; for, since 
b>ay therefore also B> Ay and, consequently, A must 
be < 90% or else we should have two angles of a triangle 
together greater than two right angles. 
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Take AC= J, and I CAB{< 90°)= -.4 ; with centre C 
and radius = a, describe a circular arc : 
then^ \i a <by it is plain that the circle 




, will cut AB in two points B. S . on the 

j^ B '"-"'JS 

same side of ^(7 as that on which is 
formed the angle Ay and that each of the triangles 
CABy CABy will have the three data, a, J, A, It 
may be observed that 

lCBA = 180° - lCBB' = 180° - lCBBi 

that is, the angle B in one triangle will be the supple- 
ment of the angle B in the other. 

If, however, h be such that the points i?. By co- 
incide, then there will be but one triangle, and CB 
will be perpendicular to ABy and /. CB = AC smA, 
or a^b sin A: so that, if we see that the given data 
satisfy this equation, we may infer at once that the 
case is not ambiguous, although a be less than by 
and that the triangle is, in fact, right-angled. 

113. If in (112) the radius (a) be less than the per- 
pendicular (b sin A) from C upon ABy then it is plain 
that the circle will never cut ABy and no triangle at all 
can be formed. In such a case then the solution is 
impossible/ and also if, in any case, two angles are 
given, whose sum is greater than two right angles, or 
three sides, any two of which are not together greater 
than the third. 

In all other cases the triangle may be solved, subject 
to the exceptions of (112). The examples here given 
will not require the aid of logarithms : but the Student 
should read the chapter on Logarithms, before pro- 
ceeding to the next chapter upon the general solution 
of tnangles. 
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Ex. ao. 

1. One angle of a triangle is 30°, and the sides including it are 
2| and 3f yards, respectively : determine its area. 

2. Find the area of an equilateral triangle, one of whose sides 
is 60 yards. 

3. Find the area of an isosceles triangle, whose base is 50 feet, 
and each of its equal sides 30 feet. 

4. How many trees can be planted in a triangular piece of 
ground, the lengths of whose sides are 130, 120, and 50 yards, 
if two yards in length and breadth be allowed for each tree ? 

5. Find the area of a triangular field, whose sides are 216 yards, 
270 yards, and 162 yards. 

6. What length {A£) must be taken along the diagonal of 
a square field (ABCD), whose side is 100 yards, so that the 
triangle AUB may be exactly a fifth part of the whole square P 

7. Find the area of a parallelogram, whose adjacent sides are 
28 and 30 feet, and the included angle 75°. 

8. The sides of a triangular field measure 189, 169, and 42 yds : 
find its value at £150 an acre. 

9. The hypothenuse of a right-angled triangle is 5.25 feet, 
and one of its angles is 30° : find the remaining parts, and the 
area of the triangle. 

10. The angles of a triangle are in A. P., the least being 30°, 
and the opposite side is 100 yards : find the area. 

11. Given a = 10, c = 20, A = 30°; solve completely the triangle. 

12. The sides of a triangle are as 1, IJ, If; find the greatest 
angle, and the sines of the other two. 

13. If, in any triangle, o' = 6* + 6c + c*, shew that A = 120°. 

14. Apply each of the formul8B for sinJC, cos^C, and tanJC, 
to shew that, when C= 90°, a» + ft" = c*. 



114. To find the radius of the circumscribed circle 
of a trta7igle, in terms of its sides and angles. 

Let ABC be any triangle, OA = OB^OC=E, the 
radius of its circumscribed circle, whose 
centre is found (JEuc. iv 5) by bisecting 
the sides of the triangle in Z), -B, F^ and 
^ drawing the perpendiculais DO,EO^¥0 




92 
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Then BD = BO sinBOD, or ^a » i2 sin-^* sine© 
lBOD = llBOC= lBAC^ A; 

a h c 



hence we have R = 



or (in sides only) = 



2sin^ 2sin£ 2 8inC 
ahc 



ahc 




4V{5(5-a)(s-J)(«-c)} 45" 
if ^S represent the Surface^ or area, of the triangle ABC. 

115. To find the radius of the inscribed and escribed 
circles of a triangle, in terms of its sides and angles. 

Let ABC be any triangle, and let 
OD^OE^OF^r 
be the radius of its inscribed circlci 
whose centre is found {Euc. iv 4) by 
^ bisecting the angles of the triangle by 
c the lines AOy BO, CO, meeting in 0. 
Then we shall have the area ABC 
^ = area OBC + area 0-4 C+ area OAB^ 
or \bc sin-4 = Jor + JJr + Jcr : 

be 
.'. ic sin^ e (a + i + c) r = 2sr, and r = — sin^. 

^ ^ 2« 

or (in sides only) = — x — V{5 {s -d^is- b) (s - c)} =»— . 

Similarly, if the exterior angles at B and C be bi- 
sected by BO', CO', then 0' will be the centre of a 
circle, which will touch BC and the other two sides 
AB, AC, produced, and which is called an escribed 
circle of the triangle. Now if the radius of this circle 
aiy = O'E' = 0'F= r„ we shall have 

area ABC= area 0'^C+ area O'AB - area ffBC, 
or JJc sin -4 = ^Jrj + JcTj - lar^ ; 

hence Jc sin-4 = (5 + c - a) r, ■= 2 (« - a) r,, 



or r. 



2 (5 - a) 



sin^ = 



8 - tt 
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In like manner^ if r^, r,, be the radii of the escribed 
circles^ toaching the sides b and c respectively^ then 

S S 



""'^s-b' "*' 




s - c 

N.B. Notice, for the sake of problems, that, since 

A£=AF, BD = BF, CD = CEy 

.'. AB + BF\ CD = J (perimeter) = «; 

a^d AJB=^8 - (BF^ CD) = « - (BD + CD) = 8 -a: 

hence AB = AF:=^ 8 -a, BD = BF^8-b, CD^CE^s-^c. 

116. To find the area of a qtmdrUateraly whose oppo- 
site angles are supplementary y or^ in other words y of a 
quadrilateral which may be inscribed in a circle* 

Let ABCD be a quadrilateral, such 
that the angles A and Cy and, therefore, 
also B and Z>, are supplementary, and 
which may, consequently, {Euc. iii 22) be 
inscribed in a circle. 

Let AB^a, BC^by CD^c, DA = d, and join BD: 
then area ABCD = area ABD + area CBD 
= ]fld sin-4 + gic sinC = J (ad + be) sin A. 

Now we have 2ad cos A = a' + rf' - BD^ 

- 2bc cos A =::b^ + c^ - BD", 
since cosC= cos (180° - -4) = - cos^: 

and hence 2 (ad + be) cos A = a' + rf' - J' - c*, 

a^^d''-V--& 
or cos-4 = — — r-j — j-^j — ; 

2 (ad + 4c) 

• 1 - cos^ = 1 - g' + ^' - y - g' „ (& -H g)' ~ (g- rf)' 

2 (ad + 6c) 2 (arf + be) ^ 

A . a^ + d^-V-c' {a + df-(b-c^ 
2 (ad + be) '^ (^ad ^ oc^ 
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and sinM-l -co8'^= (*±^2ri?^ , ^"^f^T^K'"' 

2(aa + ic) 2 (ad + 6c) 

(b + c-^a-d) (b + c + d-a) (a + d-^-b-c) (a-^d + c-l 

4 (orf + bcf 

2(8 --d) 2(8 -a) 2(8 -c) 2(8 -b) 

^(ad-^bcf 

(if 2« = a +^i + c + dy and .\ 28 - 2a ^ b -^ c + d - a 

2 
hence sin-4 = — — r- V{(« - a) (« - J) (5 - c) (5 - rf)} 

and area ABCD = V{(« -«)(«- J) (« - c) (5 - rf)}. 

117. 2b ^;«rf ^A^ area of any regular polygon^ an 
the radii of it8 inscribed and circumscribed circles. 

Let AB (a) be the side of a regular polygon < 
n sides^ the common centre of its inscribe 
and circumscribed circles. Draw OC fe 
pendicular on AB : then^ since the sum of a 

the angles^ subtended at by the sides * 

2ir 
the polygon, is 360° or 27r, we have lAOB =* — . 

#» 

Hence B, = radius of circle circumscribed 

IT 

e OA = -4Ccosec-40(7= |a cosec - ; 

n 

and r » radius of circle inscribed 

= OC^ AC cot AOC «Jacot-: 

n 

also area of polygon 




IT 



n X areaO-4S = « x \AB.OC^ \na^ cot - . 



n 



118. Conversely, if JS or r be given, then the side 
the regular polygon of n sides, which can be describ< 
in a circle, radius JB, or about a circle, radius r, will ] 

irm ftp 

from fix 7) 2JB sin - or 2r tan - , respectively. 
^ ^ n n '^ '' 
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So also area of polygon, in terms of It, 

» » X areaO^^ = » x lAO. OB sinAOB^^ie sin — , 

n 

and, in terms of r, = n x ACOC '^ nt^ tan - . 

n 

If the circle be the same in each case, then the sides 

of its inscribed and circumscribed polygons will be 

2rsin - , 2r tan- , and their areasi^tr'sin — , nr' tan - , 
n n n n 

which may be written nr* sin - x cos - , wr'sin - -^ cos - . 
•^ n n n n 

119. Hence also we may deduce the area of a circle 
in terms of its radius. 
For, as above, the area of a regular polygon of 

n sides = nt^ tan - = irr* x tan - -r - : where, by in- 

n n n ^ 

creasing «, the number of sides, the polygon tends con- 
tinually more and more to equality with the circle, 

radius r, and the ratio tan - -f^ - by (9 1) tends to 1 : 

n n 

hence, as n is increased indefinitely, the Limit of the 
geometrical figure is the circle, radius r, and the Limit 
of the corresponding algebraical expression for its area 
is Trr*; hence, making n infinite, we have the area of 
the circle, radius r, = irr', as in (25). 

Ex. 21. 

1. Shew what the expressions for It and r in terms of the sides 
become, when the triangle is equilateral, or a = b = c, 

2. Obtain the same when the triangle is isosceles, or a s 5. 

3. In the figure of (115), shew that the products of the alternate 
segments of the sides are each equal to } (a 4 5 + c) r*. 

4. Obtain expressions for AC and BD in the figure of (116); 
and apply them to shew that AC.BD = AB.CD + AD.BC^ vsA. 
ih&t ACiBDi: AB.BC+ AD.DC\ BA.AB ^ BC XI>. 
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5. Let AB (2 A) and BC{2B) be two circular arcs: draw the 
diameter BD, and apply the first of the two results in (4), to 
deduce the expression for sin (A-^-B) in terms of A and B, 

6. If the diagonals of any quadrilateral ABCD intersect in j^, 
shew that its area => ^^C.JI?2> sin J^; and thence that in the 

7. Express the radius of the inscribed circle of a triangle in 
terms of the radii of its three escribed circles. 

8. If R, r, be the radii of the circumscribed and inscribed 
circles of a triangle, and r, of the escribed circle touching the 
side a, express r and r^ in terms of It and the angles, and she^ 
that r = rj tanJJ? tan|^C 

9. Shew that JK = j v^ . , . ^ . ^ ,and2JZr= ^ . 

sm-4 smjff smC a + 6 + c 

10. If the triangle be right-angled at C, shew that 

jB + r = J{a + 6). 

11. If P, Q, be the centres of the circumscribed and inscribed 
circles of a triangle, shew that 

LPAQ = i{^^C), LPBQ^i{A^C\ LPCQ^\{A^B). 

12. If the sides of the quadrilateral in (116), taken in order, 
be 3, 3, 4, 4, find its area, and the radii of the inscribed and 
circumscribing circles. 
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CHAPTEE VI. 

ON THE SOLUTION OF TRIANGLES. 

We now proceed to the general solution of triangles 
by the aid of Trigonometry. 

ISO. If the triangle be righUangledf we shall have 
here one datum already, namely, that one of the angles, 
C suppose, = 90% and we require only two other parts 
to be given, in order to solve the triangle completely, 
one of these, however, (112) being a side. 

Hence ybt^r cases may occur. 

(1) Given a, A^ or one side and one angle. 
Here J5 = 90*^ - -4, 4 - a cot^ or = ^ 



c s a cosec^ or 



tan^ 
a 



sin -4' 
so tbat, in logarithms, 

log J = loga + log cot-4 « loga + L cot-4 - 10, 
or = loga - log tan^ = loga - L tan-4 + 10 ; 

logc = loga + log cosec^ = loga + L cosec^ - 10, 
or = loga - log sin-4 = loga - L sin-4 + 10. 

This case includes, of course, that in which J?, b are 
given, or in which -4, i, or B, a, are given ; since, when 
one of the angles ^ or J? is given, the other is given 
also: and similar remarks apply to the other cases 
which follow. 

(2) Given c. A, or the hypoihentMe and an angle. 
Here B » 90"^ -A, a^ c wlA^ b » c cos A ; 
so that, in logarithms, 
loga B logo -fLsin^- 10^ log&«\ogcA'\AtoiikA-\^« 
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(3) Given a, J, or ttco sides. 

Here tan-4 = =■ , or L tan^ = 10 + loga - log}; 

o 

then^ having found A, we have 

B = 90*^ - A, and c ■= a cosec^ or «= i sec^. 

We might have found c from its value Vfa' 4 J') ; but, 

unless a and b should be numbers of one or two figures 

only, this would be more laborious, as the above ex- 

pression is not adapted to logarithmic computation. 

(4) Given a, c, or one side and the hypotenuse. 

Here sin^ = - , or Lsin^ « 10 + logflF - loge; 

c 

and now, as before, 

JB = 90° "Ay b = c cobA OT ^a cot A. 
Here also i = VCc'-a')- V{(c + a)(c-a)}; 
/. logi = llog{c + o) + 5log(<? - a). 

Ex. 92. 

Verify each of the above methods upon the following triangle r 
a «: 123.4567 loga = 2.0915147 log (c + a) = 2 J^94249 

h = 234.5678 logft = 2.3702685 log(c - a) = 2.1511121 

c = 265.0721 logc = 2.4233642 ^ = 27° 45' 81" 

L sin^ := 9.6681 505, L cos^ = 9.9469043, L tan^ « 9.7212462. 



ISl. If the triangle be oblique, there will also be 
four cases, one side at least being given in each. ' 

(1) Given a. A, B, or one side and two angles. 

xj n ioao r a . 'd\ I sin5 sin (7 

Here C= 180 -(-4 + 5), 6 = a -; — -. c^a- — rs 

sin-4 Bin-4 

so that, in logarithms, 

logJ=loga+LsinB-L8in-4, logcsloga+LsinC-Lsin.^. 
This, of course, includes the case when a. A, C, are 
given, and also the case when a, By C7, are given, since, 
if By Cy are given, A is also given. 
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(2) Given a, b, A, or two sides, and an angle opposite 
to one of them. 

Here sinS = - sin-4, or L sin J? « L sin-4 + log 4 - log a ; 

a 

and now C= 180'' -(-4 + J?), c^a- — -. 

&\vlA 

Here, however, if a < 5, we light upon the ambiguous 
case (112); and this ambigiiity appears also from the 
above algebraical expression for sin^. For, if a<5, 
then A<B\ and, therefore, since A must be <90°, 
(otherwise, we should have A-^B> 180°,) B may be 
either greater or less than 90% that is, B may be either 

of the two angles whose sine » - sin^, one of them 

^ a 

being, of course, supplementary to the other. 

If, howoTer, a > J, then A>B, and B mtzsthe < 90^; so 

that we have here no uncertainty, but must take for B the 

lesser of the two angles whose sine *= - sinJ[. 

a 

Ex. 23. 

Verify each of the above methodg upon the following triangle : 

^=44° a=765.4321 Lsin^ =9.8417713 log a =2.8839067 

^=66° J = 1006.62 Lsin^ =9.9607302 log 6 =3.0028666 

(7=70* 0=1035.43 LsinC =9.9729858 logc =3.0151212 

and, for the amb. case, L sin 22°= 9.5735754, log 412.7725 =2.6157108. 



12S. (3) Given a, i, (7, or ttoo sides and the included 
angle. 

Let a be the greater of the two given sides. 

Then - = -; — - , whence (Alg. Part i. 85) 
sin B 

a - b sin^ - sin jB tan l(A - B) 



a + b sin-dt + sinJS tan^QA -v B") 



by c^iy. 
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hence tanJ(-4-5) = ^i^ tan}(^ + -B)- ?^ cotiC, 

a + 6 a + 

since K-4 + 5) - Kl^O^-C^)- 90^- i(7; 

/. LtanJ(-4-J?) = LcotJ(7+log(a-J)-logr(a + 4), 

= 20 - L tan J(7 + log(a - 4) - log(a + J) ; 
and J(^ - £) is^ therefore, known : 

whence ^ = J(^+J?)+K^-5)» and 5-J(^+J5)-J(^-5), 

, ^, sin C . sin C7 

and then c ■= a -; — - or = 4 -: — =, . 

sm^ sm^ 

128. We may, however, obtain a different expres- 
sion for as follows: 

c ^ sin (7 ^ sin(^-fg )^ 2sini(^+^)cosK^4>J) , 
a+4 sin^+sin£ sin^+sinJ? 28in^(^+^)cos^(^-j5)' 

, ,. co8iM + -B) , ,v sinJC 
/.c = (a + 4) — It-; — 5;= (a+4) — j^-l — =-. 

^ cos J(-4 - £) C08j(^ - J?) 

Or otherwise : we hare 
c' = a' + 4'-2a4co8(7 
= (a» + 4«) (cos'JC+ sin'J(7) - 2ci4 (cos'^C^ sin'JC) 

- (a+ 4/ sin'iC+ (a-4)' cos'JC 

- (a + 4)« sin'i(7{l + C^ cotJCT)"}. 

Now, since the tangent of an angle may be of any 
sign or magnitude, 

put tanA = r cotJ(7; 

o + 6 

then c' = (a + 4)» 8in'J(7(l + tan»0) » (a + 4)" sin'JCsec'*, 

ainJC 



or c «(a + 4) sinJCsec0 « (a + 4) 



COS0 ' 



which result, however, coincides with the former, since 
as appears by (81). 
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124. (4) Given a, b, c, or the three sides. 

Here we must employ the formulae in (107), for 
sialA, cosj^, or tanlA, each of which requires only 
four logarithms, whereas that for sin^ requires seven, 
and is, therefore, less convenient for use. If ttoo angles 
A, B, are to be found, it will be best to use the formulae 
for tan J^, tanjj?, as the same logarithms are required for 
each of them, which would not be the case if we used 
the other formulae. In other cases any one of the three 
formulae may be used; except that, when \A nearly 
equals 90% it is better not to determine it by the sine 
or tangent, not when near 2ero by the cosine; inasmuch 
as (104) we should not be able, in such cases, to deter- 
mine \A with sufficient accuracy. 

Ex. 24. 

Verify the methods (3) and (4) on the triangle in Ex. 23, 

having also given 

L tanSa^" = 9.8452268 log(6 + a) = 3.2484765 
L tan ll^" :i= 9.2886522 log (6 - a) = 2.3823555 
L tan22° = 9.6064096 log« = 3.1473150 

log(»-a) = 2.8050649, log(«-ft) = 2.5989515, log(»-e) = 2.5662477. 



125. The angle 0, introduced in (123), is called a 
subsidiary angle. Such an angle may often be em- 
ployed, as there, in order to throw an expression into 
factors^ and so render it suitable for logarithmic com- 
putation. 

The following are other instances of the use of such angles. 
Ex. 1. To adapt ^J{a±h) to logarithmic computation. 

Here ^(a±h) -'^a'J(l±^)^^a^&cO OT^aco^O, if, for the 

upper sign, we put tan*^ = - , and, for the lower sign, sin*^ = - , 

a a 

in which latter case, however, b must be less than a, or we could 
not make the assumption, nor would the gUen ^x^x^^yqtl *4V^-V\ 
be tk jpas&Ufle quaDtity, 

1^^ 



102 PLANE TBIOONOMBTBT. 

Ex. 2. To adapt a -i- 6 + c to logarithmic computation. 

Here a + 6 = a (1 +tan*^) = a sec'^, if tan*^ = -; 

o 

and a^h^e-a sec'd ^-c^a sec'd (1 +tan*0) = a sec'd 8ec^0f 

if tan*0 = ^ = - co8*d. 

a EetrO a 

Ex. 3. To adapt acosat^sina to logarithmic computation. 

Here a cosa ± b sina ^kaxi{0±a), if k mnO ^a, k bOB0 = i; 

whence A5*(sin*^ + co8^^ =:A? = a^ + 5«, orA;- V(<^+^ 

, k sin^ ^ /I « 

and -= ;: = tan^ = =• . 

a;co80 

The expression for k, however, may be adapted to logaxithmic 
computation, for k = V(^* + 5*) = a V(l + cot^d) = a cosec^, a result 
which we obtain immediately from A; sind => a. 

These examples are sufficient to shew the method of proceediiig 
in most ordinary cases. Thus, if we had to adapt to logarithmic 
computation such an expression as 

a f 5 cosd + e cos(d-a) + d sin(^f/3): 
this may be written 

a + (5+0Cosa + d8in)3)cosd + (c8ina+e7coB/3)sind; 

which, by Ex. 2, may be converted to a + ^cosd + c^sin^, (where 
l/f &, will have been found in forms adapted to log. computation;) 
this again, by Ex. 3, may be expressed as a + A; sin (^-f 7), which 

last may be converted by Ex. 1 to a sec'0, if tan*0s - 8in(&-l-<y). 
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CHAPTEE VII. 

OS THE TBIGONOMETBIOAL MEASUREMENT OF HEIOHTg 

AND DISTANCES. 

1S6. We have already seen some instances of the 
application of Trigonometry to the actual measure- 
ment of heights and distances. We shall dcTote this 
chapter to illustrate the practical application of the 
Science to such cases as may commonly occur of a 
similar kind — that is^ where the distance required can- 
not be measured, either on account of its great mag- 
nitude or of some intervening obstacle^ and cannot 
also be more simply obtained by the ordinary rules of 
common Geometry. For^ in actual surveys of land or 
countries, there are many results which may be ob- 
tained very easily without the help of Trigonometry; 
and of these we shall first give some instances. 

127. Besides the property proved in Buc. i. 47, 
namely, that the square upon the hypothenuse in a right- 
angled triangle is equal to the sum of the squares upon 
the two sides, and the proposition deduced in (25) that 
the area of any triangle = ^ base x height, it is very 
useful to notice the following geometrical properties, 
which are much employed in common field-surveying. 

(1) The area of any quadrilateral ABCD 
S •* area ABC+ area ADC 

^lACxBE-^lACxDF'=lAC(BE^DlO, 

B ^ if BE, DF, be the perpeiidic\]Aax% ^oxdl ^^ 

vngies B, D, on the diagonal AC. 
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(2) The area of a quadrilateral ABCD, two of whose 
jg p sides ADf BCy are parallel, 

a area ABC + area ADC 

B E c ^IBCxAB^^ADx CF^i(BC+AD)AE 

a}(8um of parallel sides)x(perp. distance between them). 

(3) The area of any quadrilateral A BCD 

- area ABE + area BEFC + area CFD, 
(if BE, CF, be perpendiculars on AD,) 
= ^AExBE^ l(BE+ CF)EFhj (2) + JCFx FD 
«iiAE'^EF)BE-^l(EF+FD) CF^\AFxBE^DExCF. 

N.B. The same result will be found to hold good, if the per- 
pendiculars, either or both of them, should fall toithout the tide 
AD : thus, if CF fall beyond D, (the Student may draw the figure,) 
we shall have area ABCD = area ABE + area BEFC - area CFB 

=^iAExBE + i(BE + CF)EF'iCFxFD 
= i(^^+ EF) BE + HEF- FD) CF 
= IaF X BE + IDE X CF, as before. 

128. By means of the above properties, fields &c. 
are usually measured, being broken up into triangles or 
quadrilaterals, for which the necessary lines are mea- 
sured, and the areas found as aboye. 

The following Example will give an idea of the mode 

of proceeding in such a case, and the way in which the 

operation is conducted. 

Let ABCDE be a five-sided field, ^C its longest diagonal: 
|C the surveyor measures along Arom A till he comes 
^i^^^^y^ to a, where he sees the angle J? in a direction at 
^D right angles to AC: he measures aE, and then 
measures on ab in the same line as before, to the 
point bf where B appears in a dureotion at right 
angles to ^ C; in like manner he measures bB, be, cD, and finally 
cC. The line AC, joining the two extreme stations, is called the 
chain-line, and the perpendiculars aE, bB, cD, are called offtda* 

The lengths of these lines are measured by Ounter^s Cham, 
which is 22 yards or 4 poles long, and diNided mlo 100 links. 
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Hence an acre, which contains 4840 square yards, will contain 
10 square chains or 100,000 square links : and, therefore, square 
Unks are converted into acres by merely cutting off five figures 
to the right. 

The perpendicularity of the lines aJB, &c. may be ascertained 
by the use of the ero^g-^tafff which is a circular piece of wood, 
about 6 inches across, on the face of which two slits are made, 
along diameters at right angles to one another. It is supported 
upon a vertical stafi^ which is thrust into the ground when the 
surveyor reaches a point, as at a, where the angle JS appears 
to lie at right angles to the line A C. Then, the circle being so 
turned that one slit is in the direction ^C, an eye will look 
along the other in the perpendicular direction, and the staff must be 
moved, if necessary, along A C, until the angle JS can thus be seen. 
Suppose now Aa= 4S0, aJ?=480, ^6^660, 5^ = 200, ^c=860, 
eD => 460, and A C7» 1340 links. Then these results would be thus 

entered in the Jleld-hookf beginning 
from the bottom, the measures on the 
Chain Line being set down in the 
middle, and the ofSaeU to the right or 
left on each side. 

Hence the area of the field 
e uJteAABC+Bie&AJBDC'^iACxhB+iAexaB-i^iCaxcD [127(3)] 
« i{1340 X 200 +860x480 + 860 X 460} «^. links ^ 63S200 sq. Unks 
s 5.382 acres = 5a 1b 21p nearly. 

129. Without entering farther into the details of 
Land-surveying, which may be found in books specially 
devoted to the subject, we shall now give a few in- 
stances to illustrate the applications of Trigonometry. 

It must be taken for granted that it is always possible, 
by means of proper instruments, to measure the angle 
subtended at the eye between two visible points, (that 
is^ the angle between the lines joining the eye with the 
two points,) and also the angle at which an object 
appears elevated above, or depressed below, the hori- 
zontal plane through the eye of the observer. And 
it will be remembered that, in oidei to dieXjeiroKai^ ^os^ 
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triangle^ toe must have three of its parts giten^ me of 
them being a side. As a general rule then, in order 
to determine any particular side or angle which may 
be required in a Problem, we must first consider, if 
it be not a part of some triangle, for which we have 
already the three necessary data; and, if not^ we must 
seek to determine, by means of the given data, three 
such parts for some triangle, to which the line or angle 
in question belongs. 

Ex. 1. To find the height of a vieible obfed, whose foot is aecessiUe. 

This problem we have solved in some simple cases in (66): 
more generally, having measured a horizontal base, 
A C, and observed the angle of elevation BA Q then, 
in the right-angled triangle BAC, we have the two 
parts A C and A, and the height BC= ACisjiA. 

Ex« 2. To find the height ef a visible object, whose fbot is m- 
aecessible, and its distance from the place of observation. 

From Af the place of observation, measure a base AD in any 
convenient direction; and at each end of the base 
observe the angles which the base makes with 
a line drawn to the object, that is, observe the 
angles BAD, BDA. 

Then, in the triangle BAD, we have the three 
^ necessary data, from which the distance AB may 

be determined; and, by observing also the angle of elevation, 
BAC, we have the height BC^ AB tin A. 

Ex. 3. To find the distance between any two visible, but inaceessi' 

ble, objects, and the distance of either from the place af chservation. 

Let B, C, be the two objects, A the place of observation; 

measure a base AD in any direction, but so that the 

two points, B, C, may both be visible firom D\ and 

observe the angles BA C, BAD, CAD, BDA, CDA. 

Then, in the triangle ABD, we have given AD, 

and angles BAD, BDA*, hence we may determine 

the side AB: in the triangle A CD, we have given 

AD, and angles CAD, CD A; hence we may determine the side 
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AC; and now, in the triangle BAC, ve have giTen AB, AC, 
ind angle BAC; bence ve may detenmne the side BC. 

If BC b« inppoaed to be Tertical, we may in thia way de- 

teimme the htight BC, when the line ACii not homontaL 

130. As tbe bearingB by the Mariner's Compass are 

•* ti- '^ fn i often referred to in Trigonometri- 

■'fc.'^^Tr^^ « "^^^ Problems, it is well that the 

^iSwv.\l//^^*^ Stndent should make himself ac- 

*»jf''^^^S^«^£^<-\B>'^ quainted with the lines of theCom- 

y^*^^^^^^0**j pasB, and the names given to the 

*M^^?// V\\%^** different Points, It will be seen 

* V'^^**^^* * that there are in all 32 Points, the 

■^ * f b) *" angle between two adjacent points 

being ^-111°. 

Sometimes, howeyer, the bearings of objects are re- 
ferred to in Problems without the use of the Points, 
as ao many degrees from the North (or South) towards 
die East (or West). 

Thna if to a spectator P one object A appears to the NE and 
another B to the SSW, the angle between the lines drawn from 
his position to the two objects, that is, the angle APB would 
be 10 points o 11 S^°; and A may be said to have a bearing 
N45°E, £ a bearing N 167,1" E, or, better, 8 221° W, reckoning 
from the neareit of the two points, N and S. 

N.B. The logaiithma ret^ulred in the following Problems, (be- 
ridea those whicn may be ptmn in any of them,) will be found on 
page 112, or ma; be obtained from those there printed. 

^"- I7S0..O] 

1. Calculate the area of a field from the 420 Sia 
annexed extract from a field-book. 12S ISO 

2. A river A C, whose breadth is 200 fbet, runs at the foot 
of a tower BC, which subtends an angle BAC of 25° KV at the 
edge of the bank. Beqoired the height of the tower, having given 
Log tan2a= IV = 9.6718628, log9.a97 = .9729928. 

3. 'Two observers, 1000 yards apart, in the same vertical ^Usa 
witlt a balloon, but on opposite sides of it, \^u \\fc w^^eb «t. 
elevation at the same moment, 36° and 54° -, deleTTune \'i&\i>«\^:^ 
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4. A person obsenres the eleration of a tower to be 00^, and, 
on retiring from it 100 yards further, he finds the eleyation to 

be 30^: determine the height of the tower. 

lOitf to^ 

5. Find the area of a fournuded field from 435 710 

the annexed extract. 1^7 225 

from^l 

6. Two men are surveying, and, when each is at a distance of 
200 yards from the flag-stafi*, one of them finds the angle between 
it and the other's position to be 36®. How far are they apart? 

7. From the top of a rock, dOO feet above the level of the sea, 
the angle of depression of a ship's bottom is observed to be 18°: 
find the ship's distance from the foot of the rock, having given 
Log tanlS*' = 9.6117760, logl.5388 = .1871040. 

8. At the top of a tower, 108 feet high, the angles of depression 
of the top and bottom of an upright column, standing on the same 
horizontal plane with the tower, were found to be 30° and 60^: 
find its height. 

9. In a right-angled field, given one side to be 75 yards, and 
the perpendicular from the right angle upon the opposite side 
to be 60 yards, determine the other sides of the triangle and 
the area of the field. 

10. To determine the distance of a sh^ at anchor at C, I 
measured a straight line AB of 1000 yards along the shore, and 
observed the angles CAB = 32® 10', CBA = SdP lO'. Find the 
ship's distance from A, having given Log cos 6° 60^ = 9.9969040, 
Log cos 25'' 20^ = 9.9560886, log 1.0985 = .0408154. 

11. Determine the sides and area of a right-angled field, when 
one angle is 60°, and the line joining the right angle with the 
middle point of the opposite side is 100 yards. 

12. At the top of a pillar, 100 feet high, the elevation of a 
tower is observed to be 30°, and at the foot of the pillar it is 60^. 
Find the height of the tower. 

13. A is a point invisible to an observer at B: shew that 
he may find the distance AB by measuring a base BC (300 yards), 
and observing the angles BCA (30°) and J?^C(54°). 

14. The elevation of an object, standing upon a horizontal 
plane, is observed, and, 80 feet nearer, the elevation is found to 
be the complement of the former, and now, on retiring 30 feet, it 
23 double of its original value. Find the height of the olqeot 
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15. A light-house was observed from a ship to bear N 45° E, 
and, after sailing due South for 6 miles, it bore N 30° E. Find 
its distance from the ship at each observation. 

16. Find the area of a four-sided field, two of whose sides are 
parallel, their lengths 230 and 480 yards, and their distance 
200 yards. 

17. The length of a road, in which the ascent is 1 foot in 5,- 
is If nile, from the foot of the hill to the top. What will be 
the length of a road up the same hill, in which the ascent shall 
belfootiiil2P 

18. Find the area of a trapezium, the diagonal being 108^ feet, 
and the perpendiculars on it 56| feet and 60} feet, respectively. 

19. A person, standing on a river's bank, observes the ele- 
vation (a) of a tower on the opposite bank: going backwards 
« feet, he then finds the elevation to be la. Determine the height 
of the tower, and the breadth of the stream. 

20. An object B is invisible from A : but a base A C (80 feet) 
is measured, and the angle ACB (144°) observed; and again, 
at D in the same line, 40 feet further on, the angle AD£ is 
found to be the supplement of ACJ3. Find the distance AB. 

21. From the top of a hill I observe two objects, in a straight 
horizontal line, directly before me, and find their angles of de- 
pression to be 45° uid 30° respectively. I know that the objects 
are ^ of a mile apart What shall I find to be the height of the 

hiU? 

20. Two objects, Pi^nd Q, were observed from a ship to be 
at the same instant in a line bearing N 15° E. After sailing 
NW for 5 miles, ^ bore due E, and Q bore NE. Find the dis- 
tance between P and Q. 

23. P is a point which cannot be seen from A : but a surveyor 
measures a line A C (300 yards) and, going on still in the same 
direction, he measures CD (100 yards), and observes the angles 
A CB (54°) and ADB (36°). Determine AB. 

24. The elevation of a tower, 100 feet high, when due N of 
an observer, was 60° : what will it be after he has walked due E 
400 feet, given tan 13° 53' » .2471663, tan 13° 54' « .2474750 ? 
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CHAPTER VIII. 

ON LOGARITHMS, AND THE EXPONENTIAL THEOBEHr 

131. Def. The logarithm of a number to a given 

base is the index of that power to which the base must 

he raised 9 in order to become equal to the number: so 

that, if a' B any number N, then x is called the logarithm 

of N to the base a, which is denoted thus, :r = log.iV, 

or (if there be no occasion to mention the ba8e)a;=logiV. 

Thus, since 10" = 1, 10* = 10, 10*= 100, &c., :. log^l^O^ 
logjolO = l, logjol00 = 2, &c.; and so also, since a*=l, a^^^a, we 
have logal = 0, logaO = 1, whatever a may be. 

132. By taking any positive number (except unity) 
for base, we may express any positive number as some 
power of it. 

Thus, take a = 10, as above, and let JV= 2 ; then, unce 10^ s I 
and 10' = 10, there is some value of x, if we could find it, between 
and 1, such that lO' = 2 : and, in point of fact, it may be shewn 
that this value is (to five places of decimals) .30103, so that 
log,o2 = .30103. It would of course be posAble, though tedious, 

to verify this statement by expanding lO***" or (l4.9)™»«» to 
a sufiicient number of terms by the Binomial Theorem : but we 
shall see below that such would certainly be the case. 

133. If we give to N the successive values 1, 2, 3, 
&c., and register the corresponding values of x, (which 
may be found by methods to be given hereafter^) the 
table thus formed is called a ' Table of Logarithms 
to the base 10*. 

The integral part of any logarithm is called the Cha- 
racteristic, the decimal part is called the mantissa, or 
handful^ as it were, thrown in over and above the 
characteristic. Of course when there is no integral 
part^ the characteristic is 0. 
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134. If the base a be > 1, then since a"* = 0, a** = 1, 
a* = 00 , we have log^O = - oo , log^l = 0, log.oo = oo ; 
and thus the log. of any number between and 1 will 
lie between and + oo , and the log. of any number 
between 1 and oo will He between and - oo ; that is, 
the log. of a number will be positive or negative, ac- 
cording as the number itself is > or < 1. Of course, the 
contrary will be the case if we suppose a to be < 1 . 

185. Although, in reasoning generally about Loga- 
rithms, we may consider the base to be any positive 
number other than unity, yet in actual practice we 
shall have only to^ deal with (i) Logarithms to the base 
10, which are called Common Logarithms, and (ii) Log- 
aritlims to the base e, where e denotes a certain number 
2.7182818, (of which more hereafter,) which are called 
Napierian Logarithms, from the name of Lord Napier 
of Merchiston in Scotland, who first invented Logarithms. 

186. It will be seen below that series may be found, 
by means of which logarithms to the base e may be 
readily calculated. Among these will be 

log,10 = 2.3025850928; 

and we shall now shew that, if the logarithm of any 
number to base e be multiplied by the factor 

1 -^ log^lO = 1 -f 2.302&C. = .4342944, 

it will become the corresponding logarithm to the 
base 10. 

For let a;, y, be the logarithms of any number N to 
any two bases a and 5, that is, let x «= log^iV, y = log^iV, 
and .-. a' = N^b^: then, since (131) J = a^*'^**, we have 

and .-. X = \ogJ>.y, or log.N « \og J)\o%^N- 
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Hence, of course, it follows that 

log^JV- log,10.1og,,JV; or Iog,,JV« :^^-^ X log^. 

This constant multiplier, by which the two systems 
of logarithms are connected, is called the Modulus of 
the system to base 10, and will be denoted in future 
by Jf. 

Cor. Log^Nm log.i.log,i\r« log^i.^g^clog^JV- &c., 
and so on, through any number of bases. 

137. We will suppose then that, by means of the 
Napierian logarithms, we have formed a Table of 
Common Logarithms, and from these we will extract 
for our present use the following. 

ZogartthmSf to base 10, of all PrifM Number$J^om 1 U> 100. 



No. 
2 


LogB. 


No. 


Logs. 


No. 


Logs. 


No. 
71 


Logs. 


0.3010800 


19 


1.2787536 


43 


1.6334085 


1.8512588 


3 


0.4771213 


23 


1.3617278 


47 


1.6720979 


73 


1.8683229 


7 


0.8450980 


29 


1.4023980 


53 


1.7242759 


79 


1.8976271 


11 


1.0413927 


31 


1.4913617 


59 


1.7708520 


83 


1.9190781 


13 


1.1139434 


37 


1.5682017 


61 


1.7853298 


89 


1.9493900 


17 


1.2304489 


41 


1.6127839 


67 


1.8260748 


97 


1.9867717 



138. Now the following are the properties of loga- 
rithms which make them of singular value in diminidi- 
ing the labour of Arithmetical calculations. 

(i) Log(mn)alogm-t- log;!, or the logarithm of any 
product • the sum of the logarithms of the factora. 
For, if m " a", and n - a", then mn - a***, and 

.-. log (mn) - a? + y « logm + log». 
Hence also 
logimnp) " log(mw) + logp « logm + logn + logp, Ac. 



I 



m 



(ii) Log- a logm - logn, or the logarithm of any 

71 
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qnotient~the remainder obtained by subtracting the 
logarithm of the divisor from that of the dividend. 

For — = -7 = «* ^ and /. log(--) = a; - y = logm - logn. 

Hence log — = log 1 - logm = - logm^ since log 1=0. 

(iii) Logm* = n logm^ or the logarithm of any power 
of a number is obtained by multiplying the logarithm 
of the number by the index of the power. 

For m* = (a*)* = a"*, and /. log(m*) ==nx = n logm. 
As the index in (iii) may be either integral or frac- 
iianal, we see that^ by means of the above results^ all 
Arithmetical operations of Multiplication^ Division^ In- 
volution^ and Evolution^ may be converted into Addition 
and Subtraction of Logarithms. 

Ex. 1. log6 = log2 + logS = .7781513 ; 

logo = loglO - log2 = 1 - log2 = .6989700. 

tiL.2. log 100 » log 10* =2 log 10 = 2, loglOOO = 3, &c 

Ex. 3. log4 = log2' = 2 log2 = .6020600; 

logl8 = log2 + logo = log2 + 2 log3 = 1.2552725. 

Ex. 4. log.07 = logrJo = log7 - loglOO = .8450980 - 2, which 
18 written thus, 2.8450980, it being understood that, in this 
position of the negative sign, it belongs only to the charac- 
teristic 2, and not to the mantissa, which is still positive. 

Ex. 5. log2.4 = logfj = log3 + log8 - 1 = .4771213 + .9030900 - 1 

=.3802113; 
log.0023 = log rt»^o = 1.3617278 - 4 = .3617278 - 3 = 3.3617278. 

Ex. 6. log A = .4771213 - 1.9867717_= - 1.5096504, which may 
be written thus, - 2 + (1 -.5096504) = 2.4903496. 

189. It will be seen from [138 Ex. 6] how we may 
readily convert a logarithm which is wholly negative 
into one that shall be negative only in its characteristic^ 
viz. by increasing the given negative characteristic by 
unity y and subtracting from unity the gitDen manti%«a« 
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Thus, generally, if*-((7+m) represent a logarithm 
in which the characteristic {C) and mantissa (m) are 
both negative, then 

- (C+m) - - C- m o - (1 +C) + (I - m), 
where the mantissa is now positive. 

The decimal thus obtained by subtracting another 
from unity is called its Arithmetical Complement^ and 
is most readily written down in practice by subtracting 
its last figure from 10 and the others from 9. A 
logarithm thus modified we may call a Complementary 
Logarithm, and denote by colog. 

By the use of Complementary Logarithms the Sub- 
traction of a logarithm may be turned into Addition. 

Thus log A ^ log3 1 oologOT = .4771213+2.0182283 =1*2.4903496, 
as before. 

But it is necessary to notice some peculiarities which 
occur in the use of such logarithms, whose charac- 
teristics only arc negative, and of which instances are 
given in the following examples. 

Ex. 1. logi^ 4- logi\ -> log2 + cobgl7 + logS + colog 19 
» 0.3010300 

-f 2.7696511 Hero there was an integer + 2, arising from the 
f 0.4771213 sum of the positive mantissas, which, combined with 
+ 2 .7212464 the sum of the characteristics -4, loavos -2 or 2. 

12089488 

Ex. 2. log(^)' » 3 log \ ^ 3 cologl3 « 2.8860666 

3 

4.0681698 
Here there was an integer + 2, arising iVom the product of 
the positive mantissa by 3, which, combined with 3 x 2 s - 6, 
leaves -4 or 4. 

Ex. 3. logv^A = f colog71 = H^-H87417) = 1.7366346. 

Hero it was ncccsNiiry to imagine the logarithm thrown into 
the equivalent form |(7 4 6.1487417), so that the negative charac- 
teristio may become a multipls of the divisor 7. 
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Ex. M. 

Obtain the logarithms of 

1. 8, 9, 12. 2. 20, 25, 60. 3. J, J, f. 

4. .03, a^b* -0033- 6. 1.8, 140, 1.44. 6. .0625, nH-o» 1-05- 

7. 10.6, 4J, 41. 8. .0111, Vli, VH' 9. V.l» V.02, (1.2)*. 
10. (*)•, JVl.l, (.069)J. 11. Vix Vf X VJ. 12. V{J\^(f Vf)}- 



140. There are, however, two observations to be 
made, which greatly facilitate the finding of Common 
logarithms. 

(i) In the Common system having given logiNT, we can 
find immediately log(iVx 10") or log(iV4- 10"), n being 
an integer, that is, we can find the logarithm of any 
number, which diners from N only in the position of 
the decimal point. 

For log(iVx 1 0*") = log N± » log 1 = logN± n, and 
consequently, (since n is an integer,) will differ from 
logJV only in the characteristic, which will be increased 
or diminished by ^^, while both logarithms will have 
the same mantissa. 

Thus, suppose that we have given log 1362 cr 3.1341771 : 

then logl36200 = log(ia62 x 10") := logl362 + 2 » 5.1341771, 

logl.362 = log(1362 ^ 10*) = log 1362 - 3 = .1341771, 

log .001362 = log(1362 -r W) = logl362 - 6 = 3.1341771. 

(ii) In the Common system, the characteristic of the 
logarithm of any number may be written down at once 
by inspection. 

For if the number lie between 1 and 10, that is, 
between 10^ and 10^, its logarithm must lie between 
and I, and, therefore, its characteristic will be 0; so, if 
it lie between 10 and 100, that is, between 10^ and 10', its 
characteristic will be 1 ; if it lie between 100 and lOQQ^ 
that is^ hetweea 10' and 10', its claacactemXlv^ '^'-JiLNi^ "1% 
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and generally^ if it have n digits, that is^ if it 1 
between lO'"* and 10**, its logarithm will He betwe 
n - 1 and n, and its characteristic will be n - 1. 

Again, if the number lie between 1 and .1, that 
between I and |'q= 10'^, its logarithm must lie betwe 
and -I, and, therefore, (with positive mantissa) 
characteristic will be 1 ; so, if it lie between .1 and .( 
that is, between 10~^ and 10'', the characteristic ^ 
be 2; if it lie between .01 and .001, that is, betwe 
10"* and 10', the characteristic will be 3 ; and general 
if it have » - 1 cyphers after the point, the characteris 
will be n. 

It will be seen that both cases are comprised in t 
following Rule : Reckon the distance of the first 8 
nijicant figure from the units-place: if it be n places 
the left, the characteristic will be + /i ; if n places 
the right, n, 

141. Hence it appears that, in the Tables of Comni 
Logarithms, it is only necessary to register the im 
tisBtBy corresponding to certain sequences of figui 
which look like numbers, but are not really so, becai 
the place of the decimal point is not fixed in them. 

Thus in the Tabic given below, wc have, opposite to the vi 
3570 for N, the mantissa 5526682, where 3570 is no numl 
but merely a sequence of figures, and the Table shews that 
all such sequences, wherever we insert in them the decimal po 
the mantissa is still 5526682 : thus, determining the charaoteri 
in each case by [140 (ii)], wo have 

log 3.570 or log3.57 » .5526682, log35700 = 4.5526682, 

log .00357 = 3.5526682. 

142. The mantissie of logarithms are regpistered 
the best Tables to 7 decimal places, cotteaponding 
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leqnences of 5 figurea, as in the lines below, extracted 
from Huttoa's Tables. 



N. 





I 


2 3 


4 


5 


' 


^ 


8 


9 


D. 


Pro. 


no 


5528682 


6804 


6926(704" 


7109 


TidO 


7412 


7.3. 


7665 


7777 




" 


71 


78Q8 


Hl)2( 


8142|826; 




(507 


«62f 


i75[ 


'iS7l 


W9,' 


122 




72 


9I1S 


923619368 |9-n! 


9601 


t722 


)844 


)BB3|(1ob; 


J20! 






73 


5630:!30 


9-162 


0573!069S 


0816 


|093R 


I0S9 


1181:1302 


H24 







Thu», to find the mantissa for the sequence A^= 35726, we 
look horizontally along the third column for 3ST2, and vertically 
down under the figure 5, and thus find it to be 5529722, inoluding 
the figures 552, which, being once printed (as in the first line) at 
the beginning of the line in which they first occur, are understood 
to be repeated before each mantissa, until (as in the fourth line) 
they are replaced by 553. This change, howeTer, actually hegina 
with the last two mantissffi of the third line, where the dotted 
fignrea are introduced to mark this: thus, the mantissa for 35728 



In some books, instead of s dotted figure, a figure with a line 
above it, as 0, or a amalUr figure, is used to mark the point-where 
this change begins, if it happen not to be at the be^nniug of a line. 

143. Although the mantissie are only giren in the 
Tables for sec^nenceB of five figures, yet they may be 
readily found for sec^uences of six or seven figures by 
the following considerations. 

It will be shewn hereafter, that when the difference 
of two numbers is small compared with either of them, 
the difference of their logarithms is very nearly propor- 
tional to the difference of the Dumbers. 

Now let m, m + D, be the mantissce for two consecn- 
tive numbers, N and JV+ 1 , each of five figures, m + 8 
the mantissa for a number N+ d, lying between them, 
that is, having the same integral part as N, but one 
ot more figures after the decimal point. Then, since 
the three numbers have all the eame T»Ka^T <A \bNr.^^ 
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digits, they will have all the same characteristic, and 
80 the difference of their mantissEB will be the same 
as the difference of their logarithms: hence, by the 
above statement, 

D : 8 :: I I d, or S = Dd, 

by means of which result we may find 8 when d is 
given, or, conversely, d when S is given. 

Ex. 1. To find log 36.7235. 

Here N= 35723, iV-f 1 = 35724, iV+ rf = 35723.5, and .•. rf = A j 
and D = the Difference of the mantiss® of 35723 and 35724 » 122 : 
hence for 35723.5, a= ^ of 122 = 5 x 12.2 = 61 ; and thus, the whola 
mantissa for 35723.5 being 5529479 + 61 = 5529540, we have 

log35.7235 = 1.5529540. 

So for 35723.57 the difference (^) is 

A^o of 122 = 57 X 1.22 = 69.54 = 70 nearly, 

and /. log.003572357 = 3.5529549. 

Ex. 2. To find the number corresponding to the log 2.5528797. 

Here the next lower mantissa is that for 35717, viz. 5528750, 
and .*. ^ = 47 : hence, since the difference (D) between the man- 
tissa) for 35717 and 35718 is 121, we have d^i-^D= f^\^ .38, 
(it being useless to go beyond two decimal places, for a reason 
that will appear hereafter;) and so if the number of five figures, 
referred to as N in the proof, be 35717, the number N-¥d will 
be 35717.38; from which we see that the given mantissa oor- 
responds [140] to the sequence 3571738, and therefore the given 
logarithm (the characteristic being 2) corresponds to the number 
.03571738. 

144. But the columns headed D. and Pro. (Propor- 
tional Parts) are intended to facilitate the calculation of 
such logarithms, and the converse operation of finding 
the corresponding number from* the given logarithm. 
The column D. shews that the prevailing difference be- 
tween two consecutive mantissce in this neighbourhood 
is 122, as will be seen at once to be the case by looking 
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at them^ the difference being sometimes 121 ^ but gene- 
rally 122: further back in the Tables, it would have 
been 123, 124, &c., and further on, 121, 120, &c. 

Now, for each value of 2?, there is formed what is 
called a Table of Proportional Parts, by multiplying 

-- that is, in this case, 12.2, by 1, 2, 3, &c., which 

products give 12.2=12 (nearly), 24.4=24, 36.6=37, &c., 
(as in the extract on page 1 1 7), the integer only being re- 
tained in each product, but (15 Ex. 2) increased by unity 
when the rejected decimal part equals or exceeds J or .5. 
The use of this will now be apparent : for since B = Dd, 
let a, /3, &c. be the figures in order of the decimal d; then 

S^D(—+^ + &c.) = a — + /3 — + &c. 
10 100 ^ 10 ^ 100 

Now, in the Table of Pro. Parts, the first column 
contains the successive values 1, 2, 3, &c. which a or )9 
might have, and the second contains the corresponding 

values of a — . In order, therefore, to find a — , we 
10 10 

have only to glance at the Table, and take down the 
number opposite to the value of a; and, in order to 

find j3 9 we have only to take down A*** of the 

'^ 100 

number, opposite to the value of /3. 

Ex. 1. To find log357.2357. 

Here we have mantissa for 35723 « 5529479 

diff. for 5 » 61 
diff. for 7 = 8.5= 9 

5529549 
and, therefore, the logarithm required is 2.5529549. 

Ex. 2. To find the number corresponding to the log., 1.5529789. 
Here the mantissa next belo^r the gvverv one \^c£\xv% ^^dX. V^t. 
35723, viz. 6629722, we have ^ = 67, from N»\i\o\i \a^sAxv^ ^\, ^^^'2a 
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we see, by the Table of Proportional Parts, gives the iixth 
figure 5, we have still remaining 0, which, being j^ of 60, shews 
that the seventh figure is 4 (nearly 5); hence the sequence re* 
quired is 3572554, and the number (the characteristic being 1) 
is .3572554. 

Ex. 97. 
In these Examples the Tables in pp. 112, 117, are to be oonsuUed, 

1. Find the logs of 35.70925, .3572739, .003571246, 3.572804. 

2. Find the numbers whose logarithms are 

3.5528742, 1.5530895, 4.5527777, .5530199. 

3. Given log2000.1 = 3.3010517, construct a Table of Pro. Parts; 
and find log 20.00094, and the number whose log is 2.3010489. 

4. Given logSl.OOl = 1.4913757, 

find the logarithms of 3100023, 31000J, and 31^-^Vb- 

5. Find the value of V2J x V3} x V4J x Vsj, 

given log4.4985 = .6530677, log4498.6 » 3.6530774. 

6. Find the value of V357.1328 ^ V35712.75, 

given log 57.386 = 1.7588060, log. 057387 = 2.7588135. 



145. "We shall now explain the method of calculating 
logarithms to the base e. 

Exponential Theorem: To expand a' in a series of 
ascending powers of z. 

0-= {1 +(«-!)}• 

/ ,N ^(^-1)/ ,M x(X''l)(x-2), ,^, . 
= 1 +a:(a- 1)+ "Y;^ (a- 1)' + ^^^ — ^ («- 1/+&C. 

., . x-l . ,.• (x~l)(x-2) , . ^ , 
^l4a;{(a-l)-f — (a-iy + ^- ^^^ ^ (g-iy-h&c.} 

si +x[A + Bx + CV + &c.} suppose, 
where -4, (the sum of those terms within the bracket 
which are independent of ar,) is easily found by putting 
:p s within the bracket^ when there remains 
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or (a-l)-^(a-l)' + J(a-l/-&c., 
whicli is therefore the value of A. 

We have then a* = 1 + Ax 4 Bx^ + Cs? + &c., 
where A, B, C, &c. are functions of a, altogether inde- 
pendent of Xy and will therefore remain the same for 
the same value of a, however we change that of x. 
Hence «•**= 1 +^(a: + A) + JB(a; + A)' + C(a: + A)' + &c.: 
but a^ = flr.a* = {l+^a? + JBa:' + Gi;' + &c.}a*; 
therefore^ equating coefficients of x in these identical 
values of af^\ we have 

^ + 2^A+3CaV&c. = ^a*-^{l+^A+J5A*+Ca»+&c.}; 
hence, equating coefficients of difierent powers of h 
in the above, we get 

2B^A\ 3C^AB,&c., <>' ^=^ > C'^ ^ « ^^ , &c.; 

so that we find a* « 1 + Ax + - — + + &c., 

1.2 1.2.3 

where -4 « (a- 1)- K«- l)' + 3(«- 1/-&C. 

146. Since the above result is true for all values of x, 

take z such that Ax « 1 ; then 

1 i 11 

««—, and a^ = l + l+T-i: + TTT^"^^^' = 2.7182818 &c., 

^ 1.2 l»2,o 

1 

which number it is usual to denote by e ; hence a^ = e, 
or a = c^, and therefore A = log, a, and 

X* T^ 

o- = 1 + Gog,«)« + Qogeaf — + (log.a/ ^^-^ + &c.: 
whence also, writing e for a, we get, since (131) log,^= 1, 



1.2 1.2.3 



147. We have 



(ar\* , X n(n-l) ic*.- ,. n-l«* „ 
^ n/ n 1.2 n* n 1.2 
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Now, as fi increases, it is plain that - decreases, and tends 

n 

to zero as its Limit: hence we see that, as n increases, the Limit 
of(l+f)"isl+^ + ^ + j^ + &c.or^. 

148. By (146) we have K-ir=(ar + Ja:*+&c.)'' = «" + &c. (i): 
but we have also (^•-ir = e*"-ne«''-'5' + Jn{n-l)6<'^'-&c. (ii), 
in which each of the quantities e"', e^*^^^', &c. may be expanded 
by (146), so that the whole coefficient of x^ in (ii) will be 

f^ _„(«Ti)_% j„(„.l)(«_l^'_&e.: 
1.2. ..r 1.2. ..r " ^ '1.2. ..r 

but in (i) the coeff. of s^ is zero, if r<», and it is 1, if fan; 
hence, since the two expressions for (^^ - ly* must be identical, 

n'-n(n-l)' + Jn(n-l)(n-2y-&c. = 0, if r<n, 

and n* - n (» - 1 )** -I- Jn (« - 1 ) (n - 2)" - &c. = 1.2.3 . . . n. 

149. In the value of log,a = ^-(a-l)-JC«-l)'+&c., 

write 1 + ar for a, and .*. a? for a - 1 ; 

then log/1 +a:) - a; - J^ + Jic' « Ja?* + &c (i) 

Hence we might proceed to find the logarithms of 
numbers; thus 

log,2 »1 — + r"--: + &C' = — + — + — + &c.: 
® 2 3 4 1.2 3.4 5.6 

but the series thus obtained are not suiSciently con- 
vergent^ as it would take very many terms to obtain 
the logarithm accurately to six or seven decimal places. 

150. A more convergent series, however, may be 
obtained as follows from the above. 

Since log,(l + a?) - a: - Ja:' + ia:* - Ja;* + &c., 

.'. log/1 - a:) = - a: - .Ja;' - ia:* - Jar* - &c., 

by writing - a: for a: : and hence 

1 +a? 
log/l+a:)-log/l-a:) or log,- — - 2{a?+J«'+ia:*+&c.}. 
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In this series write — ^^ for x, and .*. — for ; ; 

m + n n \ -x 

/.log, — =2^ + - + - +&c.V...(a) 

If n« 1, then 

^•^ tm+l 3\in+l/ 5\m+l/ J 

a convergent series^ from which the logarithms of low 
primes may be found. 

Thus log,2 = 2 {I + 1 . L + J . i + &c.} = .6931471806, 

B8 may be seen by taking nine terms of the series. 

161. Again, if in (a) we put w = n + 1, we get 

a very convergent series, by means of which, having 
given the logarithm of one of two consecutive numbers, 
n and n + 1, we may find that of the other. 

Thus log,9-log,8 = 21og.3-31og.2 = 2|^ + ^, + &c.j; 

and by means of four terms of this series, having given log«2 
above, we may find log<3 = 1.0986122884. 

And log.6 - log.4 = log.5 - 2 log.2 = 2 11 + ^ + &c. j , 

by taking ^t7e terms of which series we get log«5 = 1.6094379122, 
and, adding log, 2 to this, we have log, 10 = 2.3025850928, and 
thence, by common division, the modulus M 

= lvlog. 10 = .4342944819. 

162. Once more in (7) write «* for n+ 1, and, there- 
fore, 2a:* - 1 for 2n + 1 ; then 

a? 
log, ^ -f = 2 log,a; - log/rc + 1) - log/a? - 1) 



{^i-'H^hrf^^^^ 
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a yeiy rapidly converging series^ by means of n 

haying given the logarithms of any two of three 

secutive numbers^ n-k-1, n, n-l, we may find tb 

the other. 

Thus, taking the numbers 5, 6, 1, of which the logarithms 
and 6(= 2 X 3) are now known, we haye 

21og,6-log,7-log,5 = 2|i + g~j^+&c.}, 
whence we may find log«7, &c. 

Or the same may be found by (7) as follows : 
log,50 - log,49, or (log,2 + 2 log,6) - 2 log,7 = 2 {/, + &c.}. 

153. By means of the above (or other similar formula 
a table of Napierian logarithms may be formed; am 
then these may be converted into logarithms to th 
base 10 or to any other base^ by multipljdng eac 
by the proper modulus. 

Thus log,.2 ^ Mlogfi = .4342944819 X .6931471806 » .301030( 
and 80 we might find, if desired, log^2 = (1 -r log^ 3) x log^2, &€;» 

Or^ having once obtained log^l and, by means of i 
the modulus, we may write at once in (a) 

and so we get, corresponding to the formulae 03)>(7)>(2 
above, 

log„m=2Jf 1^ +&c.|, log>+l)-log^-2Jf|^ji^ +i 

and 2 logj,« - logj,(ar+ 1) - log^,(ar- 1) - 2Jf |^^p-y + &c 

and thus may calculate immediately the common lo) 
arithms, without finding the Napierian. 

154. We are now able to prove the statement mac 
in (143). 
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For S=log,(i^4rf>log„i^=log,^ = Jlflog,(u^) 

= by (i) if |— - &c.j = — e? nearly, 

when d is small compared with N\ that is. Sec d, or the 
increase of the logarithm is proportional to the increase 
of the number. 

Also 2) = logj, -j^ = if log/ 1 + l,j = — nearly ; 

now M^ .48 &c, and is, therefore, <J, while N, if a 
number of five places, is > 10000; hence we have 

D<3j^<. 00005 in every case, and .*. would at 

the utmost only have its first significant figure in the 

eighth place of decimals, and so the term y in 

^ ^ ' ' 1000 

(144) could only, if at all, affect the seventh or last figure 
of the mantissa, but would not generally affect it at all : 
thus to 7 places of decimals the logs of 35714.23 and 
35714.232198 &c. would probably coincide, the differ- 
ence appearing in the 8^ and following places. Hence 
with Tables, which give mantissas only to 7 figures, we 
can only expect to find the numbers, which correspond 

to given logarithms, correct in their first seven figures. 

I" 

155. As the sines and cosines of all angles, and the 
tangents of angles less than 45°, are all less than 1, their 
logarithms woidd be negative. To avoid the awkward- 
ness of printing these, the logs of aU the Ratios are 
increased by 1 0, and ihe true log of any Eatio is, there- 
fore, to be found from the Tabular Log by diminishing 
it by 10: so that, using Logsin^, Logcos^, &c.^ oi: 
Lsin^^ LcobA, &c., for the Ta\)V)!\ax \Q%^x5cL\a&^ ^^ 
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have log-sin -4 = Lain -4 - 10, &c. Of course, as in 
(102), the same column, that serves, with a descending 
column of minutes, for Log-sin -4, will serve also, with 
an ascending column of minutes, for Log-cos(90°--4), 
&c.; so that the Tables of Log-functions need not be 
carried beyond 45^ 

Again, since sin-4 = , we have 

cosec-4 

log-sin^ = log 1 - log-cosec^ - - log-cosec^ ; 

whence (L sin-4 - 1 0) = - (L cosec^ - 1 0), 

or L 8in-4 «= 20 - L co8ec-4, L cosec-4 = 20 - L sin-4. 

And similarly for the other pairs of reciprocal functions. 

156. We shall now shew that the principle of (104) 
applies also to the hgarithmicy as well as to the natural 
functions, of angles, namely, that for a small increment 
of the angle the increment of the log-sine, &c. is pro- 
portional to that of the angle, with the same cases of 
exception as before. 

For let f denote the value of any of the natural 
functions of Q; then, by (104), f+kB will be the ap- 
proximate value of the same function of + S, where k 
is some constant quantity depending only upon 0, not 
upon S, [thus for the sine, k is cosd, for the cosine, k is 
-sind, &c., as appears in (104),] S being supposed very 
small, and d itself not in the excepted cases. 

Now log(/+ kB) - log/ - log-^^ o logd +1 B) 

= JfC-S - - -7= S'+Ac.)" Jkf -; S.nearly, where Jf- , . 

So that, whatever be the function «in question, we shall 
have the increment of the log-function, and, therefore, 
also of the Log-function, of any angle proportional to 
the small increment of the angle » provided that the 
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angle itself be not in one of the excepted cases^ namely, 
near 90° for the sine, tangent, and secant, (that is, for 
those functions which increase from 0° to 90"^,) and near 
0° or 180° for the cosine, cotangent, and cosecant, (that 
is, for those functions which decrease from 0° to 90°). 

Hence we may apply precisely the same method as in 
'103) to find, approximately, the Log-function of any 
ingle not exactly given in the Tables, or, conversely, to 
End the angle from its Log-function. 

157. Moreover, since 

L cosec (-4 + n") - L co8ec-4 = log-cosec C-4 + »") -log-co8ec-4 
a - log-sin (-4 +w")+ log-8in-4 = -{L8in(-4+7»")- Lsin-4}, 
it appears that the differences for the Log-cosecants will 
be the same as for the Log-sines, being increments for 
the one and decrements for the other. Accordingly, in 
any set of Tables, the successive values of D for the 
sine and cosecant, for the intervals at which those Tables 
are constructed, will be found registered in the same 
vertical column. Similarly for the cosine and secant, 
tangent and cotangent. 

158. If in (l04 (1)^ we put fi for sinfi, and Jfi for 
tanjfi, we get 

8in(e+S)-8ine = 8 co8e(l-jS tan5)= S cose- JS'sinfl, 

or ?!^(^=i+(Scote.jS»), 
sm© 

and L-sin(fl + 8) - L sin « log-sin (d + S) - log-sin 

= log ^^J^ - ^{(S cote - \^) - \{h cote - iS7 + &c.} 

» Ml cote - \Ml\\ + cot'e), nearly. 

Consequently, if cote be very large, or e near 0°, we 
cannot omit the term involving S*, that is^ ^^ ^<«XiX2L^\. 
assume the principle that the incieixiQiit oi \5ckfc\jKi%-i«Jk^^ 
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is proportional to that of the angle : and the same may 
be shewn to be true for the tangent. Now it very 
frequently happens in practice that a very small angle 
has to be determined from its sine or tangent. Accord- 
ingly in the best sets of Tables^ a table is given of 
Log^sines and Log-tangents for every second in the 
first two degrees. 

159. If we have to determine accurately an angle, 
which is given by some one of its functions in one of 
the excepted cases, we must replace the given equation 
by some other not liable to the same objection. 

Thus, if we have given BinA^a, where ael nearly, or A is 
near 90®, we may write 

flin(45«-J^) = V[i{l-co8(90°-^)}]«:V{i(l-8in^)}-VfJ(l-«)). 
where the angle id^-^A will be near 0°, and can be computed 
accurately from its sine. 

So if we have given cos A = a, where w^l nearly, or A is 
small, we may write 

sin J-4 = V{a (1 - cos^)} = V{}(1 " «)}» where iA is near (f : 
or, if tan^ = a, where a is very great, or A is near 90®, we may write 

tan(^ - 45®) = ^"^^ " !- = ^^, , where A - 45° is near 46®. 
^ ^ tan-4 + 1 a + 1 

£x. 28. 

1. Given L sin 11® 24' « 9.2959129, and L sin 11® 25' » 9.2965390; 

find L sin 11® 24' 25'', and Log-sin"* 9.2959875. 

2. Given LcosBO® V = 9.6987511, 

find L cos 60® 0' 20" and L sin 29® 59' 15". 

3. Given Ltan44® 59' = 9.9997473, find Lcot44® 59' 20". 

4. Given Lcosec30® 1' = 10.3008113, 

find Lsin30®0'45" and Log-sin"* 9.6990999. 

5. Shew that Lsin2^ = Lsin^ -f Lcos^ + log2 - 10; and find 
the values of Lsin^ and Lcos^, when A » 30®. 

6. Shew that L vers ^ » log 2 + 2 L sin }^ - 10, and, by means of this 
formula, find L verB60®, How may it be found more simply P 
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I. 1. 74^22' 68"; -62*^15' 29"; 88** 68' 5r.8. 

2. 34^44' 40"; 207° ir 7". 

3. 80°W5r; 9°.1525, 80°.8475. 4. 67^12', 32^48'. 
6. 60^0' 2". 6. 72°, 64°. 64°. 7. 70°, 60°, 60°. 

8. 80°, 40°, 60°. 9. 30°, 60°, 90°. 10. 81iVi 40i^°> ^'^A*'- 



a. 1. 116^; 72^76*; 99^67*99". 

2. 198^ 97' 97"; 110^ 99' 96'* ; - 26'' 10* 1". 

3. 33' 26' 8", 66** 33' 62", 62^ 84* 93". 

4. 1' 11' 11", 3**.08; 64', 32".4. 

6. 108^ 120*. 7. 1 : 3. 8. 64% 81*, 108% 136^ 162«. 

10. 7 and 6. 11. 144% 108^ 12. 16 or 9. 



a. 1. .167 in. 2. 68** 45' 18". 3. 6i, {^. 4. 6fi 9in. 

6. 26.11 8q. ft; 113 cub. ft. 6. Z6l8q.fi. 1. 39.24 y<fo. 

8. 9 : 16. 9. 1 : 16 : 360. 10. 1148 miles. 

11. 69.8 miles; 26143 miles. 12. 17i miles. 



4. 1. f^, x^'T, fTT. 2. sWo'T. 3. i^r, J^r, ^w. 

4. i; 19* 6' 56". 6. 6M3'46". 6. ^rJ^. 7. 100:81. 
8. SSf**; JJ$^. 9. 4; 214* 61' 33', 229* 10' 69*. 



10.*. iwg.f). 



12. 72»63'33". 



I V(8ec*-1) 1 ^ V(co8ec*-l) cot 

sec ' V(l+co^*)' ' coseo ' V(l+cot*)* 

sin 1 cos 1 

V(l-8in«)' V(co8ec«-l)' V(l-cos«)' V(8ec*-1)' 

5. ^^11±^> , --i5|- . 6. V(2 vers-vers'). 

cot ^(Bec'-l) ^ '^ 

7. *, t, U, H, H. 8. iV5, *V5. 

9. V«» iV6. 10. iV^S* V 
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6. 1. 31' 83" 10". 3.73:64. 4. 2: 1; 76*23'40', 42'44'13 . 

10. J or I. 11. ^i f^^. 12. ^.±45-. B-m 

- 1 c* ^ rCos^ 

V(Cosoc''^-r) 

8ec-<i "Coioci 

r* 

St Sin ^ Cob ^ ■ ur — 5 — x— r— ^ • 

4. Cot* A Con*A - r«Cot«^ - f*Con*A. 
6. Sac* A CoHcc'-^ - r* Se(^A + r* Como"-4. 

6. Tan^ -i-Cot^- V(Beo'^ + Co»oo*^). 

7. Sin-4 - »r-^— 3 . 8. Tan-r4 CotA - r». 

0. Tan^ - r.^i"^ . 10. rSin^ - 2SinM Coi^. 

11. rCouA'V*-2&in*iA. 12. Chd«-4 - 2rVenX 



S. 1. -1V8, 2, JV2, -Ij - V3, -2. 2. -iV3, -i, V^* 

3. V3, li> 1, i. 4. li, i(2 + V2). 
6, 4ooiilO», -cos20', -cot30', +cot40*, -80o40', -lecaO*. 
0. 2coB*0, 7. 1. 8. 0. 9. ^oobO) q:ootC 10. iooseca. 

•. 1. (4»4-l)j7r. 2. (4n±l)i7r. 3. (6n±2)iir. 

4. (OfiM)j7r. fi. (3fi+l)A7r. 8. 26 ft; 16ft. 

«. IfiO/J. 10. 61 ft. 11. 79/f. 12. SeyU; 68/t. 

10. 6, 2umAoonA, 2oon*A'\. 6. — r»T— tt* • 

,. Hoc^jtooZ? 

„ CONUC^ CONOCJ? 

• ^looii3C*JD - 1) ± VCcouoc^li'-'i) • 



18. 1. Hoon^A ' conQA)f i(conA'0on6A)f Hco8M-op»M) 
nin*3^ - niii»2^, 8in*M - sin" J^, uin^lA - sb^M. 
2. HoonlA icoiiA), i(co%3A] conA), i(co»lAicouiA] 
co$'iA-»in'^Af oos'JA-iltf^A, oo%«\A.tvii«U. 
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3. J(8in5^-8in^), J(8in3^-8in2^), J (sin |^- sin J^); 
cos«(45% J^) - sin* (45'-f ^), co8«(45«+^) - 8in«(45»-f ^), 
8in«(46»-}^) - 8m«(45°-f^). 

4. i{cos(A + B-C)-co8{A+B^C)], 

i{co8(A - J? + C) + C08 (^ - J? - C)}, J(8in 2 A + sin 2J?) ; 

sin'i (A-^B^O- 8m*HA ^B-C), 

cos* HA-B^ C)- 8in«i (A-B-C), co8" (45*'- J?)- 8in«(45»-^). 

14. 1. 28in4^co8^; -28inf^ sin}^. 

2. 28in(^-J?)co8J?; 28in(45'-^ + JJ?) C08(45°- JJ?). 

3. 28inJ-4 co8(J-4 + -B); 4 8inf-4 C08j-4. 

4. 28inf^8inJ^; 2cosU^-C) cosi(A-2B^C). 

5. sin 2 (-4 - B) 8in2J9; - sinf-^ sin J-4. 

6. -2sinJ(^ + 3-B)8ini(3^-J?); 28inf^co8j^. 

7. 28inJ(^ + J? + 2a)8ini(^-J?); 8in(^--B) 8in(^-3J?). 

8. 4 sin(^- J J?) sin JJ? ; 2 cos45' cos(46^-^) or ^2 cos(4o*'--4). 

9. - cos 2{A^B); cos 2 A cos 2B. 
10. 2 cos (45^ - B) cos(45' - ^) ; 

- 2 8in45° sin (45*^ - ^A), or - V2 8in(46''- ^A). 



16. 9. W(2 + V2). 10. iV(2~V2). 11. V|^^^. 

V(2V2-V3-1) 2V2-.V3-1 

2V2 2V2 

14. JV{2+V(2+V2)}. 15. iV{2+3/(2-V2)}. 16. V(2f ^2). 



7. 1. 9 : 14. 3. 2182^ rnOes. 6. 141 mtles. 7. 205 fiit^tf. 
8. 4000 miles. 9. 8448 miles. 10. 8 miT^, 13 miles. 



8. 1. .4166114; 24' 3719". 2. .3712598; 68M2' 37". 

3. 1.0003394; 45' O' 24". 4. 1.7317213; 30° 0' 43". 

5. 1.9994125; 59^59' 4". 6. 1.1545810; 60* O' 30". 

12. 36' or 108'; or, in general terms, (10n±l)i7r, (10n±3) Jir. 

O. 1. 2} sq. yds. 2. 1559 sq. yds. 3. 415 sq. yds. 4. 750. 

5. lA 2e 17p 1} sq. yds. 6. 57 yds. 7. 90J sq. yds. 

8. £101 15«. 9. -B = 60'; a = 2.625 ft, 6 = 4.5465^; 

10. 2887 sq. yds. area » 6 ^y./f. 

11. J? = 60', C^9(fi 5 = 17. 12, 9(f-, ^l, V 



132 



ANSIVERS TO THE EXAMPLES. 



ai. 1. 

4. 

7. 
8. 

25. 1. 

6. 

9. 
11. 
13. 
16. 
18. 
21. 

06. 1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 

27. 1. 

2. 

4. 
6. 

1. 
3. 
5. 






r = 



^i^t^« 



^ V — • 12. 12; If, 2J. 

r = 422 sin J-4 sin J-B sin J C; Tj = 4JR sin J^ cos JJS oos^C 

2a 2r 20p. 2. 94ji, 3. 1426}yiJ. 4. 87 /T. 

2a 1r 9p. 6. 324 yds. 7. 513 yds. 8. 12 ft. 

3160 sq. yds. 10. 1099 ycfe. 

173 yds, 100 y(f«, 200 y(f«; U 2r 13p. 12. 150^. 

185 yds. 14. 30 ^/l(. 15. 6 miles, 16 n}»^«. 

14a 2r 27p 3} sq. yds. 17. 4 mtfe«. 

4 9^. yds Sft Hi in. 19. a sin a, acosa. 20. 101^. 

1442^. 22. 6 miles. 23. 243 ycfo. 24. 13»53'52". 

.9030900, .9542426, 1.0791813. 
1.3010300, 1^.3979400, 1.7781513. 
1.5228787, 1^3979400, 1^6020600. 
2.4771213, 2.5228787, 3.5185140. 
.2552726, 2^461280, .1583626. 
2.7958800, 4.9172146, .0211893. 
1.0253059, .6232493, .6434527. 
2.0453230, ^880456, .0416462. 
1.5000000, L4336766, ^527875. 
3.4647060, 1.8957576, 1.5355396. 
1.8035760. 



12. 1.8149306. 



1.5527807, 1.5530013, 3.5528198, 

.5530092. 

3571.693, .3573465, .00035709, 

.3572892. 3. 1.3010502, .0200087. 

6.4913649, 4.4913652, 1.4913722. 

4.498527. 6. .5738614. 



• 

CO 


D. 


Pro. 


^ 


217 




^ 






48 






e« 


^ 






87 


.$ 






109 






130 


1 






108 






17« 


8*1 






19ff 



9.2961738; IP 24' 7". 
10.0001685. 
9.6989700; 9.9375306. 



2. 9.6986781, 9.6985869. 
4. 9.6991340; 30*» C 36". 
6. 9.6989700. 



Afetealib and Palmer, Prlnlen, Cata\>tV^. 
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*«* The bracketo ( ) are employed to icfei to Artiolet in Part i, 
[ ] to thoui in Part il. 

In the Aiuwen, the letter u i« aometimes used, for ahartncsB, to 
rcpreBont the quantity that may bo given in the Text in any 

For the HJBcellanooiu Problems some of the following LogarilhcaB 

will be requiredi 

Logarithmi, to bate ID, ofaU Primt Nvmherafrom 1 to 100. 



No. 


Logs. 


No. 


Logs. ■ 


No. 


Logs. 


No. 


Logs. 


f. 


0.3010300 


19 


1.2787fi36 


43 


1,0334685 




1.8512fi83 


H 


0.4771213 


23 


1.3817278 


47 


1.6720979 


73 


1.8633220 


7 


0.84G0e80 


20 


1.4623980 


fia 


1.7242760 


79 


1.8976271 


U 


1.0413927 


31 


1.4013617 




1.770Bfi20 


83 


1.9190781 


13 


l.lISe434 


37 


l.SeS2017 


«l 


1.7883298 


89 


1.9403900 


IT 


1.2304489 


11 


1.9127830 


67 


1.8260718 


07 


1.0867717 




IIATHBMATTCAL WORKS of the Rev. J. W. Colbnbo, M.A. 

Sector of FomeeU St. Mary, Norfolk, 

lata FMne of SI. JoAn't CoOege, CanOridge. 



I. ABITHMETIC : price 4t Od. 

*a* TCic v by Hathabd : price 6t. 
a. ALOEBR&, Part I, price 4< 61I, cotttalnlng the Elementary 

parts alone. (Eighth Edition.) 
10. SET to Qie abore : price St. (Second Edition.) 
IT. ALOEBBA, Part II, price 6; containing the higher parts 
of the antiject, with DiunerouB Examples and Equation 
Vafeta ot St. John's College, Cambridge. (Second Edition.) 
T. KEY to the abore : price 6t. 

The two EHY8 nay be bod, done up together, price 7) 6d. 
$g- The above ale oU ttereotyped, and an so printed that tbe 
Anawera may be had aeparately &om the Text, if desired. 

I TI A I<aTge Paper Edition of the Complete ALGEBRA, price 
I IStM, adapted for Teachen and Students in the UoiyerBity. 

I TIL like ELEMENTS of EUCLID, &om the Text of Br. Suisoh, 
I with a large Collection of Geometrical Probiema, selected 

and arranged under the different Books. Designed for the 
DBS of Schools. Price 4> 6d. 
Tm. The above, with a KEY to the PROBLEMS, Price 6» 6rf. 
a. The GEOMETRICAL rROB*«S*S-flJid ICEY. Price 3. 6rf. 
X. The PROBLEMS, Bcpoja^f^J^^i.,, For the use of 
Schools, where other ffiiBftiuaR-^^ilfiS^'est may be em- 
ployed. K,^ l.^ P 

XL PLANE TRIOONOMB;fR%-!j^^JivT~5ce 3* 6rf. 
Sn. KEY to the above : price VSiM)^.- 
Xm. PLANE TRIGONOMETRY, Part II, with a large Collec- 
don of Miscellaaeous Problems : price 2t Sd. 

LONGMAN and Co., Lokdon, 



ERRATA : PART I. First Edition. 

67, line 11, for = read = - I. 

68, The words * For all values of il, B, C, shew that' should 

foUoWt not precede^ Ex. 15. 10. 
73, lino 6, for distance read height, 
83, line 9, for (l+cos^) read (l-cos^). 

— line 10, for cot Jd read tanjd. 

— line 28, in num% for — sind read — tand. 

— lino 33, in den% for tan^d read tand. 
96, Ex. 21. 6, for S (four times) read a, 

HI, line 4, for and +oo read — oo and 0, 
-«- line 5, for and — oo road and + oo . 

ANSWERS. 

Ex. 20. 5, should be 3a. 2r. 18p. Hi aq, yda, 

Ex. 20. 10, should be 1a. 8b. 6p. 8} aq, yda, 

Ex. 25. 4, should be 260/1. 

Ex. 25. II, should be 1a. 3b. 6r., nearly, 

Ex. 25. 18, should be 23p. 9 aq, yda^ 4}/^ 

Ex. 25. 21, should be 721 ft, 

Ex. 28. 2, should be 9.6988970, 9.9888059. 



ERRATA : PART II. 

1>AOB 

10» line 11, for co8(n~2)0 read ncos(n-2)d. 
11, last line, interchange denominators n and 2. 

50, Ex. 219, for 25 : 27 read 4 : 3. 

51, Ex. 233, for height of C read height of B. 

56, Ex. 309, for tan/?, cot^a, tan/3, road coti9, tanja, coi/3. 
60, Ex. 356, for x read 180. 
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PART n 



CHAPTER I. 

ON THE SERIES REQUIRED FOR THE CALCULATION OF ir. 

The special object of this Chapter is to shew the 
different steps^ by which we arrive at the yalue of 
the number ir, which is of such great importance in 
Trigonometry, and indeed in every branch of Ma- 
thematics. But, in the course of our reasoning, many 
interesting results and remarkable formulae will arise. 

1. To shew that 
(cosa + V-1 sina) (cos/3 + V-1 8in/3)...(cos\ + V-1 sinX) 

= cos(a + /3+... + X) + V-l 8in(a+/3+... +X). 
We have by Mult" (cosa + V-1 sin a) (co8/3 + V-1 sin/3) 

= (cosa cos/3 - sina sin/S) + V~~ ^ (sina oos/3 + cosa sin/3) 

= C08(a + /3) + V-1 8in(a + /3). 
Suppose this Law true for any number of such factors, so that 

(cosa + V-l sina) (cos^ + V-l sin^) ... (co8«+V-l nnA.) 
= C08(a+/3+ ... k) + V- 1 8in(a+/3+ ... «) 
s co8« + V~~l si^*! suppose; 
then, mtfoducing another fiEu^r, cosX + V" ^ sinX, we get 

(cosa+V-l sina)... (cosK-t-V-l 8in«c)(oosX+V'-l sinX) 
= (co8« + V-l ^^) (cosX+V-l sinX) 
= cos (« + X) + V- 1 sin (« + X) by the preyious result, 
scoB(a+^^-... + « + X) + V-1 8in(a+^+...+ic + X), 

Hence, since the Law has been shewn to be true for two 
factors, it is also true for three, and, therefore, for fowr^ vcl^ 
so on, by Induction, tor any number of «uc\i t«x^AT%. 

'a 
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2. To express tan (a + )3 + 7 + &c.) in terms of tana, 
tanjSy tan 7, &c. 

From the result of [1] we obtain 
cos (a + /3 + 7 + &c) + V-1 sin(a + ^ + 7 -I- &c) 
= (cosa+ V-1 sin a) (cos^ + V-l 8in/3) (COS7 + V-I sin 7) ... 
= cosa(l + V"l tana) co8/3(l + V-l tan^) 0087(1 + V-1 tan 7) ... 
= cosa 008^ co87...(l H-V-l tana) (1 + ^-1 tan^) (1+^-1 tan7)... 
= cos a cos^ cos 7 . . . {1 + V-1 ^1 - ^, - V-1 ^8 + ^4 + &c}, by Mult", 
where iS, = tana + tan/3 + tan7 + ... 

8^ = tana tan^ + tana tan7 + tan^ tan7 + ... 
S^ = tana tan^ tan7 + &c, &c <= &c. 

Therefore, equating possible and impossible parts of this ex- 
pression, we have 

C08(a + ^ + 7 + &c) = cosa cos^ COS7 ...(l-/S',+ i8^4-&c), 
sin (o + /3 + 7 + &c) = coso cos^ CO87 . . . {S^ -S^-hS^- &c), 

and, therefore, tan (a + /3 + 7 + &c) = * ^ S^& ' 

Let the number of angles be n: then, if n be odd, the last 
term of the num' will be (- l)i^»"*^i8^„, and of the den' (- l^^'^^S^^; 
or, if » be even, they will be (- l^^**^S^^, (-l^S^ respectiyely. 

If in the above we suppose a, ^, &c, each equal to 6, we may 
get from the preceding results the values of sinn^, cosnd, tann^, 
when n is a positive integer, in terms of 0. But this may be 
better obtained by proving first the following Theorem. 

3. Demoivre's Theorem. To shew that for all 
values of m, (cosfl ± V- 1 sin Oy = cosm0 ± V- 1 sinmfl. 

We need not trouble ourselves with the double sign; for, if 
we can shew that (cos^+V-l sin^)** =» cosm^ + V~l sinm^, 
then, writing -0 for 6, we get at once 

(cos^ - \^- 1 sin^)"* = cosmd - V~ ^ sinm^. 
First, let the index be a, positive integer. 

In the result of [1] let there be m such factors, each of them 
being cos^ + V' 1 sin^: 

then (co8^+ V-1 sin^)* = co8(^ + ^-f &o) + V-1 8in(^+^ + &c) 

B QMm9 + V" ^ sinm^. 



m 
f 
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Next, let the index be a negative integer. 
Then (cos^ + V- 1 ■in^)-*' 

% . /i •..■. = ^ }. ■^ . by the former c^u., 

= TT j—z — : 3 = cosmO - V- 1 sinrn^, by common Ihv", 

= co8(- mO) + V- 1 sin (- mO), 

Lastly, let the index be a fraction, positive or negative. 
Then, since 

COS — ^ + V-1 sin— 0] = cosmd + *J-\ sinm^ s= (co8^+ V"*! sin^)' 
therefore, taking the n^ root on both sides, we hare 

{cos^ + V-lsin^}'^« cos~^ + V- 1 sin— a 

n n 

In this last case, however, it should be noticed that the quan- 

tity (co8d + V~l sind)**, in which an n^ root is to be taken, 
has (by the principles of Algebra) n distinct values, and that 

cos — ^ + V- 1 sin — ^ is only one of these. 
n n 

Hence then, for all values of m, positive or negative, integral or 

fractional, we have, as above stated, 

(COS0 ± V- 1 sm^r = cosm^ ± V- 1 sinm^. 

4. We may thus find the n values, above-mentioned, of 

m 

(cos^ + V-1 sin^)". 
Since oo8^ = cos(2r9r + ^), and sin^ = sin(2r9r + ^), 

/. (cos^ + V-1 sin^)'* ={co8(2nr4^) + V-1 sin(2r3r+^)}»" 

= cos — (2nr+^) + V-l sin — (2r7r + ^) ; 
n n 

which last expression, by writing 0, 1, 2, &c. (»-l), for r, will 

have » di£Berent values, and no more. 

For (i), if we write 0, 1, 2, &c (n- 1), for r, we get n different 

values of it; since, if any two were identical, as, for instance, when 

r =/i and when r = ^, (where p and q are each less than n,) tiien 

tn m 

the angles — (2p7r + 0) and — {2q7r + 0) must difGer by a multiple 

of 29r, or — {p- q) must be an integer. But this is impossible^ 
since m is prime to n, and p, q, are each \e^ i()[i».xk. n. 
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And (ii), if we take for r any yalue beyond the limit! and 
(n - 1), we shall get no new value ; as, for instance, ii r ^kn^r't 
(where r' is positive and less than n, and k may be any integeif 
positive or negative,) then 

cos - {2(A5n + /) 7r + ^ + V-1 sin - {2(Afn + r') T + ^ 
n fi 

- cos {2kmT + ~(2r'7r + ^)} + V- 1 sin {2kmT + - (2/9r + 0)] 

= cos - (2r'ir + 0) + y/-l sin - (2r'9r4 ^), 

which is one of the values before obtained. 

Cob. 1. If m B 1, then 

, ^ / , . /.A 2nr + ^ , , . 2r7r + ^ 
(cos^ + V- 1 8111^) " c<^* — Z — + V- 1 sin • 

m 

Cob. 2. Since (cos^+V-1 sin^)* may be regarded as expressing, 

(i) {(co8^ + V-1 sin(?)*r, or (u) {(cos^ + V-1 Mn^)V, that u, 

... I 2r7r^0 , - . 2nr+^'* w.^^ , ^. , , . m.. -. 

(i) (cos +V-lsin 1 "COS — (2r7r+^)+V-l»in^(2nr+^)» 

\ » n I n n 

or (n) (cosm^ + V- 1 nnmOy = cos + V- 1 sm , 

the two values thus resulting must be identical. And this is 

easily shewn to be the case : for, taking r from 1 to (n- 1) in the 

« ^« 1.. 1 • ** Ml t_ ^ 2iii 9tn (fi — 1)911 
former, the multiples of 2t will be — , — , — , ... ^ ^— j 

and, if the division by n be performed, no two of these fractions 

can ffive the same remainder: since, if ^-^ and — were to 

do this, then their difference — — ^ — would be an integer, which 

is impossible, since p, q, are each less than n, and m prime to it 
Hence the(fi-l) remainders, being all different and each less 
than n, will include all the terms of the series 1, 2, 3, ... (n - 1); 
and, consequently, suppressing the multiples of 29r, the n values 
of the former expression will be identical with those of the latter. 

6. To express sinnd and cosnd in terms o/O. 
By Demoivre^s Theorem, we have 
cos«^ + V-1 sinn^-: (cos^ + V-1 8in(?)* = cos''^(l + V-1 tan^)" 

= cos'^^a + n V-1 tan^- "('•-^^ tan'^- '^i^^^^^^^^^ 
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I lieoee, equating possible and impossible parts of this expression, 
\^^a MA t* »*(»-l)x »A n(n-l) (n-2)(n-3)^ .^ ^ i 

«b«^ = cos"^ {n tan^ - ^S^JZ^J^iZ^. tan»^ + &c}. 

l«2«o 

Hence also tani»^ = :; may be found in terms of tand. 

cosn^ 

6. Euleb's Series. To shew that 

a* a* a' 

cosa = 1 - : — + ----: &c, sina « a - titz. -^ &C' 

1.2 1.2.8.4 1.2.3 

In the results of [5], put nO^^a, or n = -; 

■-■■'^{■-•-gf^7^ "'"''"ii»""'^ (^7-*'} 

Now, while a remains unaltered, suppose n to be increased, 

sod^ to be diminished, indefinitely; then (--^-) tends to 1 as 
its limiting yalue, and 

co8*0 = (1 -sin«^/= 1 - ^ sin«^ + &c = 1 -^(~j+ &c. 

and, therefore, tends also to 1 as its Limit; hence ultimately, when 

II is made infinite and yanishes, we have 

"^•"'^-S+dii-**'' '^» = " - lis + oii:* - *"• 

From these results we may obtain, by common division, 

a» 2o* ^ 
tano = a + -s- + TT + »c> 

O 10 

where, however, the Law of the series is not evident. 

7. To obtain exponential expressions for sina, cosa, 
and tana. 






^^ 
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hence «""■' + e-"" = 2 (1 - ^ + j^n - &c) =» 2 ooso, 

^«v-i_^^.«v.i^2V-l (a- -^ + &o )o2V-lBina; 

and, therefore, coBa- J(tf*^-* 4 e"*^"^ V-lsino- J («*^-^ - •-''•'), 

and /. also J- 1 tana = — tt tt =■ . .,» . 

e«^-S«"*^' e'^^' + l 
CoEt. Observe that 

cosa + V- 1 sina = e"'^^, coso - -/- 1 sina « «"*''" . 

8. Gbegobt's Series. To shew that 

a - tana - Jtan'a + Jtan*o - &c. 
From [7] we get 

e - , — V-- , or 2a V- 1 = log, ^ — V-r-z • 

1-V-ltana* ^ ®*l-V-l^»no 

= 2 {V- 1 tano f J (V- 1 tana)» + i (v/- 1 tanoy + &c} by (160) 
= 2 V- 1 {tana - J tan'a + i tan*a - &c) ; 

/. a a tana - J tan'a + ^ tan*a - &c. 
N.B. Observe that a is here the circular measure of the leatA 

CL 

angle which has the given tangent : for ; = 1 - a tan* a + &c, 

tana 

where the value of the right side tends to 1 as tana tends to zwo; 

and this is true also of the left side, if a tends to zero, that is, if a 

(whether positive or negative) be less than 90°, and so be reduced 

also to zero, when tana = 0. The same remark applies to the 

series for the sine, cosine, and tangent in [6]. 

Cob. If tana » x, and, therefore, a = tan'^o?, the preceding 
result may be written 

tan"*a; = a; - J«* + J«* - &c. 

9. Hence we may arrive at the value of tt : for taniirs 1, and 
1 11111 222 

4 3 5 7 9 11 1.3 5.7 9.11 

Again, if tana » J and tan/3 => i, then (86 Ex. 2) tan(a -f /3) » 1 ; 
.-. i-JT = o + /3 = tan"»i + tan"* J 

4 1 1 1 1 - , ,1 1 1 1 1 « . 



2 3 2« 6 2* ' ^3 3 3» 6 3» 
11 11 Ix 1.1 1 
2 3 3 ^2* "*" 3»^ ^ 6 ^2* "^ 3' 
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But the above series do not converge so rapidly as the follow- 
ing, which is very convenient for the calculation of v, 

10. Machines Series. To shew that 

J7r= 4taii"*J- tan"*^. 



JL 




tan"* 1 - tan"* - = tan"* - — r 
5 1 + i 

tan-|-tan-.l.= tan-i^ 

tan-* — - tan-* -= tan"* ^ — - 
17 6 1 + h 



= tan-'H 



= tan"* — 
17 

= tan-* — 
46 



tan 



9 1 A _ JL -1 

-1 1. - tan-* i = tan-» -il— J. = tan"* 



1 + 



280 



239' 



46 6 

herefore, adding these, we get 
an-*l-4tan-*J=tan-*(-ai^)=-tan-*rf7, or i9r=4tan-*i-.tan-*rf7. 

., Tx '^^clllllllp^flifi 
11. Hence j=4{.--xg,+ .x^--x^+&c}-{—-&c}, 

rom which tlie value of v may be calculated as follows : 

11 y .008 

"3 



I- 



3^6» 3xl0» 



= .0026666 



1 1 2* f54 

-.= -. = T7S = ^= -000064 

5» 6* 10* 10* 



>x 
2' 



1 2. 

7 ^6' "7x10' 



.0000128 



.200064 
subtract .0026684 

.1973966 
4 



= .0000018 
.0026684 



.7895824 
subtract rfg = .0041841 



.78639 83 = ^tt 
4 



3.14169] 32 = TT, accurately to five places. 



( 8 ) 



CHAPTER II. 



ON CERTAIN OTHER TRIOONOMETRICAL SERIES. 

12. To investigate Euler^s series for sin 9 and CO80 i 
terms of 0, without the aid of Demoivre^s Theorem. 

Since sin {-0) = - smO, whereas cos (- 0) » cos^, we see at om 
that the series for sin0 in terms of can only contain odd powe: 
of Of and the series for cos^ only even powers of 0^ since tl 
former will be changed in sign but not in value, and the latter wi 
not be changed at all, by writing in it -0 for 0, 

Also when a 0, sin = 0, and cos^ c= 1 : hence erery term : 
the series for sin^ must contain 0, but in that for cos^ the 
must be a term 1, not containing 0. 

Assume then 
sin^ = a^O + ajS^ + ajO^ + &c, cos^ » 1 + o,^ + afi*" + &c. 

Hence -^- = a, + ajS^ + afi^ + &c, or, putting ^ = 0, —^ b 1 sa 

putting this yalue for a^^ and adding the two series, we have 
1 + ^ + aJJ^ + a,^ + afi^ + a^G^ + &c = sin^ + cos^. 
In this result write ^ + for 0\ then 
1 + (^ + 0) + a^{0-\-</>y + a,((?+0y + a^(0^(/)y + &c. 
B sin (^ + 0) + cos (0 + 0) « COS0 (cos ^ + sin^) 4 sin0 (cosd - sin^ 
= (l+a,0^ + a,0* + &c) (l+(?4a,e?" + o,^ + a^^+&c) 
+ (0+a»0' + a50* + &c) (l'0^ajO^-aJ0^-¥afi*'&c)i 
whence, equating coefficients of (pO, <p(^, 0(^, &c, we get 

2a, = - 1, 3aj = a„ 4a^ « - Ofi &c, 

or «. = -o. -.-"iia. "•-iAi'*'- 

and, therefore, 

13. /y 2 cosa =s a? + - , Men 2^-1 sina - « - - 
anrf also 2 cosma »«'"+--:, 2 V- 1 sin wo » «" — 5 . 
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For, if 2 cosa » « + - , then 4 cos'o = a:«+2 + -; = 4-4 Bin'oj 

/. - 4 ain'o = «• - 2 + -5 , and 2 V- 1 wna = a? - - 5 

ar X 

Iience also cosa + V- 1 »i'^<* = *» coso - J-l sina = - , 

■T 

lod [3] C08ma + V"~ 1 sinma b a?**, cosma - -/- 1 sinma = — • 

1 1 

tlierefore, 2 cosma = a:^ + —- , 2 V- 1 sinma « a:^ - -- . 

It is obvious from [7 Cor.] that the quantity x here intro- 
daced is no other than 6*'^'^^ but it is often more convenient to 
use X than e*"^'^, 

Ex. If 2 cosa a « + - SB Of + «"*, we have 

X 

2 cos^a = irf + «"i, 2^-1 sinSa =3 a^ - a:"*, &c, 

14. If 2 cosa a a; + a:"S and 2 cos/S = y + y"^ then 

2 cos (mo + w/3) = ^'"y" + a:"^y "*. 

For 2 cos (ma + n/3) 

a 2 (cosma cosn/3 - sinma sinn/S) 
«:^(2cosma.2cos»/3 + 2 V-1 sinma. 2^-1 sinn/3) 
- J{(a:^ + «-*") (yVy-")+ («~-0 (y^-jr)} by [13] 
» «^y* + a?"**y"~. 

This includes the proof that 2 cos (ma - w/3) « «'"y^ + a?"**y*, 
and also, by [13], that 2 V- 1 sin (ma + w/3) = a;V* - ^"^^^f &<5 : and 
the same reasoning may be extended to any number of angles. 

Ex. If 2 C0S7 = « + «"*, then 2 cos (a - 2/3 + J7) = xy'^z^ + af"'/«"% 

15. ViETA*8 Property of Chords. 
j>2 Let ^^ be the diameter of a circle, and 

iPjL JBPif PiPtt Pt^» &©• circular arcs, each equal 

/^ to ^; and join u4P„ -4P„ &c: then, if (to radius 

unity) the first of these lines APj^ be taken 

» a? + i, the nth line aP^ will = a:" + 3 . 

X X 

For -4Pi=chd(7r-^)=»2sinJ(ir-^)o2cosJ^=af + -, by*ypothe8is> 

X 

and-<iPn»chd(w-fi^)= 2sinf(ir-n^)»2coft\ne = a^' Jr -^» 
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16. To express cos*© in terms of the cosines of mtd- j 
tiples of 0, token n is a positive integer. ^^ 

Put 2 COB0 = a? 4 ar"* : then we hare (2 cos^ = (x+x'^f I 

= a:* + !!«»-• + 5i^^^ j>^ + &c + ^^^^^ a^ 

= (ar» + ar*) + n(a:*^4ar<*^) + ^^^"^^ (a:^ + ar<»^) + &c 

= 2cog«^ 4 n{2co8(n-2)^ + ^^^"^^ {2 cog(n-4)^ 4 &c: 

whence, dividing each side by 2, we get 

2*-*co8"^ = co8n^4cos(n-2)^4^^?^co«(»-4)^4&c...(i3) 

If n be even, there will be an odd middle term in (a), namdyt 
the (Jn 4 1)S whose value will be 

n(»~l)...(n-in4l) g .*_ »(»-l)...(|»4l) 
1.2. ..|n ~ 1.2.., in ' 

and so the last term of 03) wiUbe ^ . '*^'*" V' "^/'^'^^^ 

If n be odd, there will be two middle terms in (a), namely, 
the {i (n - 1) 4 1]^ and {|(n 4 1) 4 ip, whose coefficients, however, 

will be equal, one of these containing the factor a^^^x'^^^^ or Xi 

and the other, the &ctor :^<'^x'^^'^ or af*: hence thdr sum will be 

12...i(«-i) <^ + ^>" 1.2...i(n-l) ^^^^^ 

:• , , nx/^ -11 , n(«-l)... (J(n4 3)} ^ 

and the last term of 03) will now be to i/ t% ^^ cos^. 

Ex.1. 2'cos*dscos4d4 4cos2d4 3. 
Ex.2. 2*co8^0scos5^4 5oos30 4lOco8^. 

17. To express 8in"9 in terms of sines or comes 
of multiples of 0, token nis a positive integer. 

Put 2coB0 = x-¥x'*; 
then 2V-itm^ = «-ar-», and (- 1)*» (2 sin^» = (a? - af*)* 

»«--ii«^+^^^«»^-&c45l5zL>(-^)<^+n(-*)^ 
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(i) If n be eren, then the above will become 

(- 1)*» (2 8in^)" = («- + a:-") - n (a:^ + a:-<'-*>) + &c. 

= 2 co8»^ - n{2cos(n -2)^} + &c; 

-l)i*. 2'^» sin*^ = cos n^ - »C08(n-2)^ + !^^E^?^ COS (^^^ 
ere the last term, as in [16], will be 

n(n-l)...(in+l) j;, •] ?l n(n-l) ...(jn + l) 
r2"TriS * ^"^^ "^"^^ 2' 1.2 ... in • 

(ii) If n be odd, then the above will become 

(- l)i* (2 8in^)» = («« -«-")-!» (oT^ - ar-t""*) + &c. 

= 2V-1 8inw^-n{2 V-1 8in(n-2)^} + &c; 

[-l)4o.-D2*-»sin"^ = 8inn^-nsin(n-2)^+^^^^8in(n-4)^-&c, 
ere the last term will be 

-r n^ ^ n(n -l)...i(n4 3) ^^ ,. 
-(-1) -2- ~i:2...i(n-l) ^''"'^ ^ 

-r n^ n(n-l). .. j(n + 3) . 

"^"^^ • i.2...f("n^:Tr" 

Ex. 1. - 2» sin"^ = 8in6^ - 6 sin4^ + 15 sin2^ - 10. 
Ex. 2. +2* sin*^ = sin5^ - 5 sin3^ + 10 sin^. 

N.B. For the complete forms of the above series for cos*^ and 
'^Of for a// values of n, reference may be made to Peacock's 
rdn-a, VoL II, Artt. 1055-1060. 

18. To eapress cosnO in descending potoers of cos 9^ 
\eniiis a positive integer. 

Put 2 cosO = a? + - = y, suppose ; .*. 2 cosn^ = a:" + -j : 

X X 

% 1 

w {l-aw)(l--) = l-(a: + -)a + 85'=l -y2 + 2'=l-«(y-«); 

X X 

ence, taking logarithms on both sides, we get 

mm 

log(l -ow) + log(l --) = log{l -«(y-«)}, or 
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Now the coefficient of g** in ^^- -~ is 

n-r 

(-ir (n-r)(n-r~l)...(n-2r4-l) ^ 
n-r ' 1.2. ..r ^ ^ 

.*. equating coefficients of 2** on both sides of the above equation, 

L (,.+ i.) = s {(-1>:. (»-r)(«-r-l)...(n-2r.l) ^ 

n ar* 'n-r 1.2 ...r ^ ' 

2 cosw^ = n 2 {V—-- . ^^ i 12... r ^^ cos^)**}, 

where r is to be taken from to ^n if n is eren, or to i(n-l) 
if n is odd. 

Hence 2 cosn^ 

= (2 cos^r - n (2 COS0)""' + ^-^ (2 cos^f'* - &c 

19. To express sinnO and cos nO in ascending powers 
o/sinO and cos 0, /or all values ofn. 

Assume sinw0= A^^Ai sin0+-<4,sin'^+&c+-<4;,sin''^+&c...5(fl) 
then, writing -^ h for 0, we have 

sinn (^ + A) = ^p + A^ sin (0 + A) + A^ sin«(^ + A) + &c. 

= ^0 + ^1 {sin^ (1 - 4^') + h Qo%0) + &c, 
(expanding cos A and sin A by [6], and retaining only throughout 
the investigation the terms involving h and h\) 

«-<4o+-<4i(sin^+A cos(?-iVsin^)l'-4,(8in^+A co80-|A'Bin^*+&o. 

+ Ap{%vtiO 4 h co%0 - JV %mOy + &c. 
« ^0 + ^i(sin^ + A cos£? - \h^ sin^) 

+ ^,(sin*^+ 2A sin^ cos^ - V sin*^ + A« cos*^) + &c 
+ Ap[%m^O-\-ph %iDr^O cos(?- J/?A»sin>'^+ J/?{;)-l ) A'sin'^^ cosV}4 &c: 

but sinn (0 + A) = sin {nO + nA) == sin nO cosnA + cos nO sin nA 

B sinn£?(l - Jn'A') + nA cosn^? + &c : 

therefore, equating powers of A, and ^A*, we get 

n cosn^ = (^, + 2A^ %mO f &c ^pAp ^idT^O + &c) cos^. ..(/8) 
n* sinn^ « -^j sin^ + 2-4, sin'^ + &c ^pAp nin'O + &o 
- cos«^ {2.1^, + &c + /? (p'\) Ap sin'^O + {/> + 1) pAp,^ bisJ^'O 
•f (i? + 2) (I? + 1) -4,^ sini'^ + &c} (7). 



^ ^J«- = -7rTiT7?-ro^^^5 
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Id the last result, write 1 ~ mn*0 for cos'^, and compare the 
eoeffident of sinf ^, with its Talue in n' x (a) : thus we get 

from which, giving /> the successive values 0, 2, 4, &c, we get 
and 80, giving ji the successive values 1, 3, 5, &c, we get 

"^ — sir^*' ^" ^:r"^»-^ — 2:35:5 — ^"*''- 

To find u^ and A^, put ^snr in (a) and ()3), r being any 

integer; then 

. cosnnr C08{(«-l)nr+nr} , .. 

i^^ssmimr, A. = n =n — ^^ = »cos(n-l)nr: 

• * cosnr cosnr ^ ' 

hence(a) sinn^ ^ (^, + ^, sin*^ + &c)-f (^isin0 + ^,sin^-l-&c) 

and 03) n cosii^ » (^i + 3^, sin^ + &c) cos0 

+ (2^, sin^ + 4A^ sin^ + &c) cos^, 

cr 008ii^»co8(ii-l)nr(l--Y^ sm*^+ ^^ — TTTi — ^in^-^c) cos^ 



smnnri 



-sinimr 



(nsm^ — T2 «^^+-^ — ^ 2 34 «^^'&c) cos^. (i 



The above results are true for all values of n : but if n be 
an odd mUgerf then sin nrw = 0, and cos (n - 1) nr = 1 ; 

1.2.3 1.2.O.4.0 ' ^ 

and c«iiig=(l-^'BrfP+ ^*''"^^l"'"^ diiV-&c)«xie. (2 

1*^ 1.Z.U.4 

where the series in each case will terminate, as soon as the 
factor n' ' ft* enters the numerator. 

If, however, n be an even integer, then, as before, one line in 
the values of sinnd and cosnd will disappear, but the series in 
the other line will never terminate, the quantities 1', 3*, &c in 
the numerator being all odd^ and f^ even. 



14 PLANE TBIGONOMETBT. 

Exactly in the same maimer, by assuming 

cosn^ = -4j + -<4i sin^ + ^, sin*^ + &c, 
we may shew that 

cosn^ = C08W7r(l - ^-jr sin*^ + , ^ . . ' sin*^ - &c) 

- 8in(»-l)r7r(w8m^- \ ' sm'^ + -^--^ij— _/ 8in*^-&c)i 

and sin w^ = cos wnr (n sin0 — ) _ , , ^ ■ sin"^ + &c) cos(? 

1.2.0.4 

+ sin(n - 1) «r(l - ^ll^' gin's + ^"'"^1"'"^*^ rinV - &c) co«ft 

A«* J .2.0.4 

If n be an integer the second line in each case disappears } and, 
if n be also even, the first line terminates, and we have 

cos»^ = 1 - r5 ®^^*^ + ^ o^A 8"**^ - &c, n even, (3) 

sinn^ = (wsin^- ^^ , , . ^ sin«^ + &c) cos^, (4) 

\tZtuA 

Lastly, writing Jir - ^ for ^ in the four above results, we get 
(- 1)*^*-*) cosn^ = ncos^ - \ ^ cos'^ + &c (n odd) (6) 

(- l)i«"-« sinn^ = (1 - ^ cos'^ +i!L_±^^^-fJ cos*^ - &c) sin^? 

, , ^ ' ' (6) 

(- if" cosnO = 1 - :^ C08*^+ ^*^f"f^ cos*^-&c (» «Mn) ... (7) 

(-l)4^*sinn^ = (nco8^-5!j!^^^cos"^ + &c)«in^ (8) 

N.6. The Student, who is acquainted with the Differential 
Calculus, will see that equations (P) and (7) may be obtained 
at once by merely twice differentiating (a) with respect to 0; 
and, (i) being thus obtained, (<) also follows from it by differen- 
tiation : and, similarly, for the latter set of equations. 



( 1« ) 



CHAPTER III. 



ON THE SOLUTION OF EQUATIONS BT TRIGONOMETRT. 

20. To solve a quadratic equation by TVigonometry. 
(i) Let a:* +/?« - 3' = ; then a: = - •!-/» ± i V(jP* + 4g) : 

Put Aq ^p* coi^Of or j~- = cot^, which is always possible, 

since cotO may have any sign or magnitude: then 

« = - V? (cot^ ± cosec^) = - V? cot J^ or - '^q tan 1$, 
Hence L cot^ = 10 + logjp - log2 - ilogq; 

log(-a?) « ilogV+LcotJ^- 10, or ^Jlogy+LtanJ^- 10 
The same reasoning will serve for the equation si^-px-q^Q, 
(ii) Let s^ i-px + g = 0; then « = - Jjp ± i VCjp'-^g)' 
and here, if the roots are possible, or p*>^q, put 4q =p* sin'^, which 
is always possible, since p>2 ^q, and, therefore, sin^ < 1 ; then 
x=-ip±i^(p*-p* 8in'^)= - Jjp{l ±008^} = -|jco8" J^, or -/?sin* J^. 
Hence L cosec ^ = 10 + log|> - log 2 - } log 5' ; 

log(-a:) =logjp+2Lcosi^-20, or = logjp + 2LsinJ^-20. 
But, if p^< 4g, put iq = p" sec"^ j then 

x=*-lp±i V(i>" -P* sec"^) = lp{- 1 ± V- 1 tan^}. 
The same reasoning will apply to the equation a:* -jpr + Q' « 0. 

N.B. The above results are useful, when the quantities p and q 
happen to be numbers of many figures. 

21. To solve a cubic equation by Trigonometry. 

Let ic* + ox* + ftr + c = bo a cubic equation : by writing xf -\a 
for Xt this may be always reduced to the form 

X'' - (Ja« 'h)x'- (\ah -M^-c)^ 0, 
which wants its second term. 

Hence we may assume a?- qx -r^^O as the type of a cubic 
equation, where q and r may be positive or negative. 

For X write -j then y" - qn*y - rn' = : but we know that 

cos 30 = 4cos'0 - 3cos0, or co8'0 - f cos0 - J cos 30 = Oj 

and, if we put 2'«' = J, 77j' = Jco830, these two equations will 

become identical, that is, we shall have y & cos0. Hence we get 

3 / 3 \i r 27 

w=^' and cos30 = 4r»» = 4r\^-y = -^J-^. 
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let a be the hatt value of 30, detennined as above : theni 
since oob80 » co8(29r± a), we get the three values of oob0 

to be cos^a and cosi(27ria)} and, therefore, those of ^, or x^ 

will be 2v|cos|,and2v|ooB-^^, where coso- - -/-j. 

r 27 r* 0* 

Since cosa < 1, we must have ^ V-y < 1> ^' T ^ 27 ' *^** "' 

the above method can only be applied when Oardan*8 method 
of solution, which is given below, is found to fail. 

22. To adapt the roots of Cardan*9 Solution for 
Logarithmio computation. 

In the equation ac^ -qx-rmO, put « ■ y 4- s j then we get 

y" f «■ + (Pj/z-q) (y + ») - r - 0: 

assume Sys-^sO, and, therefore, ^-{-tf^ri where yV /y^: 

hence y* and s* are the roots of the quadratic t^-ro+A^aOf 

and ,-y + ,-^{j4.V(J-^)} + ^{^-V(j-^». 

The above is CardarCi Solution^ where, however, if 7 < ^ » the 

roots, though really possible, appear under an impossible form, 
and the method is said to fail. 

(i) To this case the reasoning of the last Article applies \ and 
the roots, there obtained, may be easily derived from the above. 

For put -T "■ |s cos* a, which is always possible, since -r < Is ; 

then * ■ V| {(cosa + V- 1 ■ino)» + (cosa - V- 1 sina)i} 

f. ,q a g. ,q 2w±a 
-2V|cos^ or 2V|cos-y-, 

as appears easily by Demoivre's Theorem. 

(ii) If, however, 7 > ^ > then, if the original equation be of 
the form «" - ^« - r ■> 0, where the coefficient of x is really nega- 
tive, put -J ■ 1= cosec*(?: then we have 

4 27 



PLANS TBIGONOMETBT. 17 

» = Vl {V(cosec^ + cotO) + V(c«iec^ - cot 0)} 
o 

= vl {Vcoti^ + Vtan J^} = v| (cot0 + tan0), if tan0 = Vtan^, 

= Vl • -'^^ TH = 2 V| cosec20. 

^ 3 8m0 CO80 * 3 ^ 

But, if the original equation be of the form si^ + qx - r = 0^ 

where the coefficient of jb is positive, we should get in the same way 

and now put j = 5- cotP^ : then, as before, we obtain 

x = ,J^ {\/(cot^ + cosec^) + V(cot^ - cosec^)} 
3 

= Vf ( Vcoti^ - Vtan J^) = v| (cot0 - tan0) = 2 v| cot20. 

23. To find the roots o/* a?" - 1 = 0, and to resolve 
3^-1 into factors. 

If «** - 1 = 0, then we have a;** = 1 = cos2r7r ± V- 1 sin2r7r; 

2r7r ^ / - . 2r9r 
/. :r = cos — ± V - 1 sm — . 

n n ^ 

From this expression, by giving r all values from to Jn if 

n be even, or to ^(n- 1) if » be odd, we shall obtain n values 

for X, the Jlrst pair of roots being each = + 1, in both cases, 

and the last pair being each = - 1 , when n is even. 

Now, excepting those just mentioned, all these values will be 

different from one another : for, suppose that 

2p7r , , . 2p7r 2q7r , , - . 2qp 

cos -^^ + V- 1 sui ■^—- = cos -^- ± V- 1 sm -^ : 
n » w n 



. ^ 22wr 2a9r , . 2»7r , . 2o'w 

then we iret cos -=— = cos -^— , and sin '^— = ± sm -^— : 
° n n n n 

hence -^=-— = 2m9r ± -^— , or ^- — - = m, an integer, 
ft fi n 

Hence pT q is & multiple of n, which is impossible, since 
p and ^ are each less than in: and, consequently, the n values 
of Xf obtained as above, will be all different from one another. 

And, further, we can get no new values for x by taking for r 
a value r', which is greater than J». For any integer r' tclvj \ifc 
put into the farm mn ± r, where r is not gtealet 1;h».TL \n\ «xA 
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COS + y-l Bin ■oos(2mir±— ) + V-1 8m(2mir± — ) 

ft ft ft ft 

■ 001 — ± V-1 •» — » 
ft ft 

each of which valuei is included among those already obtained, 
since r is not greater than ^tt : and similarly for 

cos J-lvm, . 

ft ft 

We obtain, therefore, the ft roots of the equation «** - 1 *> 
from the above expression, by putting r ■ 0, 1, 2, &o« sucoessiTely* 

Now (i) if ft be even, these values of « are 

+ 1, cos •— ± V- 1 wn — , cos — ± V- 1 wtt — » »o> 
ft ft ft ft 

(n-2)^ , ,:^ (n-2)y 

COB — ±v""*wn— — , -1, 

fi ft 

the first and last values arising when r^O and when r^\n\ 
hence, by the Theory of Equations, (observing that 

{x - (cos^ + V- 1 Mtt^)} {« - (cos^ - V- 1 •in^)} 

- {(« - cos^) - V- 1 wn^} {(« - cos^) + V- 1 »in^} 

■ («-oos^)" + sin*^ B «• - 2« OOS0 + 1,) 

29r 49r 

we have «*-l ■(«•-!) («*-2« cos— •fl)(«*-2«oos — + 1)... 

8o (ii), if ft be odd, we shall get 

(«-.l) - («- 1) («»-2« COS — + 1) («*-2« COS — + 1)... 

ft ft 

Co&. Instead of using the double sign, we might solve the 
above equation as follows: 

df ■ 1 ■ cos2r9r + V- 1 sin2r?r, and x ■ cos — + \/- 1 sin — , 

ft ft 

where r may be taken from 1 to fi. 

These values of x will, of course, be identical with the former : 
thus, if r < ft, 

2(ft-r)?r . , - . 2(ft-r)?r ,^ »^\ . / ^ • /« ^x 

oos -i ^ + V-l»in-^ i- ■cos(29r ) + V-l •in(27r ) 

ft ft ft ft 

B cos J-l Bta — , 

ft '^ ft 

one of the roots which would be found in [23]. 
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Hence the difierent values of x may be expressed by the series 

cos — + V-1 ttn — , cos — + V-1 MQ — > cos — + V-1 ■"* — > &o; 
n n n n n n 

or, denoting the^«^ of them by a, it follows, by Demoiyre's 
Theorem, that they may all be expressed by the series a, a', tf,,,,a^ 
or 1. 

Ex. If aj* - 1 = 0, the root (o) of x will be 

cosf^r + V- 1 sinf^ = - i + J V3 V- Ij 
and the other two roots wiU be 

(-i + iV3V-l)"=-i-iV3V-l» and (- J + JV3 V-l)*=l. 

24. To ^»d^ the roots o/" a:" + 1 « 0, a«d^ to resohe 
2f + 1 twto factors. 

If 2?» + loO, then «*=-l = cos(2r+l)?r±V-l 8in(2r+l)?r} 

, ,, (2r+l)9r^ , , . (2r+l)?r 

and, consequently, « s cos > — ± y - 1 •u^ ^ ^- » 

ft fi 

from which expression we shall get the n different values of x, by 

putting r = 0, 1, 2, &o. to in-1 when n is even, or to i(»-l) 

when n is odd, the last pair in the latter case being each » - 1. 

Hence, (i) if n be even, 

(a;» + 1 ) = (aj« - ar cos - + 1 ) (a!» - ar cos — + 1 ) . . . 

n n 

otf (ii) if n be odd, 

IT ^ir 

(aj»+ 1) = (ar+l) (aj«-2i? COS - + 1) (aj«-2« COS ~ + 1) ... 

where the factor x-k-l arises jfrom the root - 1, obtained by 
putting r = i(»-l). 

25. If it be required to resolve a^-a^ or a^i-a*^ into factors, 
put x-azi then 

«»-«»-a"(^-l)-a-(*'-l)(s?-2*co8 — + l),..if«beeTen 

- (z^-oO (a!»-2aa: COS — +a«) ... 
and so with the other cases. 

26. From the preceding results many remarkable fiEustorials 
may be derived. 

Since «*»-! =(«•-.!) (««-ar cos -+ l)(««-2ar cos — +1)... 

the index being even, 

/. 2!*^+ ««^+ &c + a!» + 1 = («•- 2arcos - + 1) («•- 2x<»M^ — \\V.. 
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In thii expreBsion put « ■ 1 j then we get 

fi = (2 - 2 COB -) (2 - 2 008 — ) . . • . (2-2 ooB i '-) 

a 4 sin" ;^ . 4 Bin* --.•.. 4 Bin" — jr- — , 
2fi 2n ^n 

rtH 1 . w . 27r . (n-l)9r ... 

or Jn B 2""* . Bin -- . sin -r- . . . . Bin — , (ij 

^ 2n 2n 2n 

whore wc take tho positive sign with the root, because each of the 
above angles being < Jir, every sine will be positive. 
So also . 

«^*»- 1 - («- 1) (a;«-2« cos -|^ + 1) («*-2«cos -^^ + 1)... 

the index being odd \ 

:, dividing by a? - 1, and putting « - 1, we get 

V(2n + 1) « 2" sin ^_ . .m ^^ in ^^ ...(2) 

q 

Again, «•'* + 1 *= {x*-2x cos ^ + 1) («*-2» cos j^j + 1) ... 

^ ... If ^ . 1 S***" . . -(2n-l)w 

put « - 1 ; then 2-4 sin* — . 4 sin" r- . • • . 4 Bin" -^ — j~- , 
*^ * 4n 4n 4n 

/rt rt« . '«• . 3ir . (2n-l)'w ,„v 

or V2 =• 2" sin — . sin — • • • • "» — x:r^ (^) 

4n 4w 4n 

And aj**^»-f 1 «(«+!) (a;"-2«cos ^-^ +1) («*-2«cos r-^l +1)' 

dividing by « -f 1, and putting a; ■ 1, we get 

1 rt» . '»* . 3ir . (2n-l)ir 

^ - =* "" a(isrTiy ""^ 2^2^^) • • • • •'^ 2T2;rrr) • ••• ^*) 

It is obvious that other results might be obtained in the sai 
way by putting d; => - 1, which would make the factors consist 
cosines instead of sines, and so, by division, we might arrive 
other similar results, where the factors are tangents. 

Thus, in tho equation which led to (1), putting X'^-1, ' 

shall get , rt„. w 2tr (n-l)^ 

° V^ = *** * cos -- . cos ~- . . . . cos V -. - < J 
^ 2n 2w .2n 

and therefore also, dividing (1) by this result, we have 

IT 2fr (n - 1) ** 

1 a tan;r- .tan-—. . . . tan ^ ^ (5) 

2n 2n 2n ^ 

27. To resolve x^*"- 2x'* co80 + 1 into quadratic facto\ 

Put «*'»-2a?'*cose?+lciO; then «*'-2a;''co8e? + co8"d»-BinV 

hence x"* - cos0 ± V- 1 sine? ■ C08(2nr + 0) t V- 1 8inC2nr + 0) 
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2nr + ^ , , - . 2nr + e 

/. X B COB ± -/- 1 sin — - — f 

n w 

where the 2n different Talues of x may be obtained by taking r 

from to n - 1. 

Hence, as in [23], we get 

«**-2a:"co8^ + l =(«*-2« cos - + l)(a:*-2j: cos +1) 

n n 

.• « 2(n-l)«- + ^ -. ,-v 

...(a:»-2a:cos-^^ -^ + 1); (1) 

whence we get, putting - for «, and multiplying each side by o**, 

a^-2a»ir*cos^+a*'=(«*-2fla:cos- +a')(aj*-2aa:cos + a")... 

Prom the above result, putting ^ = 0, we get 

«*-2a"ar» + «*• = («"^a»y = (aj»-2ax-f a") (aj«-2ac cos — + a«) ...; 

and, putting » «-, 

«*+2a*aJ*+o**c(«*+a'»)P»(«*-2fla:cos-+a") (aj*-2accos— +a^.... 

28. If we observe that 

2(fi-l)ir + ^ ,^ 2'»r-^ 2^-^ ^ 
cos — ^ ^ = cos(2ir ) = cos , &c. 

the expression (1) in the last article may be put into the form 
«** - 2ic" cos^ + 1 

o(p^'2x cos - + 1) (a;*-2a:cos -^^ + 1) («*-2iCcos -^ — +1)..., 

where both signs are to be taken, and there must be altogether 
n quadratic factors — the last, consequently, being either a iingle 
or a douhU factor, according as n is even or odd. 

Cob. The above expression will be found to include those 
already found for a^±\\ since, by putting ^ = and ^ = «■, we 
may get the resolution into factors of (x" + 1)'. 

29. Cotes^s Properties of the Circle. 

Let A be any point in the radius OB^ or in the radius OB 

produced, of a circle whose centre is 0; 
and let the circumference be divided into n 
equal parts BT^y ^i^v &c, and into 2fi 
equal parts BQ^, QiPi, &c : then 
AP^.AP^P^... to n factors =* OA* ^ OBf > 
and ^Qj.AQ,.AQs...to n iwi\«t^=^ OA^ v O'ET . 
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For let OA « x, OB « a ; then we ha^ 

.lPj'= 0-4'-20J.OPjCO« — + OP*^a^ - 2Ar cob ~ + a', &c: 

.•.^P;^4P/^P,«...=(x»-2axco8-+a*)(«»-2«rco8-+a^.. 

= (j:^-a«)«by[27]| 
or AP^.AP^.AP^,,. = 0-4" ^ OB^ » 0-B* - 0-4* or OA"" - 0^, 
according as .1 Is in OB or O^ produced. 

Again, AQ,.AP,.AQ^AP^ - OA*^^ OB"", by the above; - 

and therefore, dividing this by the former result, we get 
A Q^^i (^4 Q,. . .n fiactors » 0-4* + 0B\ 

30. 7b resolve sinO, cos 0, tan into factors o/sineSt 
cosines, and tangents. \ 

In the expression (1) of [27], put « ■ 1 : then [ 

2-2co80 = (2-2cos-)(2-2cos?!!li^)...(2-2coB?i!ill^), \ 



n n ' ^ n 

or 



4 8in'~ = 4 sin" ~- .4 sin" -— r — ...4 sin" — ^ -^ — -— ; 

2 2n 2n 2» ' 



whence sin - = 2**^* sin — sin — - — sin — ^ — . ..«m -^ — ^^ , 

2 2n 2n 2ft 2fi ' 

or writing 20 for (>, 

sine/ = 2*^* sin - sin sin ... to » factors (1). 

n n n ^ 

N.B. We hayc taken the sign of the square root (+), which, as 

will be shown, is always the case in the above resolution of sin^. 

Again, in the expression (1) of [27], put j; ■ - 1 ; 

then (w even) 2-2 co80\ .« . „ ^wo . o 2ir + ^. 

) ^ix o o ,,> = (2+ 2cos-)(2 + 2coB )...; 

or (fi odd) 2 + 2 oosO) ^ n^ n 

whence, writing 20 for 0, and proceeding as before, we get 

(w even) ± sin 0\ .„ . ir^0 2»+ ^ ^ - ^ ,«, 

/ J jx . /. H 2 cos - cos cos . . .to n factors. .i2> 

or (n odd) icost^J n n n 

Dividing (1) by (2), wo got 

(n even) ±1 ") ^ nr^O 2'»r + ^ 

/« ^7x . * /ir = ^'^- tan tan ...to n factors... (3). 

(« otfj) ± tan(?J n n n ^ 

CoE. If in (1) above we write i«- for ^, we get 

1 =2****sin-- sin— Bin— ...to n factors: 
2n 2n In 
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if in (1) we write for 0, we get 

sin^ V sin - = fi = 2*"* sin — sin — sin — ... to (n - 1) factors : 
n n n n 

if in (3) we write' Jir for ^, we get, whether n be even or odd, 

± 1 = tan -— tan -—■ tan — - ... to n factors. 
4n 4n 4n 

And many similar fonnulee may easily be derived. 

31. We shall now shew that in the expression (1) of [30], the 
(-f) sign of the root is always to be taken. 

Write nO for ^ in it : then 

wanO = 2'^*sin^ sin(^+ -) sin(^ + — ) to n factors. 

n n 

Now (i) let nO = mw - a, where a < 9r, and m = zero or any posi- 
tive integer: (this will include all positive values of 0, and all 
negative values between and - tt :) then sinn^ = (- l)"*'*sina, and 
will therefore have the sign of (- 1 )**"*• 

The general type of the factors on the right-hand side is 

em{0 + — ), where r may range from to n - 1 : 

• /zi ^^^\ • (^ + r) TT - a . . , 

now smf^ + — ) = sm ^ , where, smce a < 9r, the ancle 

itself is always positive : hence, in the case of m positive, this 

&ctor is positive or negative^ alternately, while ^^ lies 

between and tt, tt and 29r, 29r and 37r, &c, that is, it \^ positive, while 

f <{n -m) + — , or from r = to r = n-w inclusive, negative 

a 
while r>n-m<2n-m + -,or from r = n-m + l tor = 2n-m, 

IT 

inclusive, &c, and, generally, it has the sign of (- ly from 
r = j»» -m + 1 tor = (j> + l)n-w inclusive. 

Hence (1) if m < n, we shall have n - m + 1 positive factors, (from 
r = Oto r = w- m), and (there being n factors altogether) m - 1 
negative; so that the sign of the product will be that of (- 1)"^*; 

(2) if m = n, then we shall have only one positive factor (when 
r = n - 9n = 0), and n - 1 = m - 1 negative factors : so that h^c^ 
too the sign of the product will be that of (- ly*"^ \ 
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(3) if m>n, or if m-pn-¥m', suppose, (where m'<n^ then 
the lowest value of r (r = 0) will occur between jtm - m + 1 and 
(^ + 1) n - m, namely when r = (pn - m) + »i^ = 0; hence there J 
will be {(p + 1) w - m} - {{pn - m) + m'} + 1 orn - m' + 1 flMJtoB : 
with the sign (- Vf, and the remaining m' -1 fEU^tors with the sign [ 
(- ly^* : so that the sign of the product wOl be that of } 

(- \f^*i)pKny'i)(p^\) or ^_ lyuHw-i ^ ^_ ly^i^ ^ before. 

Hence, in all cases, when m is positivef the sign of the product of 
the n factors is that of (- iy^\ which is the same as that of sinnd. 

(ii) Let nO = - mw - a; (this will include all negative Talues 
of 0, from - w downwards :) then sinn^ = (- 1)**"* sin a, as before; 

and sm (0 + — ) = sin ^^ , where, smce o < «-, the angle 

is positive, from rBm-i-ltor = n-l, (its highest value,) and 
negative for all values of r less than m + 1. Now, while the angle 

is positive, its sine is positive while ^ lies between 

and 9r, that is, from r = m + ltorsm + n, both inclusive ; and 
hence all the factors will be positive, for which the angle is posi- 
tive, namely, from r^m + lto r = n-l« But, when the angle 
is negative, its sine is negative or positive^ alternately, while 

lies between and -tt, -w and - 2w, &c, that is, 

it is positive from r = m tor = m-n + l, negative from r^m-n 
to r = m ' 2n + 1, &c ; and, generally, it has the sign of (- ly 
from r = m-(p-l)n to r = m-jwt+l. 

Hence, (1) if m<n, we shall have n~m-l factors posi- 
tive, (from r = m + l to r = n-l,) and, consequently, m + 1 
negative factors, so that the sign of the product will be that of 

(2) if m a n, there will be n negative factors (from r « m - 1 or 
ft - 1 (its highest value) tor^m-n+lel,) and one positive 
factor (when ram-n = 0); so that here too the sign of the 
product wiU be (- 1)"^» : 

(3) if m > n, or if m =pn + m', where m' < », then the lowest value 
of r (r=0) will occur between r^m-pn, and ram- (/> + l)n+l, 
and wOl be when ram-jpn-m' ssOj hence there will be 
(m -pn) - (m -pn - m') + 1 = m'+ 1 Motors with the sign (- Vf** 
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and the remaining n - m'- 1 with the sign (- 1/; so that the sign 
of the product will be that of 

that is, in all cases, the product of the n factors will have the same 
sign as sinn^. 

Similar reasonings would enable us to determine in what cases 
the + or - sign is to be used in the resolution of cos^ and tand. 
For example, in [30 Cor.], if « = 1, then tanj7r= + l, if n = 2, 
then tan Jw tanfTr «= - 1, if n = 3, then tan ^^ir tan j^^tt tan ^..w = - 1, 
two tangents in the last case being positive, the other negative. 

82. To resolve sinnO and cosnd into quadratic factors. 

The expression (1) in [30] for BinOf (observing that 

. (»-l)w + ^ . , w-e. . 7r-0 . 

sm ^^ = sm (tt ) = sm ,) 

n n n 

may be put into the form 

sm^ = 2"^* sm - sm sm ..., 

n n n 

where both signs are to be taken, and there are to be n factors 

altogether, the last being single (with the upper sign only) or 

double, according as n is even or odd. 

Write nO for 0, and 2na for tt, in the above expression. 

(1) Ifnheodd, 

smn0 = 2'^» sin^ sin(2o±^) sm(4a±^) ... sin{(n- l)a±^}j 
whence, writing ^ir + nO for n0, or a + ^ for 0, we get also 
cosfi^ = 2*^* sin(a + 0) sin (a - 0) sin(3a + 0) sin(3a -0) ... 

sin {(n - 2) o - ^} sin (na + 0), 
= 2"-» cos^ sin(o±^) sin(3ai^) ... sin{(n - 2)a±0}, 
since the last factor sin (na + ^) = sin(j7r + ^) = cos^. 

Hence, observing that sin (a + ^) sin(a - ^) c= gin'a - sinV, we get 
sinn^ = 2**-* sin^(8in«2a- sin«^) (sin«4a - sin«(9). . .{sin«(n- l)o -sin'^}, 
co8n^ = 2*^*cos^(8in«a-sin«^)(sin«3o-8in«(?)...{sin*(«-2)a-sin«^}. 

(2) If n be even, we have, as before, 

sinn(? = 2""»sin^ sin(2a±^) sin(4a±^)...{8in(n-2)a±^}sin(«a4-^) 
= 2"-* sin^ C08^(sin«2o-sin«^) (8in«4a-sin«(9)...{8in«(n-2)o-sin«^}; 
cosn^ « 2"-* sin(a + 0) sin(a - 0) sin(3a + 0) sin(8a -0)... 

8in{(n - 1) a + ^} 8in{(n + 1) a + 0} 
= 2'^\sin"a - sin«^) (8in«3a - sin«0) ... \wxi\n - V^ a - «a^e\, 
anceda{(n+l)a-i-0) = 8m(iw-^ai0} = fxri(^Tr-a-B)r=.i\x^^ 
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33. We may employ the preceding results to resolve sin^ an 
coaO into qua^atic factors in terms of 0, 

Thus in the formulae for uinnOf co8w(?, n odd, write ^ forn^ : the 

8in(?« 2*^' sin -(8in"2a-8in" ?) (8in«4a - sln« - ) ... 
n n n 



r-- 2'*"*sin'2o sin"4a...sin - (1 -co8ec*2a sin* -) (l-cosec'4a sin' - ) 

fi n n 

To determine the value of the constant factor, put 6=0: 

then we have sin^ r sin -= n = 2*'"* sin«2a sin*4a ...; 

n 



and ;. sin^ » n sin - (1 - C08ec'2a sin* -) (1 - cosec"4a sin* -) . 

fi n n 

ir 

Put w • 00 , then w sin - = ^, sin - f sin2a == - ^ _ o - , &c 

n n n n V 

and, consequently, sin^ a ^(1 - — ) (1 - — |) (1 - J^) ... 



So 008^ = 2**'* sin'a sin*3a ... cos - (1 - cosec^a sin* -)...; 

ft n 

put ^ » 0; then 1 = 2'»"* sin'o sin"3o ... , 



and .*. 008^ « cos -(1 - cosecV sin'-) (1 - cosec'Sa sin' -) ... 

n n n 

But the above resolutions may be effected more directly as folloif 

84. To resolve sin into a product of quadratic facto 

in terms of 6. 

Since the values of 0, which make sin0 « 0, are 0, t ir, 1 2 
i 37r, &c, therefore, by the Theory of Equations, we have 

sinO - 00(0" -7!^) (^- 2V) {^- 3V) ... , 

whore a is some constant factor, not known at present : hence 

5i|^-±a^.2V.8V...(l-5)(l-^)(l-^.)... 

Put OmO\ then 1 -± a7r».2V.3V..., which determines tl 
constant quantity; 
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35. To resolve cos0 into a product of quadratic fac- 
tors in terms of 0, 

The values of which make cos^ = are ± ^w, ± |9r, &c ; 

Put e = 0; then 1 = ±6.^- J(3V).1(S'»0...; 

•••co.^=(i~)(i-3^)a-^)- 

36. In the expression just found for sind, put = lir: then 

i-^n l^n-^n-^ "" ^'^ ^'^ ^ 
2^ 2»'^ i*'^ 6*^"^2 *"2^' I*"' 6" *'*' 

5 -?!. il J^ 
•• 2''l.3*3.5*6.7* •• 

which is known as WaUu^8 expression for 9r. 

37. If we expand the expressions in [34 J, and compare the 
coefficients of the powers of 6 with those in the common formulte 

cm ffi 

%\nO = ^ - — — + &c, cos^ = 1 - — - + &c, 
1.2*3 1*« 

. 1 1 1 „ 77» 1 1 1 . TT* 

'eget -+-+-+&c = -, - + _+- + &c = -. 
with other similar results. 

88. To resolve e* + e"* into quadratic factors. 

In the factorials, [34] and [35], for sind and cosd, use the 
exponential expressions found in [7]: 

then «*''-'-«-'''-" = 2V-ie(l-5)(l-^)... 

* +« =2(l--r)(l-3i-|)- 

Write « for ^V-1 : t^en 
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CHAPTER IV. 



t 
.» 



ON THE SUMMATION OF TBI60N0METBICAL SERIES. 

89. To find the sums of the sines and cosines of a 
series of angles in a. p. 

We have co8(^ - \a) - coS((? + Ja) = 2 sin Jo sin^, 

C08(^ + \a) - cos(0 + f a) = 2 sin Ja sm(^ + a), &c : 
hence, by addition^ 

C08(^-ia)-c08{^f i(2n-l)a} = 28inja{8m^+8in(^+a)+&c}; 

^ co8(^-|a)-co8{^+ J(2n-l)a} _ sm{0-^i(n-l) a} sinftio 

2 8m Ja sinta 

Similarly, we may sum cos^ + co8(^+o) + &c; or, if we write 
^ + ^ for ^ in the above, we get at once 

^, C08{^ + i(n - 1 ) a} sinftio 

o = = — ^—z . 

smfa 

CoE. Putting a = ^ in the above results, we have 

sin^ + 8m2^ + &c + 9mn9 = — =-i^ — t-tt; = — » 

n nn o /i cos^(n + 1)^ sin^ii^ 
008^ + cos 2^ + &c + cosn^ = ^-^^ — t-ttj = — . 

40. The sums of the squares, cubes, &c, of sines and cosines of 
angles in a. P., may be foimd by changing the series into one 
involving the sines and cosines of multiple angles. 

Thus, to sum cos'^ + cos'(^ + o) + &c. to n terms : 
here by (75) cos*^ = J cos^ + i CosS^,' 
so that, by [39], we get 
S = i [cosO + cos(^ + o) + &c} + J {cos3^ + cos(3^ + Sa) + &c} 

3 co8{^ + J(n - 1) a} sin ^na 1 cos {3^ + i(n - 1) 3a} sinfna 

4 sinja 4 sin fa 

41. To sum sin© - sinC© + a) + sm(9 + 2a) - &c, 

COS© - C08(^ + a) - C08(© + 2o) - &c. 
Here sin (9^ la) + sin (^ - Ja) = 2 cos^a sin^ 

- sin (^ + |o) - sin (^ + |a) = - 2 cos Jo 8in(^ + a), &c : 
hence ± sinfe + ^(2n-l)a} + 8in(0-^a) = 2 co8jo{sin0 - sin(0+a) + &c}, 
-f- or - according as n is odd or even ; 
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. c_ nn(e-ia)± 8in{e + i(2n - 1) a} 

2cos^a 
_ sin {6 -t- j(n ~ 1) a} cos^a cos {6 + f (n - 1) a) sin ^na 

cos^ ' cos J a 

according as n is odd or even. 

By similar reasoning, or, at once, by writing Jsr + ^ for ^ in the 
above, we may get the sum of cos^ - co8(^ + a) + &c; and then, 
by putting a = d, we may obtain the sums of 

sin ^ - sin 2^ + sin 3^ - &c, cos^ - cos 2^ + cos 3^ - &c. 

42* To sum sin9 + x sin(0 + a) + 3^ 8in(0 + 2a) + &c, 

CO80 + X cos(© + a) + aj'^cosCfl + 2a) + &c. 

Here x {sui(0 + o) + sin(^ - a)} = 2x BiaO cos a, 

a:*{sin(^ + 2a) + sin^} = 2a:* sin(^ + a) coso, 

«'{sin(^ + 3a) + sin(^ 4- a)} = 2ar* sin(^ + 2a) cos a, &c, 

/. {8 - sin^ + a^ 6m{0 + na)} 

+ Ix Bm(0 - a) + a^S - «"** sin{e + (n - 1) a}] = 2xS cosa, 
whence 
^_ sin8 - a? sin(8 - a) - g* sin(6 + na) + a?"^^ sin {0 + (n - 1) a} 

1 - 2a? coso + a?" 

By similar reasoning, or, at once, writing |w + 6 for 0, we get 

cos + a; cos (0 + a) + a:* cos (0 + 2a) + &c to n terms 

_ cos - a? cos (0 - g) - a:^ co8(0 + na) + x^^ cos (0 + (n - 1) a} 

1 - 2a; cosa + a:* 

These results (by writing - x for x) include the sums of 

sin0 - a? sin(0 + a) + &c, cos0 - x cos(0 -I- a) + &c : 

hence, putting a? = ± 1, we may get the sums already found, of 

8in0 ± 8in(0 + a) + sin(0 -}■ 2a) ± &c, cos0 ± cos(0 + a) -f cos(0 + 2a) ± &c; 

or, again, putting o = 0, we may get the sums of 

sin0 ± a: sin 20 + a;* sin 30 ± &c, cos0 ± x cos20 + a? cos30 ± &c. 

CoE. If ar < 1, then, when n is very great, ar" and af^^^ vanish ; 

1 • n. • /« V o j.^ sin0 + a: sin(0- a) 

and am a ± a? 8m(0 + a) + &c ad tnf, = -:; — 5 ^^ — zr » 

^ '^ "^ 1 + 2a: cosa + or 

/> , /« X o J • ^ cos0 + ar cos(0 - o) 

COS0 ± a: cos(0 + a) + &c ad mf, = — — ,- : 

1 + 2aJ cosa+ X* 

or, putting a = 0, 

sin0 ± X sin20 + &c ad inf, = :; ; 5 , 

'^ 1 + 2a: COS0 + ar 

COS0 + 1 

COS0 ± X COS 20 + &c a«? t»f. = - — ^ s ^ • 
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43. We shall now illuBtrate, by a few examples, the use of U 
results in [13, 14]. 

Ex. 1. To sum xBinB + a^ sin26 + «* sinSO + &c to n terms. 

Put 2-/-! 8in6 es a - - . then we have 

z 

2V-l«S'o(arz-f) + (a:»a--^) + &c»(a« + «««^ + &c)-(5 + ^ + & 

__ (xz)"^' - xz (xz-'r' - xz'^ 
xz-\ xz'^ - 1 

«*-«(« + «"*) + 1 
^j a;**"*8inne - a:^'gin(fi -f 1) -f a; sinO 
°^ ^° «• - 2ar COS0 + 1 

the same result as we should obtain in [42], by putting a s ^, ai 
multiplying by x. 

Ex. 2. To mm ad inf. {x < 1) 

a;* x^ 

X cos(0 + o) + To CO8(0 + 2a) + -— - cos (0 + 3a) + &c. 

Let2cose»y + y"*=e»^-^ + «-«^-S 2cosaB« + «-»c.6«v-» ^tf«^ 

then 22 = a? (yz + y*«"*) + 7^ (y*" + y*»"*) &c 

= y(«"-l)+jr'(«^-'-l) 

S3 c*^-^ X e*(coi«W-iiln«) ^. ^-«V-i >< ^(oot«-V-ltln«) - (y + y'') 
B ^oof« /^(^♦••ln«)V-l ^ ^-(«+«iln«)V-ll - (y + y"*) 

B e*coMi X 2 co8((? + « sina) - 2 oos^: 
hence iS^ = e*coi« cos ((? + a? sin o) - cos ^. 
Writing ^ir + (? for ^, we get 

a; 8in(^+ a) f -r-^ 8in((?+ 2o) + &c = sin^ - 6*<»»« sin(^ + « sin 

Cob. Putting ^ « and a « 0, in these two results, we get 

a? cos ^ + To ®°* 2(? + &o = 6*co»« oo8(aj sin^) - 1, 

a? sin ^ + r-o wn 2(? + &c = - 6*co«« sin {x sin ^). 
Ex. 3. To 8um ad if\f. (x < 1) 

^cos(e^a)l^ii^co8(e42a)4 ^(^Vol''"^^ <^<>»(^^g^)^^ 
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Keasoning as in Ex. 2, we get 
22 = a: (ye + y-V») + ?^^"^) (y^ + y V«) + &c 

= y {« + ^T^^ «■ + &c} + y-' {«-' + ^^^ «•* + &c} 

« y2*'(»* + a-*)* + y-»2-*' (2* + z-^f - (y +y-») 
= (yz^ + y-V*') (2* + 2- V - (y + y-») 
= 2 COS (^ + Ja;o) (2 cos Ja)* - 2 cos ^ : 

.-. 2 = 2* cos {0 + ^a:o) (cosio)* - cos a 
Writing 1^ + ^ for 0, we get 

«8in(^+a)+ At— sin(^+2a) + &c = 2'sin {0^ixa) (cos laY-sine, 

CJOK. Putting ^ = and a = ^, in these two results, we get 

x(x-l) 
X cos^ + \ ^ cos2^ + &c = 2' cos^^a:^ (cosi^f - 1, 

a; sin^ + ^^^^ sin 2^ + &c = 2* sin ^xO (cos J^)*. 

44. To sum sec 9 sec 2© + sec 20 sec 30 + &c to n terms. 
We have tan (n+1) - tannO = sin^ secnO sec(n + 1) ^ ; 

hence, putting for n the values 1 » 2, 3, &c, successively, 

sin^ . seed sec 20 = tan 20 - tan0, 
sin e . sec 20 sec 30 = tan 30 - tan 20, &c ; 

.\sin0.iS = tan(n + l)0-tan0, or iS=cosec0{tan(n + l)0-tan0}. 

45. To sum cosec + cosec 20 + cosec 40 + &c to n terms. 
We have cosec + cot0 = = cot ^0 ; 

hence cosec = cotJ0 - cpt0, 

cosec 20 = cot0 - cot 20, &c ; 
.-. iS (to n terms) = cot J0 - cot 2"-*0. 

46. To sum Jtan^0 + Jtan|0 + JtanJ0 + &c. 
We have cot^ - tani0 = 2 cot0; 

hence J t^^ J0 = i cot |0 - cot0, 

itanJ0 = Jcoti0- JcotJ0, &c; 

1 
.*, S (to n terms) = ^jj cot ~ - cot0 : 

1 /0 \ 1 

and ^{ad inf.) ^^[fn'^^ 2^») " ^^tO = - - ^ioVO. 
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47. To sum 

(tan + cot 0) + (tan 2fl + cot 20) + (tan 4fl + cot 4fl) + i 

As in [46], tan^ 4 cote? = 2 cot(? - 2 cot2(?, 

tan2(? + cot2(?- 2 cot2(? - 2 cot 4^, &c : 
.-. 5^ (to n terms) = 2 cot^ - 2 cot2"a 

48. It will bo sufficient to suggest to the Student, wli 
acquainted with the processes of the Difiereutial and Int< 
Calculus, that many series may be summed by differentiatin 
integrating other series or expressions, found as above. 

TT Sir 

Thus, [31] BinnO = 2*'-'BmO sin((?+ -) nin{0-¥ —)...; 

therefore, taking the logs and differentiating, we have 

TT 2?r 

n cotnO « cotO + eot(0 + -) + coUO + — ) -|. &cs 

^ n • n 

and, differentiating again, 

TT 29r 

n" ooBei^nO = coBec*0 + cosec*((7 + -) + coseo*((? + — ) 4 &c 

n n 

(^ 0* 0^ 

Again, since sin(? = ^(1 - -) (1 - _) (i - g,-^). .., 

wo get, in the same way, 

cotO o -^_— - &c. 

So also since, [46], writing 20 for (?, and multiplying by 2, we 

temO 4 J tan J^ + J tanie? 4 &c arf inf. " ^ - 2 cot2^, 
we get, by differentiation, 

nec*0 4 J sec* J (? 4 A «eo* J^ 4 &c ad inf. = - ~ 4 4 co8ec»2 

49. Given sin^ - w 8in(©4 a): to expand in a 5 
ascending by powers ofm, 

m 

Here B\nO = mimnO cos a 4 cok(? sin a\ or tan(? «= , ^ **^" 

' 1 - m c 

putting 2 cost? = y 4 y"* and 2 cos a = a: 4 ar'', wo get 

y4y-' 2-m(^4a:-')' ;/» ^ 1 - mar * 

taking logs, 20^-\ =- {mx'^ 1 J-mV» 1 &c) 4 {rnx 4- JmV + 

-■ m {x - x'^) 4 f m*(^* - a:'*) 4 &c, 
or r^ - m sina 4 ^wi* win 2a 4 im" sin 3a t &c. 
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The equation given above may also be put into the form 

m{0-ia) + 8m0 1 + m tan(^+4a) ^ ,/. , > 1 + m^ , 

-T-~ — ^ — ;— ^ = = —r—r^-^i or tan(^+ Jo)= tan^o, 

8in(^+a)-8m^ 1-m tanja v ■ / j^^ 

which, of course, would lead to the same result for in terms of a. 
Since, in any triangle, sin-4 = r- sin(-4 + C), in the above write 

r for m and Cfor o, and let represent the circular measure of A" » 

then or (95) A sinl" = ? sinC+ -r. sin2C+ -^3 sin3C+ &c, 

a series for expressing one angle of a triangle in terms of another 
and the two sides containing the latter. 

50. To shew that, in any plane triangle, 

log,c = log^a - {-co8(7+ — rCos2(7+ — 3Cos3(7+&c}. 

a 2a 3a 

We have c*=a'+6'-2a6cosC=a'-f6'-a5(a:+a;"*), if 2cosC=a?+a;"*; 

.-. c» = (a - 5a?) (a - 5j:-*), and - = (1 - - ar) (1 - - a?"^) : 

or a a 

/. 2log,^ =log,(l- \ «)+logXl- \ «->)=-^(^+«-0 - ^. {^^x'y&c ; 

or log^c = log^a - {- cos C + — -= cos 2 C + ^-5 cos 3 C + &c}. 

a 2a oar 

Cor. Put a* + J*= 1 , 2ah =Pf and C= a, so that c'= 1 -p cos a ; then 
a±b = ^(l±p\ ora=J{V(Ul?) + V{l-l>)}, h=^iy{Up)-^{l-p)}: 
.'. log/ 1-jE? COS a) = 2 logtf c= 2{logga - (« cos o + ^»* cos 2o + &c)}, 

51. ?b expand (a* - 2oJ cos a + Vy^ in a series of the 
form Aq + Aj^ cosa + A^ cos 2a + &c. 

We have a* - 2ah cosa + 5')-"* 
= {a' - a5(a: + a?"*) + 6«}-*", (if 2 cosa = a: + a;*,) 

=(«-6.r(a-6.-r=«-»(i— r(i— -n(if«=^.) 

= a"*"(c<, + Cja: + Cg«* + &c) x (d^ + Cja:'* + c^"* + &c), 
(where c^,, Cj, &c are the successive terms of the expansion of (1 -»)"*", 
= a"*" {(Co* + Ci" + c* + &c) + (CoCj + CiC, + &c) (a? + a;"*) 

+ (c/, + CjCj + &c) («• + a;'*) + &c} 
= a"^{(Co* + e^ + c," + &c) + 2(CgCi + CjC, + &c) coaa 
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Cor. 1, Hence, as in [60 Cor.], we may expand (l-p coso)"". 

Cor. 2. If m s l, the result of [51] becomes 
(a« - 2ah cosa + b*y' = a\l - nx)'' (1 - nx'')'^ 

= a"\l + n« + nV + &c) (1 -f nz'^ + «•«*• + &c) 
= «"•{(! + n* + w* + &c) + (n* + n' + n* + &c) 2coso J 

+ (n* + w* + n* + &c) 2 cos2a + &c), 

= a"*(r = (1 + 2n C08O + 2n* cos2o + &c)} : 

l-nr 

hence - , Ti = -z — r. U + 2 - cosa + 2 -^ C082a + &c}, 

or - 2ah cosa + 6' a" - 6* a cr 

from which, as before, we may jret the series for •; . 

•^ ° 1 -p C08O 

Cor. 3. Since, in any triangle, c^ = a* - 2ah cosCf ft*, we may 
thus get expressions for c~* and, generally, for c^ in terms of a, i, C. 

62. We have seen that, if r or + r represent a line drawn in 
any one given direction, then - r will represent a line of the same 
length, drawn in the opposite direction. This, however, is only 
a particular case of a far more comprehensive rule of Symbolical 
Algebra, namely, that, if •(- r represent a line drawn in any given 
direction, then a line of the same length, inclined to the former 
at an angle 9, may be represented by (oos^ + ^-l fonO) r. 

The truth of the above principle may be best inferred, as 
in (7), from the correctness of complicated results, obtained by 
means of it. We shall here, however, illustrate it by some Ex- 
amples of its application. 

And first we may shew that the above .formulae includes the 
cases already ascertained. For, if ^ b tt, thatJs, if the second line 
be drawn in the opposite direction to the prima^, (to that, namely, 
expressed by + r,) then the formula becomes (costt ■\- 's/- 1 sinw) r 
or - r ; and, if ^ = or 27r, that is, if the second line be drawn in 
the same direction with the primary, then the formula becomei 
(cosO + ^- 1 sinO) r or (cos27r + V- 1 sin29r) r, that is, it becomes, 
in each case, + r, as it should be. 

If 0= Jtt, we get (cos Jw + V- 1 sin^w) r or + r ^-1, as the Sym- 
bolical expression for a line, of length r, in the position AD, at 
right angles to AB; and so, if ^ = ^tt, (or - Jtt,) we get -r^-l, 
as the expression for a line, of length r, in the position AD, 
directly opposite to the former. 
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Once more, suppoaing (cos^ + V~ 1 sin^) r to represent a line, 
of length r, inclined to the primary at an angle 0, then a line, of 
length r, inclined to the former at an angle 0, would, by the 
same principle, be expressed by 

(co80 + V"-l 8in0) (cos^ + V-1 sin^) r = {cos(0+^) ■\■^/-l sin(0 + 0)], 
by Demoivre's Theorem — which should be the case, since this last 
line is inclined to the primary at an angle (0 + 0). 

Lastly, if the circumference of a circle, beginning from any 
point j9, be divided into n equal parts in P„ P„ &c, P^ (or B), 
then, if the radius AB = r, we shall have AP^f AP„ &c, expressed 
(by this principle) by 

cos — + V- 1 sm — , cos — + V- 1 sm — , &c. 
n ' n n n 

w [23 Cor.] by atf a^r^ &c, till we come round again to ^P„ 

(or AB) s aV, or + r, as it should be. 

63. With this extension of the mode of expressing symbolically 
both the magnitude and direction of straight lines, we shall find 
that the line joining any two points is the symbolical sum of any 
namber of lines that can be drawn (forming the sides of a poly- 
gonal figure) from one point to the other. 

Ex. 1. In the triangle ABC, right-angled at C, denoting the 
B angle B AC hy 0, and the length of AB by r, then AB 
will be expressed symbolically, with reference to AC 
as the primary or initial line, by 

-Q {cobO + V-1 sin^) r = r cos^ + V-l r sin ^ = ^ C+ CB, 

Or, if we denote the length of AC hy a, and that of BC hy 6, then 
the symbolical expression for AB, namely (cosO + V-1 sinO) r 
becomes 

{V(?b) + ^-' W^} V(«'+y)=a+V-l =(« before)^C. CS. 

It appears then that the symbolical expression a -f 5 V-1 represents 
a line, whose length is ^(a* + 5*), inclined to the primary line at an 

angle = tan"* - . 

Ex. 2. Completing the parallelogram A BCD in Ex. 1, we have 
AD = - V-1 ^» and also DC (which is drawn from D, parallel to 
AB and in the same direction witb it,) = AB = a vb^J-\^ «sA> 
conaequentljr, AD -h DC= a- AC. 
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Ex. 3. More generally, let ABC be a triangle, and 
draw BD perpendicular on AC; then by (Ex. 2) we have 
^ -45 + ^C = (^2) + 2)^)+(^2) + 2)C) = ^2) + DC=iCi 
the symbolical sum of the lines DB and BD being zero. 

Ex. 4. Hence AB ^BC->r CA a 0, or the symbolical sum of the 
three sides of a triangle, taken in order, is zero : — a result which 
we may prove directly ^ as follows, using the figure in Ex. 3. 

Obserying that AB makes with the initial-line the angle A^ 
BC the angle ~ C, (as we find by prolonging BC and AC,) and 
CA the angle tt, we have AB + BC + CA 
= {C08-4 + V-1 8in-^}c f {cos(- C7)+ V-1 sin(-C)}a+{co82r+-y/-l 8iiur)i 

= (c cos^ + a cosC- h) + V-1 (c sin^ - a sinC) = 0, 
by (100 Ex. 1) and (106). 

Ex. 5. Since each of the sides in the preceding Example may 
be broken up into two, and these again, each into two, &o, it ii 
plain that the symbolical sum of the sides of any polygon, taken 
in order, will be zero : or, if the lengths of the sides be a, 5, c, &c, 
making angles a, p, 7, &c, with the primary line, then 
(cosa+V-1 sina)o + (cos/3+V-l8in/3)6 + (COS7+ V-1 31x17) c = &c=0, 
whence we get 

a cosa + h cos^ + &c = 0, and a sina + h sin^ + &c s 0. 

Ex. 6. In the annexed figure, let the lengths of AB^ AD, be r 
rC and r^, and let the angles mfide by them with the 
initial-line be 6, &, respectively. 

Then AB = DC= (cos^ + V-1 sin^) r, 

^ AD = BC= (cos^ + V-1 ain^) r'; 

and 4C7=(Ex. 3) AB+BC^(r cos^+r' cos^)+V-l (rsin^+r'sin^ 
which (Ex. 1) represents a line, whose length is 
V{(r cos^ + r' cosO'y + (r sin^ + r' sin^)«} = V{r" + r^ + 2*7^ co8(^-^)}, 

inclined to the initial-line at an angle = tan"* - - - ;: — ; ^, 

® ^ r cos^ + r' cos^ 

For further remarks on this subject the Student is referred to 

Peacock's Algebra, vol. il. chap. 31. 
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MISCELLANEOUS EXAMPLES. 



1. If unx = sina fm(x+y), shew that tana? = 5 -. — . 

1 - Bina cosy 

2. find the Talue of a cos2^ + b sm2^, when tand = - • 

3. Shewthatchdf-4chdJ^ = chd"-4-chd*JX 

4. If m yenO -n±p vers (pr-O), find the value of vers^, 

5. Shew that the ratios of an English to a Foreign minute and 

second are r^ and -^ respectively. 

6. Given the area of a plane triangle in terms of its sides to be 

shew what this expression becomes, when C is a right angle. 

7. Shew that the areas of all triangles, described about the same 
circle, are proportional to their perimeters. 

8. The Moon's distance from the Earth being sixty times the 
Earth's radius, shew that the Earth's radius subtends at the 
Moon an angle 0°.95. 

9. The sides of a triangle are 13, 12, and 5 yards : find its area. 

187 

10. Given log4.2366 = .6270227, find the value of {i)^?. 

11. Shew that in any circle the chord of an arc of 108° is equal to 
the sum of the chords of 36'' and 60°* 

12. If cos^ a cos J? cos (7, shew that 

tanj(^ + ^) tanJ(-4-J5) =tan«JC. 

13. Express cosm^ cosn^ cosr^ by the sum of a series of cosines 
of multiples of 0. 

14« Shew that, in any triangle, 

tan-4 = = and cot-4 = — cosecC- cotC. 

e - a cosB a 

16. Prove the formula cot ~ = J ^ — r . 

2 sec-A - 1 

16. Shew that 

cos(36°+-4) cos(36°--4) + cos(54°+-4) co8(54°- A\=^<5«^^A, 

17. Determine sinA £rom the equation taxi^A \ ^«a^ A - V. 
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18. A riyer AC^ whose breadth is 200 feet, runs at the foot of 
a tower BC^ which subtends at the edge of the bank an angle 
BAC of 25^ 10'. Find the height of the tower, having given 
L tan 64'' 50^ » 10.3280372, log 5 «= .6989700, and log 9.397 
« .9729928. 

19. Obtain sin^ in terms of sin 2^, when A lies between 180° 
and 226°. 

20. Prove that 1 + cos {2 A - 2B) cos 2B = cos* A + cos* (A - 2B). 

21. Shew that, if sin(^ + ^) cosC = 2 cos(5 - C) sin^, then 
cot^ - cotJ5 = 2 tan CI 

22. If A and B are the two acute angles of a right-angled 
triangle, shew that sin(^ ~B) = - cos 2^, and sin 2^ + sin 2^ 
= 2 cos(^ - B). 

23. If a, )3, 7, denote the distances from the ang^ar points of 
a triangle to the points of contact of the inscribed circle, 

shew that its radius = ( — ~^i . 

24. Prove that the circular measure of 42° is .73303. . . . 

25. Shew that sin-4 cos(^-C)-sin5 cos(-4-C) = 8in(^-jff) cosC. 

26. Find the sine, secant, and tangent of 286°. 

27. Shew that tan"* ^^ "^ ^^ + tan-'VI = i^- 

28. Prove the formula (1 + temiAf = 2 ( !"^"°^ ). 

^ ' ^ M + cos^' 

29. Shew that 7 logjf + 6 logf J + 3 log|^ = log2. 

30. If A, B, C, are in A. P., shew that 

einA - sinC: cosC- cos-4 : : cosJ5 : sin J?. 

31. If tan (0 + 46°) + tan (^ - 46°) = 2 tan 60°, determine 0. 

32. A man, distant 70 feet from the foot of a tower, observes it 
to subtend an angle of 60°, his eye being on a level with the 
ground: find the height of the tower, given log3 = .4771213, 
log 7 « .8460980, log 1.21 = .0836686. 

,„ J. cobA - sinJ? sinC cosZ) - sinJE sinJP , , 
^^' ^ cos^cosC ' cos^cosJ- > '^^"^ *^** 

COS 5 COS (7 vers -4 - vers(J5 - C) 
COS-& cosl^ ° versi) - vers{-&- F) ' 

34. Shew that, in any triangle, cos-4 + cos^= S^'^.l gin^iC 
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35. TeJdng tiie Earth's cmmmference at 25,000 miles^ find its 
diameter. 

36. Shew that 8eo(Jw+^) sec(iir-^ = 2 8ec2^. 

37. One angle of a triangle is 16°, and another is 2f of the third; 
shew that the sides opposite to these latter are as V3 ' V^^- 

38. The perimeter of an equilaterd triangle being 27 yards, find 
tiie area. 

39. CD is the perpendicular from the right angle (7 of a triangle 
upon the hypothenuse AB, AC is 108 yds, CB is 144 yds ; 
find CD, BD, and DA. 

40. Given 75° the sum of two angles and 75^ their difierence, 
express the angles in English and Foreign measure. 

41. If the right angle were divided into 100° instead of 90°, 
what woidd be the circular measure of 36° P 

42. Given cos^ = .6, find the vdues of sin^, cot^, and chords. 

43. Prove that sec 2.^ - tan 2.^ = ; — j. 

cos^ + sm^ 

44. If a, /3, 7, be any angles, shew that 

sine + 8in)34 sin7 - 8in(a+^+7) = 4 sin J(a+/3) sin Ka+7) sin J(^+7). 

45. YvdA the area of a triangle whose sides are 13 J^, 18, 22| yds, 
respectively. 

46. Shew that sin 30° 1' = cosl' - sin 29° 59'. 

47. Find the angle whose circular measure is f . 

48. Prove the formula , r—j = tan(i9r+J^.4) cot(Jw- J-<4). 

49. Find the area of a circular sector, where the radius is 9 feet, 
and the sine 4^ feet. 

50. Obtain the acreage of a trianguleu? piece of ground, the sides 
of which are 380, 420, and 400 yards. 

51. Prove the formula tan ~ = V t^^" ^ " ^^°.. a • 

2 2sin^ + sm2^ 

52. Shew that an inch will subtend an angle of 1" nearly at 
a distance of 3 mile& 

53. Shew that cot"* 3 + cosec"* -/^ = Jw. 

54. If AD^ BEy CF, be drawn perpendicular from the angles 
upon the sides of a triangle, shew that the products of the 
alternate segments of the sides will be equal. 

55. If o, ^, 7, be any angles, shew that 

cosa+c(w>9^cos7fcos(a+y3+7)==4cos\(^aA■P')co%\'l^aAr^{^^Qs^^^ 
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56. An observer, standing on the bank of a straight canal, ob- 
serves the angle (a), which the distance of a tree on the 
other side makes with the canal, and then walks along the 
bank a distance (a), until the distance of the tree makes 
the same angle with the canal in the other direction. Find 
the shortest distance of the tree from the bank. 

57. Find the area of a trapezoid, of which the parallel sides are 
750 and 1225 links, and the distance between them 1540 links. 

58. Prove the formula tan(i7r-i^) + cot(i^-i^) = 2 sec^ 

59. If sina= m sin^, and tana=n tan/3, shew that coso= V-ttT ' 

CA cv 41. ♦ • ^-1 1 +cosM-^)cosC a* + 6» 

60. Shew that m any triangle :; ^-j — 7^ ^ = -i r . 

' ^ 1 + cos(^ - C) coaB a* + c* 

61. If the right angle were divided into sixty degrees instead of 
ninety, what would be the circular measure of 75° P 

62. If 8f s^, be the secants of two arcs, t, f, their tangents, then 

63. Given tand = ^^ , ; find the values of sin^ and vers^. 

a -b 

64. From log2 = .3010300, and log3 » .4771213, find the logs of 
72, 45, 1800, .00024. 

1 -I- C084d 

65. Shew that cot^ - tan^ = 2 V . ^^ • 

'^ 1 - cos4d 

66. Prove that sin 48° = i{V(10 + 2 V^) + V^ (V^ - 1)}. 

67. Shew that the area of a triangle 

-,,--«, c sinA sinJ5 

^ ^ a sm-4 + sinB + c smC 

68. From two points, A, B, in the diameter produced of a semi- 
circle, tangents AF, BQ, are drawn to the circumference: 
find the radius CP, given LCAP = a, LCBQ = ^, and AB=a. 

69. Shew that —^ / i>. T'^m. «i • 

a + cosa: (a + 0) + {a- 0) tan'^« 

70. If a be a side of a regular polygon of n sides, and H, r, the 
radii of its circumscribed and inscribed circles, shew that 

JE + r = Jo cot ^r- . 

71 . Shew that the line ( CD) drawn from the angle C of a triangle 
to the base, and bisecting the angle, - — =- cos i C 
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72. Find the number whose log is - 1.8753145, hawg given 

log 1.3325 = .1246672, log 1.3326 » .124699& 

2 

73. Prove that sec^ = ? . 

V{2 + V(2 + 2 C084^)} 

74. Up, q, r, be the perpendiculars upon the sides a, h, e, of a 
triangle from the opposite angles, shew that 

qr pr pq tr tr <r 

75. Shew that vers (27r -&) - covers (f^ -&)- suvers (tt - &) 

+ suvers {0 - 27r) + covers {0 - f tt) - suvers (^ - tt) = 0. 

76. Shew that the area of a triangle 

= \{a\h\cf \xiTL\A tan|J5 tanJC. 

77. Find in degrees the angle whose circular measure is .7854. 

78. The number of sides of one regular polygon exceeds that of 
another by 1, and an angle of the first exceeds that of the 
second by 4° : find the number of sides in each. 

79. Given tan'd = - : find the value of a sind + 6 cosi9, and of 

a 

a sec^ + h cosec^. 

80. Obtain the circular measure of 1^ 3' 75*\ and express the 
angle in degrees, &c. 

81. An arc of 120° in one circle is equal to the whole circum- 
ference of another : compare their radii, and find how many 
degrees of the circumference of the smaller circle are equal in 
length to the radius of the greater. 

82. How many acres are there in a triangular field, whose sides 
are 13, 14, and 15 chains P 

83. Shew that vers ( tt - 0) + vers ( ir\&)- vers jr. 

m\n m + « 

84. Prove that sin41° + sin67° - 8in31° - sin77'* = sin5°. 

85. The diameter of a circle is divided in the ratio of If : 2^, and 
circles are described on the segments as diameters : compare 
the areas of the three circles. 

86. The sum of two angles is m degrees, and the difierence n 
grades: express the greater in degrees, and the less in 
grades. 

87. If, from the angles of a triangle ABG, three lines be drawn to 
meet in a point O, shew that 
sin^JJO.sin-SCrO.sinC^O = smCBO.amACO ,«c£vBAO. 
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88. At 225 feet from the foot of a steeple, the elevation was 
exactly half what it was at 100 feet from it : find the height 
of the steeple. 

89. If tan^ + sin^ = m and tan^ - amA = n, determine cos^ ; 
and shew, by eliminating -4, that (m" - n*f = 16mn. 

90. Solve the equation 

sin (a: + a) + cos(d; + a) = Bin(« - a) + cos(:b - a), 

91. Prove that 1 - , ^°'^ , - r^^?J^ = x 8in2^. 

1 + cot^ 1 + tan^ 

92. If a foot-square of card-board be divided into four equal 
squares, by lines bisecting the sides at right angles, how much 
of it will be left, when the four circles, that can be inscribed 
in these four squares, are cut out ? 

93. Find the area of a triangular field, whose sides are 70, 80, 90, 
yards, respectively. 

94. The sides of a triangle being as 3, 4, d, apply the expression 
for the tangent of half an angle in terms of the sides to find 
the largest angle. 

95. If C, C, be the two values of the third angle in the ambig. case, 
when a, 6, A, are given, and 5 > a, then tan^ = cotJ{C+C). 

96. Find the length of the arc, which subtends an angle &" 12" 36" 
in a circle whose radius is 100 yards. 

97. A mill-sail is 7 yds in length, and goes round uniformly 10 times 
in a minute. At what rate per hour does its extremity move? 

98. Prove the formula tan (^ + 30°) tan (A - 30°) = !""^^^^^^ . 

^ V V .^ l + 2cos2-4 

99. Find the number of degrees in the arcs AE, BCDF^ in the 
figure of Euc. iv. 16 : and, if ^Cbe joined, find the angles 
of the triangle ABC, 

100. How many cubic inches of iron will be required to form a 
garden roller, which is half-an-inch thick, with an outer 
circumference of 6\ feet, and a width of 3| feet P (tt = V). 

101. Shew that 

2 cos^ = V{2 + V(2 + V(2 + + V(2 + 2 cos2M)}, 

2 sin^ = V{2 - V(2 + V(2 + + V(2 + 2 cos2M)}. 

102. Eliminate between the two equations 

x = Z COS0 + cos 30, y = 3 sin0 - sin 30. 

103. Find the value of « in the equation 2 V(«* - «*) = sin^. 

104. If tane ^-^^ , shew that tan(0- 0) =. _£«5^ . 

o + * CO80 ' 6 + a CO80 
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105. In any triangle, shew that o^ 8in2^ + 6* sin 2^ = 2ah sinC 

106. Prove that sina 068(^-7) - sin/3 008(0-7) = sin(a-p) CO87. 

107. If r be the radius of the inscribed circle of a triangle, shew 
that the product of the three perpendiculars from the angles 

on the sides will be ^^ ; — - r". 

aoc 

108. Given Log-sin 69° 37' 40" = 9.9358894, and Diff. for 10"= 124, 
find A' from the equation Log-sin^' = 9.9358921, and find 
also Log-sin^", where A" = 59° 37' 45".34. 

^p ^f • £X "^ Sft 

109. Prove that sin"* J- — = tan'* V-= 2 cos"* . 

a-^x a a + a? 

110. Find the sine, cosine, and tangent of (m + ^) tt + 6, 

111. Find the value of $ when sin \0 + ^tt) sln{^ - Jtt) = sin' Jtt. 

112. Given log 1 J = .0969100 and log. i =1.0457675, find the logs 
of 2J, 2J, and .2. 

113. AB^ ACi both measured in the same direction from A^ are 
the sides of a regular octagon and heptagon, inscribed in 
the same circle : find the number of degrees in the angle 
BACi and find also the interior angle of a regular figure, 
one of whose sides shall be BC, 

114. Prove that tan(a + ^)= . ^^'^'^-sj"'^ 

^ sinacosa-sm^cos/3 

115. From the arc AB of a circle, whose centre is O, AC \& cut 
off equal to the sine of AB : shew that the sector BOC is 
equal to the segment A CB. 

116. If p be the perpendicular from the angle C of a triangle 
upon the opposite side, shew that 

asin-4 4-5sin-B + csinC 2p 
he cos A + ac cosB + ab cosC~ ab ' 

117. K jR, r, be the radii of the circles described about and in the 
triangle ABC, shew that the area of the triangle 

= i2r (sin^ + smB + sinC). 

118. If cos(a +)3) sin (7 + i) = cos(a -^) sin(7 - ^), shew that 

tan^ = tana tan/3 tan 7. 

itA T X-* 1 I. *!. . sin-4 cos-4 cosC+cos5 

119. In any triangle, shew that -; — =r = = -^ , 

sm^ cos-BcosC7+cos-4 

120. Apply the last residt to shew that sin^ :sin^ :: a : 5, 
assuming the expression for the cosine of an angle of a tri- 
angle in terms of the sides. 
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121. Shew that, in any plane triangle, o=»(a-b) sec0^ where k 
given by the formula tan0 = ^ sin^^. What objec- 
tion would there be to using this formula, i£ a = h nearly? 

122. Find the value of ^ in the equation 

tan(^ + 46°) + tan(^ -45°) = 2 ianGGP. 

123. Prove (by means of the Binomial Theorem) that 

(1 + 2 co8«^ + 3 cos*^ + &c) (1 - 2 tan'^ + 3 tan*^ - &c) = cot*^ 

1 24. Given cos nA + cos (n - 2) ^ = cos^ : find A in general terms. 

125. Given that sin ()3 + d) + sin o (sm^fi - sin'o) + sin {2a - {fi - B)} 
= (cos*^-cos'a) sin(a42^), shew that sec^=sin(a+/3)tan(a-)8). 

126. Given log2 = .3010300, and log3 = .4771213, find the logs of 

VJ, Vh and (3J)-i- 

127. Ifa + )3 + 7 = w, shew that 

, ,2"-l TT a^ ^ ,2»-l TT /3. ^ ,2»-l ir , 7^ 
^^-2^-3^2^^'*"**'''^-2^-3^P^*^^"2^-3 + 2^' 
= the product of the same three tangents. 

128. Three objects A, B, Q form a triangle, whose ang^ are as 
the numbers 1, 4, 1. B is inaccessible from A or C; but an 
observer, walking from A towards C, measures a base AD 
(a feet) and observes the angle BDC; he then advances 
h feet farther to JE, and observes the angle BEC to be the 
supplement of the former angle. Find the distance of B 
from A : and shew that AB =: DB tonBDB. 

129. In any plane triangle, c = a cosB ± '^{f^-a* sin'j^). 

130. Given log2 = .30103, find the logs of 5, .016, ^, 6.25, If, 15i. 

131. Given cot"*(ii;- 1) - cot'*(nj+ 1) = i^a'*', determine x, 

132. Prove that ^°^ ^ ^^^^ . = tan(45° + J^) tani^. 

cot^ 4" cosec^ 

133. If ^ ■ = — T. : > then x = J(o-tan H tana)}. 

cos'a; co8*(a-ii;) ^ n-\^m 

134. The area of a regular polygon, inscribed in a circle : that of 
the corresponding circumscribed polygon : : 3 : 4 ; find the 
number of sides. 

135. Eliminate between the equations 

(a+5) tan(d-0) = (a-6) tan(d+0) and a cos 20 + h cos 2^ s c 

136. One angle of a triangle is 18° and another 54°, and the least 
side is 96 feet : find the greatest side. 
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7. If tanO s seca - tana, find in terms of a. 

3. The excess of the sine above the yersednsine, in angles less 

than 90°, is greatest when the angle is 45°. Prove this, and 

find the maximum value of the excess. 
9, Find the changes in sign and magnitude of the quantity 

sin^ + cos^, while changes from 0° to 360°. 
}. Find, in a form adapted to logarithmic computation, the 

area of a trapezium, whose two parallel sides are a and &, 

and c the distance between them. 

1. Determine cos0 from the equation tan^ = cosec0 - sin^. 

2. The angles of an inscribed quadrilateral, taken in order, when 
multiplied by 1, 2, 2, 4, respectively, are in A. P.: find them. 

3. Prove that 1 ± sin^ = 2 sin*(i^ ± i0). 

i. Determine A from the equation 1 + 2 sin 4^ => 4 sin 3 A cos A, 
5. Shew that the equation sin^ sin (2a + ^) + n cos' a = cannot 

hold, unless seca > ^(1 + n). 
5. If chord = cos^, shew that ^ = 2 cos"* V^osItt. 
7. A person, from the top of a tower, observes the angles of 

depression (a, p) of two objects, whose distance (a) from 

each other he knows, and which lie just in a line with the 

tower. Determine its height. 
). Find a from the equation tan^a b coseca. 
h Shew that 
{tan(^+46°)+tan(^-45°)}f{cot(46°+^)+cot(45°-^)}=sin2^. 

}. Eliminate between the equations 

m = cosec^ - sin 0, n = sec^ - cos^. 

1. If (a?-a) cos5 + c 8in(?-^) = 0, (y-5) cos*+ c cos(/-d) = 0, 
prove that (a: - a) sin^ + (y - b) cosl + c = 0. 

2. Given )3 =4a*, where a is the circular measure of 3' 47", shew 
that the value of p is 1", very nearly. 

3. Solve the equations (i) cos^ « co82^, (ii) tan2^ = 3 tan^. 

4. If a triangle ABC he formed, by joining the centres of three 
circles which touch one another, and if « be the semi-sum of 
its sides a, h, c, then the radii of the circles, whose centres 
are A^ B, C, respectively, will be « - a, « - 6, « - c. 

5. At the distance of 50 miles from a tower, its top just ap- 
peared in the horizon; determine its height, having ^veiL 
the Earth's diameter to be 7964 nuiea. 
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1 56. Shew that 1 + sin'^ cot^^ -2 siiL^ cot^ -f oos*^ tan*^ » chd*^. 

157. Given 1 - sina = 2 8in*{a: - fa), find x, 

158. If the side of a regular inscribed polygon be an m^ part of 
the radius, shew that the secant of the ai^le subtended by it 

at the centre will be ^r— i — * • 

2m"- 1 

150. Given tab-sin 18° 1' = 3092.936, find tab^inlS^ 0' 23*. 

-lo/x oi. xi. -L %A sin^(l + sin^)(l-tani^) ^ 

160. Shew that cos'^ + ^^ — 5 '-^ =-^ = cos^. 

1 + cot^^ 

161. Find the area of a circle, traced by a pair of compasses, the 
length of whose legs is 6 inches, and the angle between 
them 120°. 

162. Solve the equation tan^ (tan 2^ + cot^) = 2. 

163. Prove that the square of the side of an inscribed pentagon 
equals the sum of the squares of the sides of a hexagon and 
decagon, inscribed in the same circle. 

164. A general, having got possession of a town, ascends a tower, 
and sees a river, whose breadth he wishes to ascertain. He 
first determines the height of the tower above the hori- 
zontal plane to be 210 feet, and then observes the angles 
of depression of the two banks of the river, where it crosses 
the plain directly before him, to be 23° and 25°. Shew how 
he may find the width of the stream, having given 

L sin 2° = 8.5428192, Lsin23° = 9.5918780, Lsin25° = 9.6259483, 

log3 = .4771213, log 7 = .8450980, log 4.43 = .6472122. 

165. Determine when tan0 + 2 cot 20 = sin0 (1 + tan0 tan i0). 

166. Prove that cos^o - sin*a = cos 2a(l - J Bin'2o). 

167. In any triangle, shew that 

a co%A + 5 cos ^ + c cosC = 4i2 sin^ sin^ sinC, 
where R is the radius of the circumscribing circle. 

168. The sides a, 5, c, of a triangle are as the numbers 4, 5, 6 : 
find the angle B, having given log 2 = .3010300, L cos 27° 53' 
= 9.9464040, Lcos27° 54' = 9.9463371. 

169. Obtain the numerical value of sec 67° 30'. 

1TA Qu xv ♦ sin2a + cos2o . 

170. Shew that ; — r — t—tt-. = a coseco. 

(cos a - sm a) - (cos 3a - sm 3a) 

171. Put the expression acosd + 6 cos(^ + a) into tiie form 
k COS (6 +J3), determining the values of k and (3. 
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172. Two observers, a mile apart from each other, on the same 
side of a balloon, and in the same vertical plane with it, 
find its angles of elevation at the same moment to be 30° 
and 75°. Find the height of the balloon. 

173. Shew that 

cotd 4- cot2^ f coHO = co8ec4d(2 + 2 co82d + 3 cos40). 

174. Prove that the following rule for finding the distance of 
the horizon at sea is very nearly correct : take the number 
of feet in the height of the station above the level of the sea, 
and increase it by half that number; then the square root 
of this quantity will give the distance of the horizon in miles. 

175. The sides of a triangle are to each other as 9:7, and 
the included angle is 64° 12': determine the other angles, 
having given log 2 = .3010300, L tan 67° 54' = 10.2025255, 
L tan 11°16' = 9.2993216, L tan 11° 17' = 9.2999804. 

176. Express sin'd cos'd by a series of sines of multiples of 0, 

177. Find the distance from the eye, at which a circular disc 
of six inches diameter must be placed, so as just to cover 
the Moon, whose apparent diameter is 0°.95. 

_ cos'-B 

178. Transform the equation V(2 sec-4) = J V . ^ into the 

^ smC 

equation between the tabular logarithms of the quantities. 

179. Prove that 

cosec*^ + cosec^ - 2 coseod cosec0 cos(^ -0) = (cotO'-^coifpf. 

180. In making the circuit of a field, I walked 30 yards due S, 
then 60 yards due £, then 110 yards due N, and then 
straight to the place of first starting. Find the circum- 
ference and area of the field. 

181. If lines be drawn from the angles of a triangle ABC to 
the centre of the inscribed circle, cutting its circumference 
in 2), Et F, shew that the angles of the triangle DJEF are, 
respectively, i(7r + .4), }(7r + J9), iC^r+C). 

182. Eliminate 9 between the equations 

cos(0 - + o) cos(^ - a) = cos(0 - ^ - a) co8(9 ■\^a) = c, 

183. Write down the values of sec ifnyr, m being an integer. 

184. Express tan^ in terms of tan 2A, and exhibit by a geome- 
trical figure the two values of tan^. 

186. Solve the equation 8'. 125«^ = 2**«.5*, g^Nen \o^^c^ aSiV^*^, 
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186. The hypothenuse A3 of a right-angled triangle is trisected 
in D, £: prove that the sum of the squares of the sides 
of the triangle CD-S is f c». 

187. If the fraction . . )^ — ^ — remain the same for all 

a'sin(^ + a) + b' cosO 

values of 0, shew that aa' - hb'= (afh - db') sin a. 

188. If the tangents of the semiangles of a triangle be in A. P., 
shew that the cosines of the angles will be also in A. P. 

,«/^ ^' sin^ 2165 , , ^ . «« , 

189. Given — ^ = — — , shew that contains 3° nearly. 

190. Given L sin 17° = 9.4659353, L sin 1 7° 1' = 9.4663483, find 
L sin 17° 12", and the angle whose L sin is 9.4659894. 

191. 1£ f{x) = a cosa;^ + b sinar^, shew that 

fix + 2) - 2 cos^ . fix + 1) +/(«) = 0. 

192. K sin0 = m t&nO and siaO = n tan0, find cosd in terms of 
m and n. 

193. Prove that 

sin a ainp sin7 ^ 

8in(a-^)sin(a-7) sin(^-7)sin(^-a) sin(7-a) 8in(7-/8) 

194. Find the radius of a circle, when six inches is the length of 
the versed-sine of an arc whose chord is a yard. 

195. The side BC o£ & triangle is bisected in D : shew that 

cotBAD -' cotCAD = cot^ ^ cotC. 

196. Find A in the equation L cos^ = 9.9694579, 

given L cos21° 15' = 9.9694196, and DiE for V = 491 : 
find also L cosec68° 45' 24". 

wi + w 

197. If J(tan^ + cot^) = —z = , determine tan^ and cos 2^. 

m — w 

198. Prove that tan^, tan^, tanC, are in H.F., if 

cos (-4 - C) cosB = cos(-4 - JB + C), 

199. Find the general value of A, when cos-4 + sin-4 = V2» 

200. One angle of a triangle is 32° 15', the sides including 
another are 468 and 320 yards; find the latter angle, given 

log 2 = .3010300, log3 = .4771213, log 13 = 1.1139434, 
L cosec32° 15' = 10.2727724, L sin21° 23' = 9.5621316, 
L sin 51° 18' = 9.8923236. 

201. Determine from the equation cosO + cos2^ + cos 3^ s 0. 

202. Shew that any triangle may be divided into four others, 
three of which shall be isosceles. 
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3. If A\ S^, Cf be the angles subtended by the sides of a 
triangle at the centre of its inscribed circle, shew that 

4 sinA' BinB' sinC = sin-^ + sinJ? + sinC 

4. At 120 feet distance from the foot of a steeple, the angle 
of elevation of the summit was found to be 60^ 14''. Find 
its height having given tan 60° 1' = 1.7332149. 

5. Find the general value of ^ when cos 2^ ~ siaA. 

6. Shew that A + tan'* (cot 2-4) = tan"* (cot^). 

17. If the sides of a triangle ABC be divided in D, JE, F, eo 

^, . AF BD CE \ ^, ^ ^, „ ^, 

that -^^ = -^-=- = -j-= = , prove that the area of the 

BJc ClJ Alii fi— \ 

triangle formed by joining the points of section : area of 
original triangle : : n* - 3n + 3 : n*. 

)8. At the ends of a horizontal base (AB = a\ whose bearing 
(0) from the North is known, the angles (a, /3) are observed, 
subtended by the lines {BC, AC) which join the two ends 
of the base with the foot (C) of a certain pillar. Given 
also {$) the elevation of the pillar at the end A^ find its 
height and bearing from the North. 

)9. From the top of the Peak of Teneriffe, the dip of the 
horizon is found to be 1° 58'. If the Earth's radius be 
taken as 4000 miles, find the height of the mountain, given 
sec 1° 68' = 1.0005894. 

10. Given a = 65, 6 = 40, ^ = 54^10', L sin ^ = 9.9088727, 
L sin 36° 7' = 9.7704332, L sin 36° 8' = 9.7706063 : find B. 

11. If / be the length of the line, drawn from the vertex C 
of a triangle to bisect the base (2c), shew that the area 
of the triangle = §(/»- c») tanC 

12. The tangents of the angles of a triangle are as the numbers 
1, 2, 3 : find them, and shew that if p, q, r, be the per- 
pendiculars upon the opposite sides from the angles A^ BfC, 
then pqr = iabc, 

13. Given cosn^ + cos(n-2) A = cos^, determine A, 

14. Shew that cos"* + cos*(s - ^) + cos*(« - 0) + cos*(« - Y^) 

= 2 + 2 cos^ CO80 cosY^, if 2« = (? + + Y^. 
L6. Find the tangents of 36° and 37i°. 

16. Adapt a cosO + & sin^ to logarithmic computation. 

17. The sides a, 6, e, of a triangle are as the numbers 4^ 5^^\ 
shew that co8B = coa*A, and, having gvNen "Lco^bl? ^^' 
= 9.7601723, L cos 65° 47' = 9.7499S66, ^d \)cve wv^'i B. 



50 PLANE TRIOONOMETBT. 

218. If c be the chord of a quadrantal arc, a its radius, i 
a' the radius of the circle inscribed in the quadrant, si 
that a-\^ a! = c. 

219. An equilateral triangle and a regular hexagon have 
same perimeter: shew that the areas of their inscril 
circles are as 25 : 27. 

220. Prove that the area of a triangle 

= J(a" + 6* -c*) cotK^ + J» - C). 

221. Given cot A sinC= cota sin 6 - cos 6 cosC, find C in a fo 
adapted to logarithmic computation. 

222. Given sin4^ 4- 4 sin3^ cos^ = j find tan^. 

223. If the hypothenuse (AB) of a right-angled triangle 
divided in 2) by a line which bisects the right angle, tl 

AD iBDi'.l- tani(^-JB) : 1 + tani(^--B). 

224. Solve the equation 2 cos2^ = 2 sin^ + 1. 

225. From a station B, at the base of a mountain, its summit 
is seen at an elevation of 60°; and, after walking one s 
towards the summit, up a plane making an angle of 
with the horizon, to another station C, the angle BCa 
observed to be 135°. Find, in feet, the height of the mo 
tain above the horizontal plane at B, 

226. If sec a seed 4- tana tand «= sec/^, 

then seca tand + tana seed = tan/3. 

227. Shew that sin^ + cos^ + sinP + cosP 

= 2 ^2 cos {45° - 1(^ + B)} c<m\{A - B). 

228. Prove that cos*i7r + co8*|w + cos*|^ + cos*-iw = f . 

229. The elevation of a steeple, standing upon a horizontal ph 
is observed, and, at a station a feet nearer to it, its eleval 
is found to be the complement of the former. On advanc 
in the same direction h feet nearer still, the elevatioi 
found to be double of the first. Shew that the height 
the steeple is V{(« + ^)" - *<**}• 

230. Shew that ^versd ^^^^ 



sin(45° - id) + cos (45° - Jd) ' 

231. If ^ + ^ + C= 180°, shew that 

cosM + cosi-^ + cos J C= 4 cosK-4 + ^) cos J(5 + C) C08i(C+ 

232, Find x, when tan"*i -v 2 tan"*\ -v taxv'^i A^ wiV^x o ^. 
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233. A, B, C, are three stations. From JS a base BD (a) is 
measured along BA: also the angles CBD, BDC, BCA, 
(0, 0, yjr) are observed, as well as the depression (a) of A 
and the elevation (p) of B with respect to C. Find the 
height of C above the horizontal plane through A, 

234. Iff in any plane triangle, lines (/, m, n) be drawn bisecting 
the angles A, B, C, respectively, then 

r(l-i)+m'(i-^) + »'(i-J) = 0. 
CO a c a 

236. Shew that V(l + Bin^) = 1 + 2 sin J^ V(l - sin^). 

236. Find a?, when co&{x + f ) a + cos (ar + J) a = sino. 

237. If in any triangle the angles A, B, C, be in A. p., shew that 
oot^^, cotiB, cot^ C, will be also in A. p. 

238. Shew that cos'VS - cos'* \, t> = ^ . 

2 Y o 6 

239. Given the perimeter and the three angles of a triangle, 
determine one of its sides. 

240. If tan^ = cosa tan0, shew that tan(0-^) = ■= '^^ -^ . 

^ ^^ ' 1 + tan' Jo cos 20 

241. A man ascends a mountain by a path, which is the shortest 
distance between the base and vertex. The inclination of 
his path to the horizon is at first a; but afterwards it 
increases suddenly to /^, and then continues unaltered. At 
the top he finds by the barometer that he has ascended 
m feet in vertical height, and observes the angle of depres- 
sion (7) of his starting-place. Find the distance travelled 
by him in the ascent. 

242. Shew that in any triangle the length of the line from C, 
bisecting the side c, is J ^{2 (a* + 6*) - c^, 

243. Find x in the equation seed? s 2 sin' or + cosd?. 

244. ProTe that \ ^ '^'"^l "^"""l = \ ^ (""^^ r'l . 

1 + (cosec^S tan a;/ 1 + (cot)3 smar)' 

n>ie 01. *!. * -il-»»* -il-w* * ., 2(m-w)(l + mn) 

245. Shew that cos * r - cos * = — r = tan * -^ -5^-— ^J . 

1+m* 1+n" (l+»»n)*-(»»-n)* 

246. Given a, /3, 7, the distances from the angles of the point 
at which the sides of a plane triangle subtend equal angles : 
find the side c, and the area of the triangle. 

^A» 01. xi. ^ ^ -1 a? COS0 , .a;-Bin0 . 

247. Shew that tan * r r^ - tan * ~- = 4>, 

1 - sin0 coa(t> 
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248. Find the general Talue of ^ in the following equations : 
(i) 8in-4 = ± i V2 ; (ii) cos-4 = ± i; (iii) C08-4 + Bin-4 = 

249. In the figure of Etic, IV. 10, shew that the areas of the 1 
circles are as 5 + V^ : 2. 

250. Shew that the equation cos (a + jt) » cosa sino; + sin& may 
reduced to the two equations 

cos (0 + a?) = sin ft sec a cos 0, tan = sin (45° + a) sec 45° se 

251. Solve the equation tanO ■\- cotO = 4; and express the val 
of 6> by a single formula. 

252. Prove that cot"*n - cot"*(n + 1) = cot"*(l -^n + n*); and thai 
sum cot"*(l + 1 + 1*) + cof*(l + 2 + 2*) + &c. to n terms. 

253. Straight lines m, n, are drawn from the acute angles {A, 
of a right-angled triangle to the bisections (2), £) of 
opposite sides. Express the tangents of these angles 
terms of m and n. 

254. Prove that '^Y. ^ ""1^ = o"°o^^! x <«»(46° " ^)- 

sm3A - cos 3-4 2 sm2-4 - 1 

255. The angles of a triangle form a O. P., whose ratio is ^ : si 
that the greatest side = 2 (perimeter) sin 12° 51' 25^". 

256. If sin'^ + sin'j? = sin'C, is the triangle right-angled or nc 

257. If in the three edges, which meet in one angle of a ci 
three points A^ B, C, be taken at distances a, 6, c, from 
angles respectively, then the area of the triangle A 

= iV(«'^" + «V + 6V). 

25ft. Shew from £tic. xi. 21, that there can be only five reg 
solids, and that in these the faces will be either equilat 
triangles, squares, or regular pentagons. 

259. In a plane triangle, if a -{-h ^m, shew that a = m co 
h^m sin'0, where may be found from the equation 

m sin 20 = ^/{{m + c) (m - c)} sec J^C 

260. Find the value of cos"*J(-l)*", m being any integer; 
express the different results by one single formula. 

261. If pf q, r, be the lines {AD, BE, OF) drawn from, 
angles of a triangle to bisect the sides a, 6, c, respecti^ 
express a side (c) in terms of p, q, r. 

262. If tan^ = sin 2^, find A and chords. 

263. Employ a subsidiary angle to adapt ^(a + ft) + V(^ " ^! 
logarithmic computation. 
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264. Shew that the length of the line CD, which is drawn to the 

side AB of a triangle, so as to bisect the angle C, is 

2db C 

r cos — . 

a^-h 2 

265. Af Bf C, are three points in a horizontal plane, at known 
distances a, h, c, from each other, at each of which the 
height of a tower, whose foot is in the same plane, is seen 
under the same angle (a). Determine it. 

266. Shew that the equation sind -i- sin0 = sm(0 + 0) can only 
hold when one of the quantities, 0, 0, or + 0, is a multiple 
of 360°, (including zero), 

267. In a right-angled triangle, lines CD, CB, are drawn from the 
right-angle C, making towards the same parts angles a, ^, 
with the hypothenuse: shew that the area of the triangle 

CBB is — (cota^ cot/3). 

268. JfABCD be a quadrilateral, whose opposite angles are sup- 
plementary, shew that tan -jr = V / — Jr? ( > ^^^ s^©^ 

how this may be reduced to the corresponding expression 
for a triangle, by supposing one of the sides ((, c) opposite 
to the angle A to vanish. 

ft/*/^ xi_ XT- ^ 1 /CotJ^. cos^ cos"^ cos'0 o 

269. Prove that log, (-r-V) = "t- + -s~ ■»■ -T" + &c. 

*" sm^ 12 3 

270. A triangular field is to be divided among three persons in 
|»roportion to their ages, which are m, n, p, years respec- 
tively, by means of two fences, parallel to one of its sides. 
Shew how this may be done. 

271. Prove the formulae 

cosec2-4 1 + tan"-4 , . ^. . 

-i TT^ = n — I — TTi wid cosec-4 = coti-4 - cotA, 

1 + cosec2^ (1 + tan^)' ^ 

272. Sum ad infinitum (1 - 3"*) - i(l - 3"*) + ^(1 - 3"*) - &c. 

273. Prove, a priori, that sinm^, when expressed in terms of 
sinA, will have one or two values, according as m is odd or 
even, and that cosm^, in terms of cos^, will have only one 
value, m being in each case a positive integer. 

274. Find 6 when 2 + cot*^ = 3 sec*^ - tan«a 

2a:* 

275. When i? = Jsr, shew that (x ) tanx = \, 
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276. A ladder, whose length is 30 feet, stands against a wall, 
at an angle of 60° with the horizon. At what distance 
from its top must another of the same length be fastened, 
at an angle of 75° with the horizon, so as just to reach 
a window 48 feet from the ground? 

277. Solve the equation 8*. 1 25«-' = 2*^. 5', given log 2 = .30103. 

278. On the sides of an equilateral triangle three squares are 
described. Compare the area of the triangle formed by 
joining the centres of these squares with the area of the 
equilateral triangle. 

279. From the values of BD and sin-4 in (116), obtain the ex- 
pression for the radius of the circle, which circumscribes 
a given quadrilateral, in terms of its sides. 

280. If cos2^ = 4cosa cos^, shew that cos^ = cos45° tan(0±45°), 
where = ^tan'^(cosa sec45°). 

281. Let Vi, r,, r^, be the radii of the circles, which touch one 
side of a triangle ABC and the other two sides produced: 
then r^ cot J-4 = r, cot J^ = Tj cot J C = VC^i*** ■»■ fi^^ + r^r^). 

282. Shew that the ratio of the areas of regular decagons, de- 
scribed in and about the same circle, will be as 7:8 nearly, 
more nearly as 29 : 32, and still more nearly as 123 : 136. 

283. Determine oobO and cos0 from the equations 

p sin*^ - q sin*0 =p, p cos*^ - q cos*0 = q, 

284. From the top of a tower a person observes the depressions 
(a, p) of two distant points in the horizontal plane at the 
foot of the tower, (whose distance from each other he knows 
to be a miles,) and also the angle (6) subtended at his eye 
by the line joining the two points. Find the height of the 
tower, and adapt the expression to logarithmic computation. 

285. If the quadrilateral in (116) can also have a circle inscribed 
within it, shew that the sums of its opposite sides are equal, 
and thence that its area = ^(abcd): determine also the 
radius of the circle. 

286. Shew that sin^^, in terms of cos^, will have two values, 
but in terms of sin-4, four values. 

287. Calculate the common log of 255 to four places of decimals, 
having given logio2 » .30103, and the modulus .4342944819. 

288. Oiven Bin(a-0) = co8(a + 0), ftnd Q. 
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;9. If tan^ = ^~- 8in(0 + iA, shew that 

^ 8in(0-(-0 + Y^) ^^ ^' 

10. In a given circle is inscribed an equilateral triangle, and in 
that triangle another circle, and so on ad in/,: shew that 
the sum of the circumferences of all the inner circles is 
equal to that of the given circle, and the sum of their areas 
to a third of its area. 

>1. Find from the equation sinO - cos^ = 4 cos'^ sin^. 

^. The angles A, B, C, of a triangle are as the numbers 

2, 3, 4 : shew that cos J-4 = -jrr— . 

2,0 

•3. Three circles, whose radii are a, 5, c, touch each other ex- 
ternally : prove that the tangents at the point of contact meet 

in a point whose distemce from any one of them is ( — 7 — J . 

*4. If a circle be inscribed in a square, and between it and the 
four angular points four other circles be described, and so 
on continually, shew that the sum of the perimeters of all 
these circles : that of given circle : : 2 ^2 - 2 : 1, and the 
corresponding areas : : 3 V2 - 4 : 2. 

5. Shew that the sum of the squares of the distances of the 
centre of the inscribed circle from the angular points of 

a triangle =^ ac \hc ^^ ah ; . 

6. Adapt the expression r to logarithmic computation, 

both when a is greater and less than h. 

7. Prove that f (8 sini^ - sin 16) = 6 nearly, if ^ be small. 

8. ABf A C, are the chords of arcs of 60° and 90° in a circle, 
whose centre is O : shew that, if AB and OC be produced 
to meet in 2), the arc, whose chord is equal to DC, has its 
cosine and chord equaL 

9. Solve the equation tan* ^^—^ = 27r - 2 chd"* ,^,^ ,, . 

0. A person, walking from C to D on the horizontal road, can 
see plainly an obelisk on the summit of bi V^ ^\. A^ ^^^ 
eveij point hut E, where he can jtwt aee tScva ^^^\5k£4- o^^"^ 
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the hill 3, He then measures a base £C (a), and at C 
observes the elevations (a, p) of A and B, as well as the 
angles ACB, ACE, (7, ^). At E he observes the angle 
ABC (€). Find the heights of the two hills. 

301. From the four angles of an inscribed quadrilateral, lines are 
drawn to the diagonalsi making equal angles with them: 
shew that the product of two of these lines, taken alter- 
nately, is equal to the product of the other two. 

302. If + + Y^ = 90°, shew that 

(tand + tan0 -1- tan^^) (cot^ + cot0 + coty^) = 1 +C08ecd cosec0 cosec^. 

303. Find 6 from the equation sin'20- sin'^s^* and express 
its value by a single formula. 

304. Find the circular measure of 5° 43' 46". 46 ; and by means of 
the formula sina = a - Ja' + &c, obtain the numerical value of 
the sine of this angle, to seven places of decimals. 

305. If sin|^ be found from a given value of cot^, shew how 
many values of sin^^'l may be expected. 

306. Find x in the equation sin"^(2a:) - sin"* (a? ^3) = sin"**. 

307. If ^ 4- ^ + C= 9r, shew that 

tan^ tan^ tanC tan^ tanC tanJ9 

^ + [. + + 

tauB tanC tan^ tanC tan^ tan^ 
= sec^ sec^ secC- 2. 

308. P is any point in the circumference of a circle, whose 
diameter is AB, Take LBAB = 0, and find, geometrically, 
the expression for 2 sind in terms of sin 20. 

309. If -^=«5^ = *?^(^. shew that 

1+a: cos(/3-0) cot/3 

X = {cotja - 2 tan^}i {cot Ja + 2 tan/3)*. 

310. Write down the first twenty positive values of 0, which 

. ^ , . sin 20 sin 120 ^ , n 

satisfy the equation --^ :— ^ =0; and express generally 

the values of which satisfy it. 

311. If two lines, at right angles to one another on an inclined 
stratum, make angles a, /3, with the horizontal plane, shew 
that the dip (0) of the stratimi is given by the equation 

COS0 = {cos (a + /3) cos (a - /3)}i 

312. A circle revolves in its own plane round a point O, and from 
a point P in that plane the greatest and least angles under 
which the circle is seen are 2a, 2/3. Shew that the distance 
of O from the centre of the crtcle = PO %\Tk<j>,^lkste 

tan«(45° + \(t>) = ama ^ smp- 
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). At what distance may the Peak of Teneriffe, which is 2^ 
miles aboTe the level of the sea, be first seen from the top- 
mast of a ship, 80 feet above the surface ? 

1. Given the areas At Bj of the regular inscribed and circum- 
scribed polygons of a circle, each of the same number of 
sides, find the areas of the corresponding regular polygons 
of twice the same number of sides. 

5. The sides of a triangle are in A. p., and its area is to that 
of an equilateral triangle of the same perimeter as 3 : 5. 
Shew that its largest angle is 12(F. 

6. If the sides of a triangle are a, b, c, and another triangle be 
formed, whose sides are proportional to acos^, bcmB. 
c cosC, shew that the angles of this latter triangle will be 
the supplements of 2 A, 2B, 2C, respectively. 

7. Eliminate and from the equations 

a sin*0 + h cos^O = m, a co8"0 + b sin'0 = n, a tanO = b tan0. 

3. A staff, one foot long, stands at the top of a tower 200 feet 
high. Shew that the angle which it subtends at a point 
in the horizontal plane, 100 feet from the base of the tower, 

is 6' 51", nearly. 

c + 5 
). Shew that in any triangle tan(jff + ^-4) = j- tanJ-4 ; and 

if 3c = 76, and A = 6° 37' 24", find the other angles, given 

log2 = .30103, L tan3*» 18' 42" = 8.7624080, 
L tan8° 14' = 9.1604669, L tan 8° 13' 50" = 9.1603083. 

). Given tan + tan0 + tan Y^ = 1 + f V3, tan^ tan0 tan^ = 1, 
and tan^ tan +tan0 tan*^ + tan0 tanY^ = 1 + f ^^ ; find 

e, 0, Y^. 

i. Given tan|a = tan^^/3, and tan/3 = 2 tan0, shew that is 
an arithmetic mean between a and fi. 

I, Two objects are seen in the same direction to the S£, and, 
when the observer has moved 8 miles due S, the one bears 
NE, and the other due E : how far are they apart? 

J. K the tangents of the angles, A^ B, C, of a triangle increase 
in a G. P., whose ratio is n, shew that sin 2^ = n sin 2C 

us St 

L Find x from the equation 8ec"*a + aec'^ - = ^wf H> \ ^^si^ - • 

a w 
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325. K in a regular polygon lines be drawn from the extremitiefl 
of any side (a) to those of any other side, so as to cross each 

other, shew that their intersections will all He in a circle 

, ... a 27r 

whose radius is - cosec — . 

2 n 

326. In the ambiguous case of oblique triangles, if c, </, he the 
two values found for the third side of the triangle, shew that 

c* -f 2c(/ cos 2j& + c" = 46" cos»J9. 

327. If r, Tp rg, r,, be the radii of the inscribed and escribe^ 
circles of a triangle, and 22 of its circumscribing circle, 
shew that the area of the triangle = V(^i''«*'i)> ^^^ ^* 

r, + r, + rj - r = 422. 

328. Shew that the triangle, square, and hexagon, are the only 
regular figures by which space can be completely filled up 
about a point. 

329. Given sin(^ + 0) = tan(0-0) = j(tan^-tan0), find^and^. 

330. Find x from the equation 

ver8-*(l + a?) - vers'»(l -x) = tan"» 2 V(l - «*). 

331. Given that the line, bisecting the angle A (also given) of 
a triangle, divides the base in the ratio of m : n, find tssiB, 
and adapt the result to logarithmic computation. 

332. If the angle C of a triangle be very obtuse, shew that iU 

defect from 180^ = 206266 J^i^'^^)'^-^^-^) seconds, nearly. 

333. Two objects, P, Q, are observed from a ship to be at the 
same instant in a line bearing N. 15° E. The ship sails 
NW for 5 miles, and then P bears due E, and Q bears NE. 
Find the distance between P and Q. 

334. The perimeter of a triangle is four times its base (c) : shew 
that if r be the distance of the centre of its inscribed circle 
from one end of the base, and the angle it makes with the 
base, then r(l + sin"0) = e cos0. 

335. K r = tan{sin"*(r )}, where n is very small, prove that 

^ 1 +w 

r = tan{a(l - n sec*«)}, nearly. 

336. The distance between the centres of two wheels is a, and the 

9um of their radii is c : shew that the length of the string, 

Which crosses between the wheels and just wraps around 

ft 
them, is 2 {v^(a* - c") + c cos'* ^- -% 
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7. (Hven a = 8ec^ + cosec^ tan'^(co8ec*^ + l) 

b = tan^ - tan'^(cosec"^ + 1) ; 

shew yiat a* - 6^ - 23. 

8. A person standing at known distances (a, h) from two 
towers, in the same vertical plane with himself, observes 
their apparent altitudes to be the same. He then walks 
a given distance (c) towards the towers, till the elevation of 
the one is double that of the other. Find their heights. 

9. The alternate angles of a regular pentagon being joined, 
shew that the area of the interior pentagon thus formed is 
to that of the original figure as 3 + V^ : 3 - ^5, 

0. In the figure of £tic, i. 1, find the area of the part common 
to both the circles, the radius of each being a. 

1. A piece of paper in the form of a circular sector, whose 
angle is 2 and radius 2 inches, is formed into a conical cap. 
Find the area of the conical surface, and also of the base 
of the cone. 

2. Shew that x cannot be real in the equation tan'^ = tan (x-a), 
if sina be greater than ^. 

J. Given tan'ar + sec 2a: = 7 - \^ V3, find x, 

L From the extremity A of the diameter A CB of a semicircle, 
whose centre is C, a line ^P is drawn to the circumference, 
bisecting the semicircle. If be the circular measure of the 
complement of PCB, prove that cos^ = 0, 

y Two circles have a common radius r, and a circle is de- 
scribed touching this radius and the two circles : prove that 
the radius of the circle which touches the three = ^^r. 

3. Determine x and y from the equations 

tan"*ar - tan'^y = cot"*2y - cof*2ar = Jtt. 

1. Shew that i{2 (sin 2^ - sin0) + (tan 2^ - tan ^)} = ^, very 
nearly, if be small. 

). A ship, sailing SSW, was observed by another, sailing 
away from the former, due S, to subtend an angle of 20' : its 
length being known to be 150 feet, determine its distance. 

). The sides AB^ BC, &c. of an inscribed quadrilateral are 
in G. P., of which the common ratio is m : shew that 
tan-4^C : tan^C7i> : : m* - 1 •. m* Jr 1. 

>. If tana tano! » taxi* (a -i-x) - tan* (a - x), ftn^ <io^x« 
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351. If two somioirclcs be described upon the bounding radii of a 
quadrant, the circle which touches the three circumferences 
will have its radius : radius of quadrant : : V2 - 1 J 3 V^ - !• 

352. A circle is inscribed in a trianglci and a second triangle 
is formed, whose sides are equal to the distances of the 
points of contact from the angles of the triangle. If r be 
the radius of the circle inscribed in the first triangle, and 
r^, r", the radii of the inHcribed and circumscribed circles 
of the second triangle, then will r" = ir'r^', 

353. The area of a regular pentagon : area of isosceles triangle 
used in its construction (^uc. lY, 11) :: ^6 :1, 

354. Determine Xf when 

2 C080C-' V(*' - 2* + 2) = J^ + chd- ^^^X,2) • 

355. A hexagon is formed by drawing lines from each angle of 
a triangle, perpendicular to the sides containing that angle. 
Show that a circle may be described about it, and that the 
area of the hexagon is double of that of the triangle. 

356. Shew that in the ambiguous case, when a and b are very 
nearly equal, the number of seconds in the angle C will be 

(nearly) -^ ■ .^ j„- or (^ - 22?) x 60 x 60 - L. ^ ^i^ j, . 

357. Solve the equations 

^ , . ., _1_ sin*^ co8*0 + cof^O sin*0 5 
e^-</) = sm ^j^, gijja^-co-«0 ^ co8"eraE?0 ° 3 ' 

358. In any triangle, given the sides b, c, shew that if A receive 
a small increment (a), then B and C will receive small 
decrements, respectively, 

aHinii cosCcosec^, and a sin C cos^ cosec^. 

359. Prove geometrically the expressions for ninO in terms of 
cos2(^ and sin 20; and explain the two values in the former 
caHC, and the four in the latter. 

360. The angles of a triangle are as 3, 4, 5 : find its area, having 
given r, the radius of its inscribed circle. 

361. Given 

nnO^(l + tBin*atBin*^)-\-conO'J(l-t8Ln*atein*p) « tana+ tan/3, 
find Oina. form adapted to logarithmic computation. 

362. If the middle points of the Hides of a triangle be joined 
with the opposite angles, and r^, r^ &c. Jt^, R^ &c. be 
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the radii of the circles described in and about the six 
triangles thus formed, shew that 

3, If from the ends of the base of a semicircle two chords 
be drawn, crossing each other and making angles a, /3, 
with the base, and if the extremities of these chords be 
joined, the areas of the two triangles thus formed will be 
as cos'(a + ^) : 1. 

4, Shew that W[i(i5°±x) = ^{}(l±axi2x)}i and thence prove 

OQO 

that 2 cos(60° ±'^) = V[2 - V{2 - V(2 - &c)}], where the (2) 

occurs n times, and the upper or lower sign is to be used, 
according as n is even or odd. 
>5. If be a small angle, containing n", shew that 

logj^n = L sinn" + ^10 - L cos^) - L sinT', nearly. 

6. Eliminate from the equations 

a t&nO + 6 sec^ = c, a cot^ + h cosecd = d. 

7. If, in any triangle ABC, a line be drawn from A to the 
point 2), where the inscribed circle touches the opposite 
side, and if in the two triangles, thus formed, circles be 
inscribed, shew that they will touch AD in the same point. 

8. If(? + + '^s 90°, shew that sin^ + 8in0 + sin^r - 1 
= ^/2(coslO - sin J^) (cos J0 - sin J0) (cos|^Y^ - sin^Y^). 

9. The distance between two points is c, and their distances 
from a given line a, h. Of all triangles that can be formed, 
having the same base c, and with their vertices in the given 
line, the area of that which has the least perimeter is 

a + o 

0- From a vessel sailing SW at the rate of 8 miles an hour 
a landmark is seen to bear S£ by E, and 1^ hour after- 
wards it bears E by N. Determine the distance of the 
vessel from the landmark at each observation, given 
sin33° 45' = .555, cosll° 15' = .980. 

1. If from any point P, within or without a triangle, perpendicu- 
lars Pa, Phf Pc, be dlropped upon the sides -BC, AC, AB, 
and circles be described about the triangles Pah, Pac, Pbc, 
the area of the triangle, formed by joining the <i%\\fct^"e» <2ki 
these circles, will be J of the area of t\ie tr\fiiii^<& ABC 
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372. Find the yalues of x which satisfy the equation 

sin {2 cos-* cot (2 tan-*a:)} = 0. 

373. If a = ft + c, shew that 



rl + cos ma 1 - cos mcV f sin ma Binmc \* 
\ ab be J \ ab be J 

1 ja*-¥l^-¥i^ ^ cos ma ^ cosmft cosme^^ 
" abe \ abc a b c j' 

and find the value of either side, when a^^iC, 

374. If be the angle between the diagonals of a parallelogram, 
whose sides (a, () are inclined at an angle (a), find tand. 

375. Six circles are described between the escribed circles of a 
triangle and the angular points, each touching a side and a 
side produced. Shew that the products of their radii, taken 
alternately, are each equal to & tan*J-4 tan*J5tan'}C, 
where S is the area of the triangle, and 2« « a + i^ + e. 

«»,« T^ »/i cosa cosa' - tan^ tana , 

376. If cos*^ = 5, co8*^ = -, and - — - = - i» 8^«^ 

cosp co&p tan^ tana' 

that tan J^a tanj^a' = tan J/3. 

377. Shew that 

ia» cosec«(i tan"* j) + |ft» sec«(f tan"" - ) = (a + 6) («" + 5"). 

378. Prove that tan}-4, when expressed in terms of sin^, will 
have four different values. 

379. If cot^ - coto = 2 sec 20, and cot^ - 3 sina' = sin*0, find 
what values must be given to a and a', so that tan^ - tan^ 
may have a fixed numerical value for all values of 0. 

880. If a, a', be homologous sides of similar triangles, described 
in and about a circle, shew that a = 4a' sin j^ sin^^ sinjC 

381. The elevations (a, /3, 7) of a balloon are taken at the same 
moment, at three points Af B, C, in the same horiioDtal 
line. Given AB = a, BC-b, determine its altitude. 

X bx 

382. Given vers"* - - vers"* — = vers"*(l - b) : find x. 

a a ^ 

383. A person, wishing to determine the length of a wall upon 
the opposite side of a stream, places himself due South of 
one end, and then due West of the other, at such distances 
that the angle which the wall subtends at each position 
is (a). Shew that, if a be the distance between the two 
stations^ the length of the wall will be a tana. 
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4. If oo8(a-d?) = 0080 COS&, where x is very small, prove that 
X =3 - 2 cota sm* J5(l - coif a sin'Jft), very nearly. 
How may we find from this the number of seconds in x ? 

15. If m cos a V{K^ ~'^*)} ^^^ ^^^^^ ^ tan'i0y shew that 

m = |(co8*a + sin*o)«. 

•6. Two ships are sailing uniformly, with velocities ti, v, along 
lines inclined at an angle 0. Given a, b, their distances at 
the same moment from the point of intersection of their 
courses, find their least distance from each other. 

•7. On the sides of a triangle ABC, as diameters, three circles 
are described intersecting in P, Q, It: shew that the pe- 
rimeter of ABC : that of PQB :: 1 : 4 sin J-4 sinJJ? sinfC. 

8. Find the value of x, when sin2x = sin* 3d;* 

9. A and B are two observed angles of a plane triangle, which 
have small imknown errors. What is the form of the 
triangle which will give sin {A + B) with the least error ? 

0. Shew that may be found from the equation 

sin'^ = sin(a - ^) sin (P - 0) sin (7 - 0), 
^ere a + ^ + 7 = tt, by either of the formulee 
cot^ = cota + cot^ + cot 7, or cosec'^ = cosec'o + cosec"^ + cosec'7. 

1. A circle is described about a triangle ABC, and a new 
triangle A'BC is formed by joining the points of bisection 
of the arcs, subtended by the sides of ABC Shew that the 
sides of this triangle are Jacosec}^, l^cosec^J?, ^cosec^C, 
and that its area : areaABC :: 1 : 8 8in|^^ sm^B sin| C. 

2. The shadows of two vertical walls, which are at right angles 
to each other, and are a and a' feet in height, are observed, 
when the Sun is due South, to be 5 and 1/ feet in breadth. 
Shew that, if a be the Sun's altitude, and fi the inclination 
of the first wall to the NS line (or meridian,) then 

cota = V(-, + ^), cot/3 = ^. 

I. The circles described through any three of the centres of the 
four circles, that can be drawn touching the sides or sides 
produced of a triangle, have all the same radius, which is 
twice that of the circumscribing circle of the triangle. 

i. If P be the centre of a circle, ladius R, NiVaOcv ^^s».visa. 
throu^li the three angles of a triangVe, wid. Q \)cv^ ces^Nx^ 
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of a circloi radius r, which touches the three sides, then 
^Q=V(-^T2i2r), ^ according as the hitter circle lies tcitihin 
or toithout the triangle. 

395. If Qj, Qgf Q„ Q^f be the centres of the inscribed and 
escribed circles of a triangle, and P that of the circum- 
scribing circle, shew that PQi* + PQ,»+PQ,» + PQ4»= 122?. 



396. Prove that sin^ s ^ cos - cos r: cos rj ... (ul infinitum, 

AAA 
1 X 

397. Find the value of -— vers"* - , when a: = 0. 

'^x a 

398. At noon, a column in the ESE cast upon the ground a 
shadow, the extremity of which was in the direction NE. 
The elevation of the column, as seen from the spectator, 
being (a), and his distance from the extremity of the shadow 
a feet, determine the height of the column. 



399. Find the value of (1 4 sec 0) (1 + sec -) . .. (1 + sec —^^ 

400. The sides of a triangle are in A. P., and the distance of the 
centres of the inscribed and circumscribed circles is a mean 
proportional between the greatest and least of them. Shew 
that the sides are as the numbers V^ " li V^i V^ + !• 

401. If on the sides of a triangle are described three triangles, 
whose vertical angles are equal to those angles of the tri- 
angle, which are respectively opposite to them, shew that 
the triangle, formed by joining the centres of the circles 
circumscribed about them, is in every respect equal to the 
original one. 

402. Find the value of ^, when 

(1 + cos a cos^) tan {0\a)\ (cosa + cosd) sina => 0. 

403. If o < 45°, prove that 

2 tan »{tani (46° - o) tan m « cos"' ^" + QQ«P . 

404. A flag-staff, 8 feet high, on the top of a tower, subtends 
an angle of 57' 17".75 at 100 yards from the foot of the 
tower : determine its height. 

405. If «, yy 2, be the lengths of lines, bisecting the angles of 
a triangle, and terminated by the opposite sides, a, 5, c, shew 
that «:*!/•«• 

00 ac CO 
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6. Find the area between three circles which touch one another, 
and whose diameters are V^- li V^^ 1> 3- V^i ('»' = **)• 

7. The base of a pyramid being square, and its sides equilateral 
triangles, if 0, (p, be the inclinations of its sides to the base 
and to each other respectively, then cos'^ = cos(7r-0). 

8. Shew that, if a + ^ + 7 = 90°, then 

cosa + sin^ - sin^ 1 + tan|a 
cos^ + sin7 - sina " 1 + tani^ * 

'9. If the circumference of a circle be divided into arcs of 60^ 
in the points P^ P„ &c, and if PiP, be joined, cutting the 
radius OP^ in Q„ and then QiP^ be joined, cutting OP, 
in Q,, and so on, then OQj, 0Q„ OQ^, &c. are respectively 
the half, third, fourth, &c. parts of the radius. 

0. In a segment of a circle, whose radius is r, and length 

of arc /, a circle is described, touching the middle point 

of the arc. Shew that the radius of the circle, which 

touches the chord and arc of the segment, and also the 

. r . I 
inscribed circle, is - sin* — . 

1. Prove that tan» J {sin"* (3 sin a)-^a}^ tan J{sin-*(3 sin a) - 3a}. 

2. Solve the equation cos 70 + 7 cosd » 0. 

3. lIAfJB,C, be the angles of a triangle, shew that 

cosn-4 + cos»P + cosnC = 1 ± 4 sinlnA sin JnP sin JwC, 

or = - 1 ± 4 cos|n-4 cos J»P cos JnC, 
according as n is odd or even. 
L The centres of the escribed circles of a triangle are joined, 
so as to form another triangle ; this is similarly treated, and 
so on. Shew that the radii of the circumscribing circles will 
form a o. P., whose ratio is 2. 

I. From the equation h cos(0 + a) + cos a = derive the equation 

(1 + &COS0) tan(0+a) + (A + COS0) Atana = 0. 

45® 
5. Shew that 2 cos — ^ = ^{2 + V(2 + &c)} to n terms. 

J. Squares are described upon the sides of a triangle A£Q 
and their centres are joined, forming the triangle LMN: 
prove that area LMN = (1 + i|?) area ABCy 

where p = cot-4 + cotB Jf co\.C. 
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418. On the side of a hill there are two placesi JB, C, inaccessible 
to each other, but known to be at the same distance (a) 
from the same station A. At the lower place C, the hori- 
zontal angle (a) between A and £ is measured, as well 
as their altitudes (X, fi). Shew that the distance JBC 

= 2a{co8(K~fi) c08'ia-cos(X+yu.) sin'^a}. 

419. If tan^ = -, shew, by Demoivre's Theorem, that 

tn *** Ml 

(a + 6 V-ir + («-* V-1)" = 2(a«+y)^ COS ^ a 

fi 

420. Shew that if 2co8a„ = ar^ + — , and oi + o, + &c + o^ = 27r, 

421. If a*+h* = 2 and ab = ^-1 tan20, then as cos0 ^/{2 sec20). 

422. If ^ = cos^, shew that contains 42° 2(f, nearly. 

423. Find the sum of n terms of the series 

tan"*a + tan"* r — ^-jr-5 + tan"* - — ^-—j + &c. 
1 + 1.2a* 1 + 2.3o* 

424. If 6** cos a; be expanded in a series of ascending powers of x, 
find the coefficient of a:**. 

425. Sum to n terms the series sin*^ + sin*2d + sin*3^ + &c* 

426. Prove that sin6«* smW sin26° ... sin86° = --^^ — . 

256 V2 

427. Find by Trigonometry the roots of a:* - 3a: + 1 = 0. 

428. Prove that the sum ad infinitum of the series, whose 

nU.tenni,(-ir^.-^^.i,.Lrin(|,l). 

429. Given = cot^, shew that ^ = 49° 17' nearly. 

430. Shew that sinlO° 8in30° sin50° sin 70° = A. 

431. If I be the length of a curve ^C upon a line of railroad, and 
c the direct distance between its extreme points, shew that 
the radius AB of the circle of which the curve is a portion 

432. Find by Trigonometry the roots of 2a:' - 3a: - 1 = 0. 

433. If tana = m tan^, shew that 
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:. Shew that « srn^ + - sin2^ + -- sinS^ + &c = tan"* (r ^). 

i. Solve the equation S** - 36a:* + 42ar - 13 = by Trigonometrj'. 
>. If m be any integer, prove that 

tan -— tan -— tan — - ... tan ^ — :; = ± 1. 

4m 4m 4m 4m 

r. Shew that cos 2^ co8ec'2d = icosec*0 - co8ec"2^ : 

and thence sum to n terms the series 

cos 20 cosec*2d + 2 cos 40 cosec*40 + 4 cosSd cosec*80 + &c. 

3. If tan(ia-0) = tan'Ja, shew that 

= — sina - 23; s"^2a + —^ sin3a - &c. 

9. Simi to n terms the series sin*^ + sin*20 + sin*30 + &c. 

0. In any triangle shew that log^& - log«a 

(cos 2^ - cos 2^) + J (cos 4-4 - cos4^) + J (cos 6 A - cos6I^) + &c. 

1. Simi to n terms the series 

(cosa + V~ 1 sino) + (cosa + V" 1 sino)' + &c ; 
and deduce from it the sums of 

cosa + cos 2a + &c, and sina + sin 2a + &C. 

2. Sum the series cos^ + cos 3.^1 + cos 5.^1 + &c. to n terms. 

3. If sin0 = sin^ sin(^ + 0), prove that 

= 6111 A sinB + isin'A sin 2^ + J sin'^ sin 3^ + &c. 

4. Sum the series ad infinitum 

A COS0 „^ cos"0 -^ COS*0 .^ t, 

COS0 + -— — COS 20 + -— r- COS 30 + cos 40 -f &c. 

1 1.2 l«2.u 

6. Prove that 

tan^,(2-> + tan^ + 2tan J+ .. + 2-«tan J) = 1. 

6. Prove that 

log«(l-n cos0)=2(log,a-m cos0- Jm'cos20+im*cos30-&c), 

Q 
where m = - , a, fi, being roots of 2«* - 2a: V(l +") + n = 0. 
a 

7. If a: = cot «, shew that tan"*(« + A) - tan'* a: 

= Asins.sins - |A'sin*z.sin2z + ih^ sin^e.sin32 + &c. 

8. Sum to n terms the series 

sec sec 30 sec 30 sec 50 sec 50 sec 70 „ 
cosec20 cosec40 cosec60 

9. If tan 20 =: cosa tan 20, shew that 

^=: cosa taiKp - J cos 3a tan?(/> -V \ co^&a \jM^<t> " ^^* 
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450. If from one of the angles of a regular polygon of n lidei, 
lines be drawn to all the other angles, shew that their sum 

-{a cosec* ~ , a being the length of a side. 

45 L Expand log«(a cos*^ + h sin*^) in a series of the form 

A^B coB*0 + C co8«2^ + D co8»3^ + &c. 

452. The circumference of the inner of two concentric drolei, 
radii It, r, is divided into n equal parts. Shew that the 
sum of the squares of the lines drawn from the points of 
division to any point in the outer circumference an(jff^f')* 

453. Prove that 

sm^ sin^ - J8in2^sin«^+ JsinS^ sin*^-&c = cot"*(l 4 cot^ + cot?^). 

454. If » be an even integer, shew that 

cosec* -r- + cosec* ;r- + &o + cosecP ^ ^ o — . 
2n 2n 2n 2 

455. If C be the middle point of a semicircular arc whoie 
diameter is AB, and the angle A CB be divided into n + 1 
equal angles by lines terminated by the diameter ; shew that 
the sum of the squares of the reciprocals of the dividing lines 

1 TT 

= 7r-» fn+ cot rrr — n), where r is the radius of the circle. 
2r*^ 2(«+ir 

456. The circumference of a circle, whose centre is C and radiua a, 
is divided into n parts, each of which subtends the same 
angle at a point O within the circle. If CO » 5, and fp fp 
&c. be the lines from to the points of division, shew that 

r, + r, + &c = (a*-6*) (- + - + &c). 

457. Circles are inscribed in triangles, whose bases are the sides 
of a regidar polygon of n sides, and whose vertices lie in 
one of the angular points : shew that the sum of the areas 
of the circles 

r being the radius of the circle circumscribing the polygon. 



ANSWERS TO THE EXAMPLES. 



I, a. 4.5^. e. iab. 9. ^Osq.yds. 10. .00000042366. 
fn±p 

5. J{co8(m + n + r)^ + co8(m + »-r)^ + co8(m + r-n)^ 

+ cos(n-fr-m)^}. 17. ±^^^4^. 18. 93.91 ft. 

). 8in^= i{V(l-sin2^)-V(l + 8in2^)}, 
coa^ = - i{ V(l + 8in2^) + V(l - 8m 2^)}. 

5. -i(V6 + V2), V6 + V2, -(2fV3). 

I. 30°or(3nfl)j9r. 32. 121 }u. 36» 7968 mt7e«. 

3. S5 8q.yd8. 39. 86.4 2^(^9, 115.2 yefo, 64.8 j/c^. 

D. ^ = 7P16'=79^16*16"; J? = 3° 45' = 4*' 16' 66 \ 

1. 6^0'^' 42. .8, f , .894. 45. 121^ sq. yds. 

7. 47° 44' 47". 49. 21 sq.ft. 50. 78a lE 13P. 

6. Jatana. 57. 15a Or 33Jp. 61. fjr. 
2V(a6) 2ft 64. 1.8573326, 1.6532126, 

' a + b ' a + b' 3.2552726, 4.3802113. 

3. fL!El?2j|. 72. .01332556. 77. 45°. 78. 10 and 9. 

9. oMv(o^ + 6^),- (a^J*)*. 80. .016297; 56' 1^'. 

1. 171^53' 14". 82. 8a1r24p. 85. 25:4:9. 

8. ^Q (10m + 9n) degrees; ^s{\0m-9n) grades, 88. 75^. 

9. HZ^, 90. 45°or(4« + l)Jw. 92. 31 «^. m. 
fw + w 

3. 2r 8? 21 s<?. y«fo. 94. 90°. 96. 32J^. 

7. 15 miles. 99. 96°, 216° : 24°, 36°, 120°. 100. 2640. 

1. «* + y^ = 2l 103. ±co8j^, ±8mf-4. 

8. 59°3r42".18j 9.9358987. 

0. (-ircos^, (-l)*^^8in^, -cot^. 

1. 60° or {3« + (-l)-}>. 113. 3iV; 173^°. 

2. 30° or (3n + l)j9r. 

i. 90° or (4n±l)i^; -^ or ^^'^. 

S. 1.8494850, f.8409595, 1.8316166. 

2a + 5 130. .6989700, 2.2041200, 1.6989700, 

V3 ' .7958800, .2041200, 1.1938200. 

1. ±(V3+1). 134. 6. 135. a* - ^ttc <io^^<t> \ ^ ->^ 
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136. 296 Jt. 187. (n + J)w-Ja. 188. V2 - 1. 

139. The limitB are ± \/2. 140. foe sec*^, where tan»^ =- . 

141. J(V5-1). 142. 40°, 80°, 140°, 100°. 

144. 15° or {0n + (- 1)"} ,\t. 147. ?L^1^JE1§ . 

148. (4n±l)iw. 150. m*n^(m* + «5) = i. 

153. (i) fn7ror2»7rj (ii) njr or (0n±l) Jtt. 155. 1657 A 

157. nvornir-^a. 159. 3091.230. 161. 339f «^. in. 

162. ±30° or (6«±l)J»r. 164. 44^. 

165. ± 45° or (4n ± 1) Jtt. 168. 55° 46' 16". 169. V(4 + 2 V2). 

» . 

171. Aj = V(«' + 2o6coBa + ft^, /3otan-' f^*^"* . 172. imUe. 

' '^ a + 6 cosa ■ 

175. -4 - 69° 10' 10", ^ = 46° 37' 50". 

176. i sin^ + ^^ sin3(? - A 8in5^. 177. 30yjJ. 
178. 3 Lsec^ - 4 Lcos J9 + 2 LsinC^ 4.90309. 

180. 800 yds; 4200 f^. yds. 182. co80 + C082a e c. 

183. ± 1. ± 2. 184. - Ityg^y-O . 186. 1.06. 

tan 2 A 

190. 9.4660179, 17° 8'. 192. ±mV-V4-- 

m* + 1 

194. 3y(fo. 196. 21° 14' 13" | 10.0305608. 

197. or ; ±-5 ;. 

199. 45° or {2« + (- If} Jw. 200. 126° 22' or 96° 27'. 

201. 45° or 120°, or, generally, (4n±l)l»r or (6»±2)iw. 

204. 208yU. 205. (4n + 1 ) > or (4n - 1) ^. 

208, a -^-^ tan^, - a. 209. 2 m 629 yds. 

8in{o + ^) ^ *" 

210. 36° r 47". 213. (2n + 1) \ir or -^^ ^ | ^. 

216. u^k 008(0 T (?), where tan0 a - , A; » a 8ec0. 

217. ^b"" 46' 16''. 221. A; 8in(C+0) « cota 8in5, where 
222. 0, 00, V2. tan0sco85 tan^, ib » cosft co8ec0. 
224. nrr + (- 1)- ^^tt or nw - (- 1)- ^rr. 225. 12492. 

m m. 833. "aj^^e^^ls^^p^^ + wn^. 
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6. (2n - - 1) ± i (- - 1). 289. a = « nmiA sec iJB BeciC 

a 2 a 

1. ^ cos{Ka4^)-'Y | . 248. «^ or (6n± 1) J^. 

8. (i) (4n±l)i7r; (ii) {6n±l)i7r or {6n±2)i7r; (iii) (8«+l)i7r. 

1. 15^ {6n+(-ir}A^. 252. tan'^jj^. 
3. tan^ = Vt^^ = cot J?. 256. C=90°. 

0. [6n ± i{3 -(-!)"•}] i^. 261. f V{60>« + (?")- 3r«}. 

2. ^=n3r or n2r + (-l)"i9r; chd^ = 0, or ±2, or±V(2±V2). 

3. ti = 2 Va cos (45° - 1^), where cos^ = - . 

5. j-^j— l^^^s t rr, where » = ^(a + J+c). 

2. 1^2 TT. 274. 30° or 150°; (12»±l)j5r or (12»±5)i7r. 

6. 8/f. 277. 1.062. 278. V3 + 2 : 2. 
Q 1 .(a6 + c<if)(ac + 6(?)(arf+6c) „«« */ f «, j?* 

4^(»-a) («-J) («-c) {«-J) i'fi'-i'' pq-f 

asinasin^ a sin a sin^ cos0 

V(sin*a+sm*^-2sina sin/3 cos^) 2sinJ(a-^) co8j(a+/3) ' 
.« ^ , , sina sin)3 sin'i^ 

if tan'0 = . ,- ■ ^. ^ ,- / rr- . 

^ sin" J(a - /3) cos" J (a + /3) 
5 V(f*f^ ^^ V^) 2g^ 2.4065404. 

B. (4n - 1) \ir. 291. (4n- 1) iw- or (4n- 1) Jx. 

tj ,.. , sec" fa; cos"0 sec"J^ 
5. (i)a>5, w = = ^ , 

where cos^ = - , tan0 = tanf d tan Jar : 

/..v T secj(a; + ^)seci(ar-^) , .a 

(u) a< J, w = — ^^ ^g — ^-^ ^, where cos^ = -. 

1 ^ n 4.1 X /7 QrtA ^siiiosine sin ^ sin c 

sm(a+e)' sm(a + e-7) 
J. ±18°, ± 54°, or, in one general formula, (» ± i ± i^o) 't* 
). 15°, 30°, 45°, 75°, 90°, 105°, 135°, 150°, 165°, 195°, 210°, 
215°, 245°, 270°, 275°, 305°, 330°, 335°, 365°, 390°: 
= J«7r or (1 ± i) (2w + 1) jw, n being any integer. 

J. U2i miles. 314. ^{AB\ ^^^^^. 
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317. 1 + 1=1 + ?-. 319. J? = 4° SS* 11', C= 168° 27' 25'. 

aomn 

320. 30°, 45°, 60°, or (n + i)x, (•i + i)x, (n + J)*-. 

322. 5fn 1156 yds. 324. iV(<'^> 

329. 0^(m^n)lv, = (n-m) Jir; 380. a: = ± 1 or }. 

or ^ = J(m + n)ir + {2 + (-ir}iir, = i(m-n)^r+{2-(-l)*}Jr 
--. m 8m-4 8in-4 8in0 .^ ^ . m . . 

331. '. = . ^ . ,7 , if tanp = — sin^. 

n- m cosA sin(A-(p) n 

333. 6.34 miles. 338. k' = ^(5zili??iZ^*Z^) , A = j »'. 

a 

340. J(45r-3V3)a'. 341. ^aq.tn., 1^ sg-. m. 

343. 15°or(12n±l) j^a^r. 346. a; = i(3 + V17), y = -i(3±Vn). 
348. Im 1627 yefo. 350. ±1, +2 8m«ia, ±2co8*ia. 

354. ±(V3 + 1). 357. tan^=±2 or ±1, tan0 = ±l or +}. 

360. r«(3 + V6). 

361. 8in(^+0) = -7^^5ifL±^) ^here co820 = tan*a tan«/3. 

^ ^^ V2 coso C08/3 ^ '^ 

366. (a* - c(?)" = 6*{(a + c)* + (a + rf)*}. 370. 9.4 m, 15.2 m. 

372. 0, Q0,±1, ±(V2±1). 373. ^+1. 374. ?^i^. 

or a cr ~ tr 

378. +tanJ-4,-cot}-4,±tani(9rq:^). 379. o=±iw,a'=-i7ror8in*(J). 

381. V— ;i /^^^^^ i;. .o ' 382. a{l±vAl- 

^ocot"7 + ft cot"a-(a + 6)cot*^ ^ ^1 + 6 

386. (^^•-^)sin^ 388. {6« + (-iniST. 389. C = 90P. 

V(w +«?^-2wt?co8^) ^ ^ ^'*' 

2 ^ 

397. V- • 398. a tana V(2 - V2). 399. tan^ cosec ^ . 

a 'A 

402. (2» + l)7r-a or sin"*{-8inaco8o}-a. 404. 232^. 

406. A^o sq.yds. 412. ^=(2«+l)i9r. 423. tan-'na. 424. 2i"cosifnr. 
426. J{2n+l-8in(2n+l)^co8ec^}. 427. 2co840°, -2co820°, 28inlO°. 
432. -1, i(l ± V3). 435. i, K4+ V3). 437. ico8ec*^-2*^'co8ec»2"^. 
3 8inHw-H)^8m;w^ 8mf( n + l) ^sinjn^ 
4 sin J^ 4 sinf^ 

441. -j-^ {co8i(n + 1) a + V- 1 8mi(n + l)a}. 442. — .-j . 

AAA j./'...*co8»x-r-»^«-*«o«^^ 44ft 8in(w'+ 1) ^ 8inn^ 

444. aiice +aj e ). 44o. . ^ ^ ts — Twi* 

'^ ' 8m^co8^cos(2»+l)^ 

451. 41og. ^^^^+4(m.co8"(9-im«co8"2^+&c), where in = '^^^- 

2V0 v«+v* 

jrXTCALFX AKD PALME&, T&llRT«1k«t Ckl&B%.\«QU. 



SOLUTIONS OF EXAMPLES 



IN PLANE TRIGONOMETRY 



PART I 



BY THE REV. J. W. COLENSO, M.A. 

RECTOR OV VORRCBTT ST. MART, KORVOLK, 
I.ATB VSLLOW OF ST. /OHH'S COLLSttX, CAMBRXOOX. 



LONGMAN AND CO., LONDON. 



MDCGOLI. 



SOLUTIONS, 



*,* In the followii^ SolutionB, the lettec u will frequently be used, 
for slioitiieas, to lepreaent the qnanlitjr that may be given in the 
Text in any pioblem. 

Ex. L 
1. 90°-15=37'2"=74°22'68"i 9(P-142' lo- 2&-= -52°ift'29"; 

W-VV 3".2 - 88° 68" 58-.S. 
i. 180°-145=15'2r=34''44'40"; 180°-(-27°17'7')=20T>17'7". 

To reduce theie uigles to degree*, ve hare 60 J 9.00 
60j 9.10 
.1539 
BO that ^ = 9°.162S, andJ - 90° - ^ = 80'.847a. 
4. Given A -3=24" 24', and ^ + B = 90°; .". 2^ = 114° 24', 

2£ = 65° 36', whence A and B. 
6. Put ^ for the vertical angle, £ for each of the bate angles) 
then 4 + 2B-180", or -f^ IKCF.^SJB = 180°-llff> Sff 58" 
= 60^0-2". 

6. Given ^ = B + JS = }5, and ^ + 2B^= 180°; 

.-. (5 + 2^ = 180°, whence li =:oi\A =iB ^IST. 

7. Given J(^ + -B) = 60°, and ;.(^-_B) = ;fF; .-., adding, ^ = 70°, 

and, subtracting, -B= jn% and ci l80°-(4 + -B) = 60°. 

8. Suppose BC produced to D; thw exterior £.4CJ[»= ISC- C 

= (by questioh) iA, and its Bupp. C (by question) = |£; 

adding these equaUons, 180*=' |(..4 + £); 

.-. a + B = ixl80"=120°, and C=.180°-(.4 + fl) = 60'i 
.-. B = |C=40', and .^ = 180°-(B+O = 80*. 

9. Given C~S=S--A, where C=90°i then A+C=2B^tiiao 

IBCf-B; :. 35=180°, orB = 60°, and A = W~B-^S(r. 
10. Given 18ff'-.4=.2(90'-B)(l), and 180°-^ = 3(90'-C) (2) 
from(I)B=.M, from (2) C=i(9(lf^A), 
.-. A-tB+C=Ai-iA-t-i(9a'^A) = \W, ■w^wate A=«i.K ■ 



Ex. a. 

10(f ' 32* r = lOCf - (f .3201 « 99^6799 «= 99^ er 99*; 

2. 2O(f'l^O2O3sl99^ir797sl90^9r9r; 
20(f - ag^XOCH » ll(f.9996 . ll(f 99* 96**; 
20(f - 22^.1001 »-. 2^.1001 >- 2£^ 10* V. 

3. Heie 37^15* r« 37.15070 ^nnk^ 

iulitnet ^A«JL71507 

60 

26.13780 
60 

8.2680 
Again 90»-33»26'8'«66^33'li^; 
alM 66^ 33" 52^ e 66.56444 li^ymi^ M foand bdow, 
add y>« a28493 

62.84937 mui^ B 62f 84* 93** 
60 ^52X)0000 

60 J 33.86666 

56^^6444 

4. !• « v^ = iMiii = 1' ir ir; r » ^» of i^" » ^« of iMin 

« 0^.018518, and r-^^ of l'« A of 0^i>18518».000308»3**.08; 
1'- A*"- A of 60'«54'; V«Tfo of l'-T*¥ of 54'«a.54«3r.4. 

5. If fis5, tiien ^^180»-ix 180^s 108^; 

ft 

if ff-6, then 5:^ 180> « j x 180« « 120^. 

6. Her8fxl80^:ifxl8a'::f :if ::72:80::9:10. 

7. The vertical an^ (17) s^x 180"; hence the two baae-an^ 

together-180'-^xl80'»f xl80*, and each of them »fx 180*1 
hence the ratio required is ^ : f i or 1 : 3, 

8. Let the angles be 2A, 3A, 4A, 6Af 6Ai then their sun 

- 20^ - (it'2) 180" by (16), where it«5; 

that is, 20w^ « 8 x 180" « 540", and^«2r. 

9. In the figure, JBue. iv. 10, since each of the angles at the 

base of the triangle AJBD is doable of the Tertical angle, 
we have L{ABD^ADB^BAD) - 6 LB AD « 180*} hence 
lBADt^2ePmMf^% so that (17) BD, (or its equal AC,) is 
tbegldeoftk deoLgon, inscribed in the Vugiet csxck. 
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Also LCDA = JLCAD = 36° = H^» = (17) angle subtended 

at the circumference of a circle by a side of its inscribed 

pentagon ; :. AC - side of pentagon inscribed in smaller 

circle. 

. Let the polygons be of m and n sides respectiyely : then (16) 

sum of angles in the first s (fn-2) 180^ and in the second 

= (» - 2) 180* : hence (1) (m - 2) ISO" - (n - 2) 180» = 360', 

whence m-n = 2, orm=n + 2; 

and (2) (m-2) ISO': (n-2) 180° :: 6 : 3 :: m- 2 : n-2, 

whence 5n- 10 = 3f7i -6 s3n by (1), so that ns=5, m = 7. 

2n — 2 n - 1 

. By (16), an angle of the first = -^ — 180»=-— : 180«, and 

of the second = — 180°; hence — 180°= IJx — 180°, 

or 3(n-l) = 4(n-2), whence n^b, and the angles are 
f X 180P = 144° and * X 180° = 108°. 
. Since, in A. P., /S={2a + (n-l)rf}ln, we have here by (16) 
(« - 2) 180° = iS = {240°+ (n - 1) 6°} Jn, whence 
n* - 25n + 144 = 0, and n = 16 or 9. 



Ex. 3. 

• a^iio ofsemicircumference = x8o'rr=T8oxV'x9=-lfi7 m. 

. ^ = ^ = 1^ = 1; .-. ^ = ^i.^* = fx57°.29577 = 68°46'18". 
rod 25 5 

^ arc 4QJt 40 ^, ^ -4 40 2 

• ^ = i^"2?];S"2j75"^*' ^"i8o"'°i8o'^°9''- 

. The circumference of tree =s 18^ = 23rr j .*. thickness 
18 1 180 1 

' ^'' " ^ "^ To "" V 10 "" ^''•^^^^'^ "* ^•'^^^^^'^•^ ' ^-^ ^ •^^ 

81 7 

. Area awr* = — = 81x— = 26.77 aq. ft: hence quantity of 

wood in 30 feet of such timber » 30 x 26.77 » 773 evib.ft. 
, Let ABCD be the square, O the centre of circle, whose radius 
r^^yd-ift; then area of square =-4J5"= -40*+^ 0*b 21^, 
and area remaining 

= wr* - 2r« e (gr-2) r« = 1.14169 x f = 2.67 ^a^. A 

. An acre » 4840 8q. yds » ^rr*; 

4R40 7 

/. ,^ = Z£ir « 4840 X ^ = 1640 sq. t|ds ; 



ST 22 

and rt» ^IMO » 39.24 ycfo. 



K^ 
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8. Here 60° of circle, radius r, = Jwr, and 45° of circle, radr 

« i^; /. Jwr = inr^, or r : r' : : 3 : 4, and the areas a 
r» : r" = 9 : 16. 

9. 27rr = 2w x f = f^r inches, 27rr' = 27r x } = fw «»., 2?rr" = 27r 

sfTTin.; and while the hour-hand makes one revoli 

(that is, in 12 hours,) the minute-hand makes 12, an( 

second-hand 12x 60 revolutions; hence the rates of m 

of their extremities are as f^r : 12 x fw : 12 x 60 x Itt, < 

1 : 15 : 360. 

10. The circumference of her orbit = 27rr = 2 x ^ x 96,00< 

4,224,000,000 ., , , * 

a -i — i—i — miles ; and her rate per mmute 

4224000000 -.^^ ., 

ts 1148 miles. 



7 X 365 X 24 X 60 

11. a « length of 1° = -^irr = lio x ¥ x 4000 « 69.8 miles; 

length round equator = 27rr = 2 x ^^ x 4000 = 25,143 mi 

12. The Earth turns round on its axis once in every 24 h 

hence each point in the Equator will in 24 hours dee 
a circle whose radius is 4000 miles; .*. rate of this m 

. ^ 27rx4000 1100 ,»_, ., 
^ ""'""^^ ' "24ir60" = "63" " ^^* '^•^'• 



Ex. 4. 

1. ^«= :^9r= — 7r = ?7r; ^a--^ = -iT: ^'cir-e- 

180 180 5 ' 2 10 ' "^ ^ ^ 

2. 6°3'36" = e°.06; and ^ = ?!?? ,r - -?5L ^ « i?L ^. 

' 180 18000 3000 

3. Let the angles be 3^, 4^, 5^; then their sum » 12^ = 

(13) : hence = ^^w, &c. 
. ^ arc IT feet ir 1 
rod v yards Sir 8 
A^OuP^ix 57°.29577 = 19°.09859 = 19^ 5' 56". 
6. ^ = .1 = 1, ; :,A = Ow'' = i\x57".29577 = 5°.729677 « 5^ 4S 

A /I -^ v /QAx 2.1875 21875 7 

6. ^«_^by(30) = ^^^-g5_^^«_r. 

7. ^:^::-:^!:a«:a*::t; A::i00:81. 

r f^ ■• 

8. 0O'-i»»=0O«-V = 88f5 e = jl^=l?^^», ( 
^"Bupphmeat of 2w* » 18(f -In",') =V!9^^, »^ 
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arc 10 J. 
9. Thelengihofthearoa=:^ = afx2t = 10; ^ = ^«5| = 4: 

A-^OuPr. 3Jx 67°.29577 = 214°.86913 = 214*^ bV 33"; 
^' = ^iw«=; 4 X 67^29577 = 229°.18308 = 229** IC 69". 

, • , /> arc r* 3 

10. Here J?rr = i9r/, or f'-fr; and ^ = — =- = -. 

11. Let be the circular measure of the angle in question : then 

? = |-0,and,if ^=^-e, we have -,= -+(-- 0)= - + - . 

, „ are 2r' 4 

12. Here 2r = W, and ^ = ;:^=7- = -5 

,. ^ = e„oa ^l?2!=8g2!, (putting ^=^.) = 72°63'33''. 



Ex. 5. 



li-i IX //I 1 X V(sec*-1) . 1 1 

2. co» = V(l-Bin') = V(l-^)=^^^^^^; and. since 
^ cot cos . ,.^. cot 

cot = -r- = -T— , . . (40) COS = 



1 sin' '^ ' V(l + cot«)* 

sin sin . 1 i 

3. tan = — = -rz — r-rr ; tan =* — - 



cos vtl-sin*)* cot V(cosec*-l)' 

cos cos ^1 1 

4. cot e -r— * -r\ 3r ; cot = 



sin Vll-cosP)' tan V(8ec«-1)' 

a. sec-V(Utan.) = V(UjJ^=^^(^, 

11 1 sec 

coseca 



sin V(l~oos*) 1 V(8e(^-1)* 

6. sin « V(l - c<>8") B V{1 - (1 - vers)*} « V(2 vers - vers*). 

3 3 

7. sin= g^^g, »g, co8 = J, cotaf, sec = f , cosecs=|. 

8. cos = Va-sin«) = V(l-l)»iV5; 

, cos V^ 13 3 ,^ 

^- "^^Vir^"^' alld.^co8ec«^|5•.^o^=.-;^^-\^ 
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10. COS = — = - ; /. sin = V(l - ©os") = V(l - A) = ^^ > and 

86C 4 V 

vers = 1 - cos = }. 

11. (sin J9r + cos Jw) (sin J9r - cos}9r) = (J + ^^S) (JV^ - i) 

= f - } = i = sinj9r. 

12. ;-*«"3,;-i|4,co,6(y>: 

I + tan«3a* 1 + i 2 

8m45° - 8in30° ^ i V2 - 1 _ V2 - 1 _ 86045** - tan45'* ^ 
8in45° + siD 30^ i V2 + i " V2Ti ** sec46° + tan45° ' 

""^ " V^ "" V^ =(V2-l)-=(8ec45--tan45T. 



Ex. 6. 

1. A=>(m degrees) i x 57.29677 = 28.647885, and .'. « (in ffrade$) 

\^ X 28.647885 = 31.83098 = 31*^ 83* 10". 

2. Here 27rr » iirr^f or r' = 6r; and the areas are as 

r»:r^:: 1 : 36. 

3. Let their distances be 7r and lOr; then their orbits are 

29rx7r and 27rx lOr; hence their rates of motion are as 

^24-^165"' ^'^^^^^- 

2i 3' 3} 3' "^'^"^'^' 

also ^ = ^0)° = f X 57^29577 = 7e°.39436 = 76° 23' 40"; 
and A' « (in degrees) \A ^ 38.19718 

= (in grades) ^ x 38.19718 = 42^ 44* 13". 

6. (-\ . (1^ . Ii3i .1« ..i.i.A.i ••1*2*3*4 
W * W2/ \2/ ..4.a.4.i..i.'tf.o.4. 

6. (1- COS*) + 5 cos' a 3, or cos* = J, and sec*a2s 1 -t- tan'; 

.•. tan' = 1, and tan = ± 1. 

7. 6sin-3cos = 4sin + 6co8, or 2sins9cos; 

. ^ 9 , . 9 9 2 

.'. tan = - , and sm = -yj^ — ^ = -r^z , cos « -^^^ . 
2' V(81 + 4) VS5 V®^ 

8. tan^ + 7^=:4, or tan'^-4tan^ i-3 «0; 

tan& ' 

11 3 8 

•*• tan^s 1 or 3. and sin^ » -rr^ — rx ■ —r , or » , ■ —- . 



or — -=-% -4co8'-4=3; .'. 4co8*-4 -3co8'-4-l =0, or oos'ui = J, 
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. Since co8{9QP-x) = dnx, we have 

- . . , cos*^ cos*j9 

1 = co8"« + sin'a: = -t-^^ + -r-«7= j 

/. sin'C = co8*-4 + C08«j9 = (1 - «in*-4) + (1 - fuxk*B\ &c. 
. Here we must first find cos^ : now (sec'^-l)+4(l-cos'^)=6, 
1^ 

(the other root -1 giving impossible values for cos^;) 
hence cos^ = ± «> fti^d yers^ = 1 - cos^ = i or f . 

l\^U(s\ ««"^ + ^cos V(a«-hy)'*'V(a« + y) c^ + 6'. 
• ^y^^^^ agjn-ftcos" "" c^ y~ "^"ry' 

sin* cos* <^ + y a* + y 

"l + cot~l+tan ^ 6 , a 

1+- 1+r 

= 1- ^ ^ 



(a+5) (a*+y) (a+6) (0*+^) 



(a+6)(a*+y) a* + y "a* + 6*' 

, sin^ V2sin^ ^ /• ^ * 

^ tS2'V3tS5' ^' cos^ = V*cosi?5 hence 

1 = sin*^ + cos*-4 = 28in*J? + f cos*J? = 2sin*^ + f -f 8in*J?: 

/. 8in^ = ±i, or^»±3(y», and sin-4 = V2 sin^ = ± ^ , 
or ^ = ±45°, ^ 

Ex. 7. 

sin . cos cos ,. 

u Mn= — xco8 = tanxcos=— -=-— f—^r ; or, to radius r, 

cos cot V(co8ec*-l) 

Sin a //nQgoc* y»\ • which may be proved by writing — , 

— f , for sin, cos, cosec, respectively, in the former 

result ; and, similarly, in all the following instances. 
, -lsec-1 ,- vsin 

^. TBTB as 1 - COS » 1 = ; vCrS = (1 -COS) X -?— 

sec sec vgdl 

. 1 COS . ^x ^ coaec - waX 
-tAr-:7-:;ffln= (cosec -cot) = 
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3. Bin. cos «= . ■ = .'I ^ ^^1 



1 sm' + cofl' sin cos tan + cot 



sin. cos sm.cos cos sm 
4. cot* (1 - sin") = cot" - -r-s x sin" «= cot? - cos*. 

6. «ec"(l +co1f) « sec" + — = x ^- « see" + -t-| « sec" + cosec'. 

cos* sm" sin' 

6. (tan + cot) « V(tan + cot)" « ^(tBLn* + 2 + cot*), since 2 tancot = 2, 

B V{(1 + tan") + (1 + cotP)} = V(b«c" + ©osec"). 
Refer now to the figure in (50). 

7. By simUar triangles PNA, ADT, PITiAP: : AD : At 

or PN= — 77=; — , that is, am a = . 

AT * cosec cosec 

8. By similar triangles, TBA, ADT, BTxABiiADxLt 

or BT.BT^AB.AB, that is, tan.cot= 1x1 « 1. 

9. By similar triangles, ABT, ANP, BTi AB :: PNi ANi 

„-, AB.PN ^, ^ . . Ixsin sin 

or -Br= — ttt— $ that is, tan a a — , 

AN cos cos 

10. In the figure of (56), draw CN perpendicular to AS; then 

by similar triangles, BCK, BAD, ON: CBnADiAB, 

or CN s — -^ — , that is, 
AJa 

Bin^ a ^ — =— » 2 8m}ui eosf^. 

11. In the same similar triangles, BN i BC :i BD : AB, oi 

^T^j. BC.BD ., . . _ ^ t ^ chd-4.sinii 
— T^ — 9 that IS, vers-4 = 1 - cos^ = — i- 

= 2sinJ-4.sinJ-4, or cos -4 = 1 - 2sm*iA. 

12. In the same figure, produce BA to meet the circumference 

again in B; then, in similar triangles, BBQ BCNt 
BC iBB'i: BN'. BC, or -BC" = BBf.BN, that is, 
chd"^ = 2 X vers -4 = 2 vers-4. 



Ex. •. 
1. cos 160° = cos (180° - 30°) = - cos 30« = - i V3» 
coseo 150° = cosec 30° = 2 ; 

sin 135° - sin 45° => \ V2, tan 135° c= - tan 45° - - 1; 
tsfl i^O*' -- tan 60° -- V^» BecUQP tn-w^^SP m-H. 
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2. 8m240P = 8m(180° + 60^) = -sin60° = -jV3, 

cos 240° = - cos 60° = - }, tan 240° = + tan 60° «= V3. 

3. chdl20P=28in60^=V3, versl20°=l-cofll20°«=l+cofl60°=lj; 

chd300° « 2sin 160° = 28in30° = 1, 

ver8300° = 1 -co8300° = 1 - cos (360° - 60°) = 1 - cos60° = i. 

4. covers330P = 1 - sin 330° = 1 - sin(360°-30°) = 1 + sin30° = li; 

suvers 316° = 1 + cos 316° = 1 + cos (360° - 45°) = 1 + cos 45° 

= l + iV2. 
6. MnlOO° = sm(90° + 10°) = + cos 10° ; 
cos200° = cos (180° + 20°) = - cos 20°; 
tan 300° = tan (3.90° +30°) = - cot 30°; 
cot 400° = cot (4.90° + 40°) = + cot 40° ; 
sec600° = sec (6.90° -40P) = - sec40°; 
00860600° = cosec (7.90° - 30°) = - 8ec30°. 

6. l+{cos0 + sin0}x{-sin^ + cos^}= l + cos*^-sin»^ = 2co8*^. 

7. (- sin^) X (+ cos^) + (- sin^) x (- cos^) + (+ tan^) x (+ cat0) 

= - sin^ cos^ + sin^ cos^ +1 = 1. 

8. (+tan-4)+(-tan-4)+(-tan-4)-(+tan^)+(+tan-4)+(+tan-4) = 0. 

9. 8in{2nw+(j7r+^)} = 8m(f«r±^) = + C08^; 

tan {2nw + (f9r± ^)} = tan (f tt ±0) = + cot^ 

10. {l-co8(90° + ^)}{l-cos(^-90°)} 
+ {1 - sin(270° - ^} {1 - sin(^ - 270°)} 
=(l+suL4)(l-8UL4)+(l+cos^)(l-cos-4)=2-sin*-4-cos*-4 = l. 

1. Here (-sec^) (-sin a) (- cos a) = (+ cot a) (-cos^), 

y» . .L /I cosa 

or sec^ sina cosa = oota cos^ = — 7. ; 

sina sec^ 

.*. sec*^ = . , = cosec* a, and sec^ = ± cosec a* 
sin' a 

2. suvers (90° - .4) + covers (180° - -4) = {1 + cos (90° - A)} 

+ {1 - 8in(180°- w4)} = (1 + Bin A) + (1 -r sin^) = 2. 

Ex. 9. 

1. tan^ = 1 = tanjw ; .*. ^ = wtt + Jtt = (4n+ 1) Jw. 

2. tan2-4 = ±l=tan± Jw; .*. 2-4 =nw + Jw = (4n±l)}7r, 

and -4=:(4»±l)i5r. 

3. 8ec-4 = -2 = 8ec|^; .-. .4 = 2nw + fw= (6n±2)i7r. 

i. co82-4 = i = cosJw; .'. 2.4 = 2n7r + 4ir = (|5ni.\^Vfn 
and ui'=(^±l)iir. 
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5. tan5A = ^3 = tan Jw; /. 5-4 = »9r + Jw = (3» + 1) Jr, 

and A = (3n+l) j^^w. 

6. Since tan^i = tan (n9r+ a), we must expect the value of seci 

found from that of tan^, to give that of sec(n9r+a), whk 
= ± sec a, according as n is even or odd. 

7. Since sin^ = sin [nir + (- l)'*a}, and cos^ = cos (2nT + a), :\ 

cos 2^, in terms of sin^,will give cos{2n9r+(~l)'*2a}=:C08S 
and cos 2^, in terms of cosu^, will give cos(4n9r±2a)=co82fj 
so that, in either case, cos 2^ will have but one value, 
sin 2^, in terms of sin-4, will give sin{2nw+(-l)"2a}=+sinS 
+ or - according as n is e\en or odd, and sin 2^, in tenns* 
cos^, will give sin(4n9r±2a) = + sin2a; so that, in eit 
case, sin 2^ will have two values. 

8. Referring to the figure in (66), ^C= -45 sin 60" = 30x^1 

= 15xl.7320&c = 25.98yi5=26J^; and^e=^5co860°=15J 

9. In the same figure, Z. BA C = Z of depression of A, as 

from 5, =30°; and 

-4 C = 5C cot 30° = 90 X V3 = 90 X 1.7320 &c = 166/f. 

10. In the same figure, length of maypole = CB + BA = A Ctsui 

JrAC sec45' = 21 (1 + V2) = 21 x 2.414 &c = 61 ft. 

11. Here height of tower (in ^arifo) : height of rule (=2/51 

: : length of shadow of tower (=56 yds) : length of shadow j 

2 
of rule (= ^\ft)i or height of tower = tt ^ ^6 yds = 79/5. 

4* 

12. Let ABf AC, be the two positions of the ladder, BB, CS, 

^ the heights of the two windows ; then, sinM 

LBAC=^ 90°, lCAE is the comp. oi LBAd. 

^ . „.-. 5i) 27 3 

Now sm J?-4Z> = -rs = T^ = 7 5 

AJi 45 5 

and CE = AC sin CAE = AC coa BAD = 45 x ^ = 36/1; 

also i)^=-42> + -4^=^5cos5^2> + .4Ccosa4j& 

= AB{coBBAD^BmBAX>) = 45(f +f) = 63/5. 




Ex. lo. 

1. cos(60°--4) = cos60°cos-4 + sin60°sin-4=icos^ + iV38inif 

8in(45°+u4)= sin45° cos -4 + cos45° sin^ = — co8u4 + -rr sirU* 

\/2 ^2 

2. (l-co8(u4+30°)} - (l-cos(u4-30°)} = co8(wl-30°) - coB{A^dXf) 

^(oobA cos30°+sin-4 sin 30°) - (coaX co%30°-8inui sinW 
= 2Bin30° BinA a sin^. 



4. 
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~r (cos^ -h Bin^) - -r- (cos A - sin -4) —r (2 8in-4) 

3. :il 2^2 = i2 ^tan^. 

1 1 1 

--r (co8^ + sin^) + -^ (co8w4 -elnA) -j^ (2 cosw4). 

l + tan-4 l~tan^ 

1-tan^" 1 + tan^ ( l-ftan^)«-(l -ta n^)' _ 4tan^ 
l-t-tan^ 1 ' t&nA ° (1 -htan^y + (1 -taii^)''' 2 + 2tan"-4 
1-tan^ 1 + tanui 

= 5-7- = — ^ — ^ X cos*-4 = 28mA cosA. 

sec* A cos A 

6. sin (n + 1) ^ + «in (n - 1) -4 = sin (nA^A) + sin (nA-A) 

= (sinn^ coB^ + cosn^ Binw4) + (sinn^ cos^ -oosn^ sin^) 

= 2sinn^co8^, &c: 

cos (n + 1 ) -4 + cos (» - 1) -4 « cos {nA -^A)-^ cos(n^ -A) = &c. 

Put n = 1 in the two given formul»; then 

8in2^ « 2 sin^ cos^ - sinO = 28in^ cos^, 

cos2Ul s 2cos^ COB A - cosO « 2 cos*^ - 1. 

« x/ ^ . ■»% cos(-4±5) cos -4 cos 5 + sin -4 sin 5 

6. cot(^±J)= . /^.i>x = T'--i s-r T-:— D 

8in(^±j5) 8in-4 cosJ?±cos^ sm5 

* — rB+ — TJ" * ^^^'^fi^ ®^^ *®"^ ^y 8^^-^ sin 5. 

7. sec(^ ± 5) = , . . pv = 3 p_ . — ^ . .^ 

"^ '^ co8(-4 ±^) cos^ cos^ + sm-4 sm^ 

1 sec^ sec B 

" cos-4 008^(1 + tan-4tan^) " l + VK8ecM-l)(8ec*5-l)}' 

1 1 



8. cosec (A±B)=: 



Bm{A ± £) aJnA cosB ± cos A sinB 
1 cosec ^ cosec ^ 



8in-4 sinB(cotJ? ± cot4 ) " VC^^osec*^?- 1 ) ± V(cosec*-4 - 1 ) * 
9. Given.8in(^-5) = 8in-4 cos-B - C08w4 sin^ : 

then cog(w4 --B) = sin {90° -(-4 -5)} = sin {(90*^-^) + B} 
= Bin {(90°-^) - (-^;^ = sin (90°-^) cos (-^) - co8(90°-^) sin(-.B) 

5= coB^ (coB^) - sin^(- sin J?) 
seos^ cosB + Bin^ sin^. 
10. Oiyen oos(^ +^) » cos A cosB - waA waB: 

then 8in(-4 + ^) = co8{9(y-.(^ + ^)}=: cob{(90«*--4)-^} 
= coB{(90°-^)+(-ir)}= co8(90P-^) co8(-5)-8in{90°-^)8in(-^) 

= sin^ (cosJS) - coaA {- %\xiB^ 
= sin^ cosB -V C0&4. aVuB. 
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11. Here let BAC= A, CAD » B, BAD ^A-B: 

\v jsilf A B " AQ' AP PQ' AP' 

AQ AP ' ^P 

p = BinPQJ2= COSJ2Q-4 = co»C4^= cos(18(y>- -4)= - cosulj 

.'. 6in(^-J?)=siiL^ oo8^+(~cosui) siiLBssin^ cos^B-cosui mB. 

- AM 
So cos(ui - i^) a —jp- (using ^ Jf as in (44) to denote 

merely the moffnitude of the line) 

AN" QB _ AN AQ QE PQ 

"" AP "' AQ' AP^PQ' AP 

= - cos(180°-ui) co8^+8in(180^~ui)sinJ?BCOB^co&S+8in^8in^. 

PM 
12. ;Here let BAC^A, CAD^Bir. Kn{A^B)«amBADm "-— 

QNjrPR ON AQ PR PQ 
'" AP ""'AQ'AP'FQ'AP' 

B now 4^=8in5^Q=8in(180*'-^)-8in^, 
:^=co8P^ 0=008(180°- j9)» -co^B, ^=8inJ, 

= sinPQJ2 a cosJ^CM = cosQ-4J? = cos(180® - -4) = - oos^ ; 

:, 8in(^+^) = - BinA{-co&B) - {-qo%A) %mB 
= wiA Qo%B + cos^ sinJS. 

/^.m '^^ QB-AN QB PQ ^AN AQ 
So cos(^+i?) = -;^p =- '-AP~^'PQ'AP''AQ'AP 

= - cosPQiS.sinPuiQ + qo%BAQ cq%PAQ\ 
and cosPQJ2= sin J2Q^ - sinQ^J? « 8in(180'-ui) ^ sin^, 

sin P^ Q = sin(180<'-^) := sinJ?, qo%BA Q^w^XW-A) ^-wU, 
cosP-40 = cos(180'--B)= - C08^; 

••, cos (-4 + 5) = - sin-4 sin^ + (- oosui) (-cos^ 
3 Qo%A co%B - sin^ sin^. 
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Ex. n. 

I. COS A = co%*iA - mi*iA={co%*iA -sin'M) (coB^iA^mi^iA). 

^ . A C08-4 sin^ co8*-4-8in*^ coe2^ „ 

sm^ 008^ sin^ co%A \sai2A 

« . t ^ r»»^v 8in-4 tanA , 1 ,. tan^ 

3. tan J-4 = (74) r -. = 7 4- ( 5 + 1) = 5 — r . 

1 + co%A QO%A 008-4 ' sec-d + 1 

1 1 1 cosec*^ 

~ 8m22 ~ 2 8m-4 cos^ ^ rvTTcos^ 2cotwl * 

28m'^ . — . 
%aiA 

5. 860.4 = 1 + (860-4-1) = 1 + ( -J - 1) = 1 + . 

fanA 1 - 008^ - ^ . ^ , ^ i_ y»^v 

= * +550 —S3- = ^ ^^"'^ *»"*^' *'y ^'*)- 

.1 8in*}-4+co8*J-4 l/8in}-4 co8|-4\ „ 
8m-4 28111^-4 008^^ 2X008^-4 8m^-4/ 

^ 2 8m-4 + 2 BiiL4 co8^ 1 + cos-4 ^1 , ^ ,. ,mn\ 

7. u = jr-x—2 — ti ' . J = i 7 = cot* J-4, by (76). 

2 8m-4 - 2 8m-4 co8-4 1 - co8-4 a » / v / 

8. By(74).» = tan^xj^=^-^ = tanM.by(74). 

•^ ^ 2co8*}-4 2\ 008^-4/ 

• **"8in2^4.l'^^(co8^ + 8iiL4)«'(l+tan^)«* 

11 _ 008^ 0082-4 _^ ein2^ co8-4 - cos 2-4 8in-4 

8in.4 8in2-4 8iiL4 8in2-4 

^ 8in(2^-^) ^ 1 
8in-4 8in2^ sin 2-4' 

12 - ^i-^ "*• ^ _ nv\ (co8i44jinJ^ ^ 00 8^-4 + 8 in|-4 
" 008^-4 ~ ^ '' 008*^-4 - 8in"J-4 ~ ooei-4 - sin^^ 

1 + tanJ-4 ^ ,._- , .. 



Ex. 12. 

1. 2 sin 30° cos-4 = 008-4. 2. 2sin30° 8ini-4 = sin}^. 

3. 8in«45° - sin«-4 = } - sin«^ = i (1 - 2 8in«-4) = i cos 2^. 

4. co8'60°-sin"-4 = J-sin«^ = J(l-4 8in«-4)=J{l-2(l-co82^)}. 

5. 1 + (oo8«2^ - 8in«2.B) = co8«2^ + co8*2.B. 

6. u o coBfiiA-B) - J(^ + .B)) - coaVi^A- B^\ \VA\ B^- 
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7. u = 48in^(8in"6(y-8in«-4)«4 8in^(f-flmU) 

« 3 siiL^ - 4 tin'^ » sin 3^. 

8. (sin"^ - sin'^) + (sin" J? - sin'C) + (sin'C- sin«-4) = 0. 

9. (cos«^-8in«2^) + (sin«25-tin"C) = c08«-4-sin»C 

= cos(^ 4 C) cos{A-C). 

10. Mc= J{oos(^-^-0)-cos(^-JB + C) + cos(^-C-^) 

- cos(B- C+^) + cos(C- -4 --B) - cos(C--4 + jB)} = 0, 
since the first and sixths second and third, fourth and fifth, 
terms destroy each other. 

11. w = i{sin(^+^ + ^) + sin(^-^-^)} 

-.i{sinM-^ + ^) + sin(^-^-^)} 

»= i {sin {2A^-B)-' smB] - } {sin (2A -£)* ainB} 

^ i {sin (2A + -») - sin (2A - -P)} « J {2 oos2^ sin^}. 

12. {1 - cos (A -h B)] {1 - cos M - B)} 

el- {cos(^ + ^) + cos(^- j9)) + cos(^ + J9) cob{A'B) 
= 1-2 C08-4 cos5 + oos'-B - sin'^ =» (cos^ - oos^)'. 

Ex. 18.. 

1. sin 5^ sin-4 = i{oos(5^ -A) - cos {5 A + A)] s= &c, 

or = sin*} (6A + ^) - sinH(6^ - ^) = &c: 
sin3^ sin 2^ » i{cos(3wl - 2A) - cos(8^ + 2A)) = &c, 
or » sin*i {SA •(- 2^) - sin'H^^ - 2^) » &c ^ 
sin-4 sin J-4 «b |{cos (-4 - J-4) - cos (-4 + ^A)] = &c, 

or - sin«iM + i^) - 8in«i(^ - i^) = &c. 

2. cos3wl cosi^ = |{cob(3^ + lA) + coniSA'-iA)] » &c, 

or = cos"i(3^ + iA) - sm«J(3^ -f^) = &c: 
C082-4 cos-4 = i{cos(2-4 + -4) + cos(2wl - A)} = &c, 

or « 008^(2-4 + ^) - 8in»H2^ - ^) = &c: 
oos}^ coe}^ « |(cos(|^ + M) + coB(iA-iA)} « &c, 

or = cos* J (M + i^) - sin'HM - M) = &c. 

3. sin2^ cos3^ = }{sin(2^ -f SA) + sin (2^ - 3^)} ^ Ac, 

or = cos (90® - 2A) cos3A 
= cosH(90*> -2A-\- 3A) - 8in"i (90® - 2^ - 3^) = &c : 
sin J^ cosJ-4 = J{sin(M + M) + 8in(t-^ -i-^)} « &«> 
or = cos (90® - iA) cosM 
= cos«5(90®-i^ + f^)-8in"J(90®-J^-|^)-&c: 
cos J^ sin^ = J {sin (-4 + 1-4) + sin(ul - iA)} o &c, 
or =sin(90®-|^)sin^ 
««n«;(90®-f^ + -4) - sia»i(WJP -\A- A^ «&^. 
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4. 8m(^+^)8mC=i{co8(ul + ^-C)-co8(^ + ^+C)}, 

or =8in«i(^ + ^ + C)-8in«i(^ + -B-C): 

C08(^ - -B) C08C= i{C(M(A - ^ + C) + C08(^ - -B - C)}, 

or =cos»J(^-5+C)-8in«J(^-^-C): 
u = i{8in(wdt + -B + ^-^) + 8in(^ + ^-^ + ^)} = &c, 
or =co8(90°--4-5) cos (-4 -5) 

= co8«i(90°-^-5+^-^) - sin* J (90°-wdt--B-^ + B) = &c. 

6. u = 2 C08 1 {^ + (^ + 2B)) cosi{A - (^ + 2-B)} = &c. 

6. u = C08* J^ {1 + taniA) + 8eci-4} {(1 + tan J-4) - sec J-4} 
= cos'iwi {(1 + tan J^y - sec«}^} 
= cos* J^ {(1 + 2 tan i^ + tan'i^) - (1 + tan« J^)} 
s cos'l^^ X 2 tan }^ = 2 sin }^ cos^^ = sinA, 

7 u - "^'^ sinj ^ _ |{cos(fwJt~}^)-co8(f^ + M) }^g^^ 

" cosf -4 cos M " J {cos (f -4 - J-4) + cos {fA + J-4)} 

sin* 2^ sin*^ sin' 2^ cos'-4 - sin'-4 cos* 2-4 



6. u=z 



cos* 2.4 cosM cos* 2.4 cos*.4 

• ,oAx sin(2^ + ^)sin(2w<-.4) « 

=, as in (80), — ^ ^^r-^ — V-:; = &c. 

* ^ ^* cos*2-4 co8*-4 

sin 2.4 sin.4 8in2ul cos.4 - 8in.4 cos2.4 



cos 2.4 C08.4 ~ cos 2.4 cos .4 

sin (2^-^) sin^ 

C082-4 cos-4 i{cos(2^ + A) + co8(2^ - -4)} 

- MP-^ _ 28in.4 cosi.4 ^ Bin(.4 + ^.4 ) + sin(.4 - ^A) _ « 

C08.4 2COS.4 cos J.4 co8(.4 + J.4) + cos(.4 - J.4) " 

1 _ Sin2.4 _ 2sin2^ co8^^ 8in(2^ + w<) + 8in(2^-^) » 
~'cos2.4 ~ 2cos2.4 cos^ cos(2.4 + .4) + co8(2.4-.4)~ 

^ mnZA 8in3^(l + 2 C082.4) sin3^ + 2 sin3^ co82.4 

COS3.4 0083.4(1 + 2 co82.4) co83.4 + 2 cos3ul co82.4 

sin3^ 4 sin(3^ + 2A) + sin(3.4 - 2^) ^ » 
''co83-4 + cos(3.4 + 2^) + 008(3.4-2^)"" ^ 



Ex. 14. 

1. tt = 2 8ini(6-4 + 3^) cosK^^ - 3^) = &o ; 
u = 2 sini(i.4 + A) sin J(Jwdt - ^) = &c. 

2. u o 2 8ini{^ + (.4 - 2.B)} cosi{.4 -{A- 2B)} = &c ; 
u » sin(90°-wdt) - sin(^-.B) 



soLtmoirg OF kxaicplbs 

u»2{m;,A + 9miA)^2x2Bmi(iA^lAycosi{iA'i^ 
4. u = {l-co§2A)-il-coiLd)^CMA'eog2A 
» 2 BUkU'^A + A) 8in;(2^ 'A)«8ui; 
u ^2eogl(A' B ^ B - C) cmUA ' B -- B ^ C) » An. 

u a sin (iA + ^) finC^^ -A)^Scc. 
C. u = 28m5{M-2P)-(2^+J?)JtinJ{(^-2^) + (2^-f^)} = 
ti = 2 8mi(^ + 2^) cosH^ - *^) * &c. 

7. tt = fl-C08(^4C)}-{l-C08(^ + C)} = C08(i54C)-COg(^ 

= 2 sin J(^ + C + P+ C) 8m^,(^ + C- -B - C) . &c; 
M = 8in{(^ - 2^) + B\ tanHA - 2P) - ^ = &c. 

8. w = 4 {8in« iA - tin* } (A - B)} 

- 4 8in{M + i(^ - -»)} •in{M - i(^ - ^)} = &c ; 

= 2 008KW*- ^ + ^) co82(90P.^ --4) = &c. 

9. w c= - {cosV + ^) - 8m'(^ + -»)} = - co82(^ + ^) l>y (72); 
u = COf{(^ -^) +(^ + 5)} co8{M-^ - (-4 f -»)J = &c. 

10. tt = CO8(90°-^-^) + CO8(^-^) 

^2co»l(9QP-A'B^A-B)GMl{9(JP-A-B-A^B)=Sici 
= - 2 sin J(90°-. J^ + iA) Bin^QQP - ;^ - i^) = &c. 



Ex. 1^. 

1. u = 8in(18(y»-C)sin(18a°-^) = 8inCsinui. 

t% ^ J ^i-D rr. 1 tanj5tan(7-l 

2. coU=-<»t(2»t<7).-~^5-~^— ^^^^^^ 

■ !L_^ ^ by dividing each term by UxlB taaC: 

hence eot^ cotC + coiA coiB => - 1 4 coiB cotC 
Or thus : since in this case, by {%b)f we have 

tan^ + tan^ + tanC « tan^ tan^ tanC, 
dividing each term of this restdt by tan^ tanj9 tanC, we get 
cotS cotC -i- cot A cotC + coXA coiB « 1. 
\. ii = 8inl8(y + sin(180«-2a) + 8in(180^-2P) + fin(18a'-2^) 
<x sin2C4 sin2^ + sin2^ « sin2C+ 2sin(^ 4 B) oo%{A'B) 
= 2%m(A^B) {con(A - P) - cos(^ + B)], 
(for 8in2C=28inCcosQ sinC^sin^-f j9), to%0—w^A*B\) 
» 2$jaC{2»inA nnB} = &c. 
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= 2 sin^ (^ + J) {coBiiA - ^) + oosK^ + B)}, 
or siiiC«2fdniCcos^C, 8inJC=cosi(^+-B), co8jC=8ini(-4+J5),) 
« 2«08| C{2 co8^^ cos^B] s &c. 

). tt = 1 + (co8*^ - 8in"-B) + cos"C+ co8C{co8(-4 + -B) + cos(-4 - B)] 

= 1 + C08(-4 + ^) C08(-4--B) + COS'C + C08C{-C08C+COS(-4-^)} 

= 1, 8ince cos(^ -\-B) = - cosC 

6. t« = 1 - {cos*iA - sin*lB) + sin"! C 

+ sin JC{co8i(^ -B)- C06i(A + ^)} 
= l-co8i(A^B) cosK^--B)+8in«JC+siniC{co8j(^-.B)-8iniC} 
= 1, since co8j(-4 + 5) = sinJC 

« .^ 1 /w xYx tanJ9 + tanC cotC+ cotB 

dividing each term by tan^ tanC; 

hence coiA cotB cotC- cotA = cotC+ cotS. 
Or thms : since in this case, by (85), vre have 

tan-4 tanJ5 + tan-4 tanC + tan-B tan C = 1, 
dividing each term of this result by tan^ tani? tanC, we get 
cot (7+ cot5 + cot4 = cot4 cot5 cotC 

5. 8in(-4 + J9 + C)=sin9(y>=l = 8in(^+5)co8C+co8(^f-B) sinC 
= (sin^ cosJ9 ■[ CQ6A sin J9) cos C+(coswl cos^ - sin^ sinJ9) sin C : 
.'. cos^ cosCsin^ + cos^ cosCsin^ + co&A cosB sinC 

= sin^ sin^ sinC + 1, 
or, diYidiDg* each t&cm by cos^ cos^ cosC, 
tan^ + tan^ + tanC= tan^ tan^ tanC+ sec^ sec^ secC 

). « = 2sin(-4 4-^)co8(-4--B) + sin2C 
= 2 cos C {cos (-4 - J5) + cos(-4 + B)}, 
(for sin(-4 + ^) = sin(90°- C) = cosC, and sinC= cos(-4 f B),) 
s 2 cosC{2 cos^ cosP). 

). u = co8(90° + 5 - C) + co8(9(y + C- ^) + cofl(90° ^A-B) 
= «n(C- B) + 8in(^ - C) + sm{B-A) 
= 2 sini(^ - B) co%U^ + B-2C)- 6in(A - B) 
= 2 sinUA - B) {cosi(-4 + 5 - 2C) - co8^(^ - B)} 
= 2 BinUA - ^) {2 sini(w< - C) sini(C- B)} = &c. 

I. co8{(P + C) + ^} f cos{(-B + C) - ^} = 2 cos (^ + C) coswi, 
cos{w< - (5 - C)} + co8{^ + (-B - C)} = 2 coft<,B - C\ ^^^An 
and 2co8A {coa^B-i- C) + C08(B- C%^^ wi^A .*! ^^«»1^ ^^^^ 
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12. u = sin(A + B) siaB cos C + cosB sin C{axLd co&8 + cos^ mB) 
= Bin (A + B) sinJ9 cosC + siiL^ sinC(l - sin'^) 

+ coa^ onB oosB sinC 
= 8in^{8in(^ + B) cos (7+ smC(cotLA cobB - ainA smB)] 

+ siiL^ sinC 
= sin^ {sin(^ + B) cosC + sin C cos (^ + B)] + sinJl sinC 
= sin^ sin(^ + jB + C) + sin^ sinC 

Ex. 16. 

1. 2 tan-'i = tan"* :jJ^ = tan-^ ^ = tan-^. 

2. 2 tan"4 = tan"* ^-^ = tan"*} = cot" *f . 

3. tan"^f + 2 tan-*i = tan-^l + tan-»f (by the preceding Ex.) 

= tan"* LLi-= tan-4 == i^. 

4. cof^f + cot-*f = tan-^t+tan-»7 = tan"* iJ^ = tan-*(-l)=J^. 

5. Let ^ = sin'Vf 5 •*• sin^ = Vf > and cos^ = Vf ; and tand = Vf 

6. Let ^ = 8in'*}; .•. sin^ = f, co8^ = $, andtan^^f; 

A J. A 

hence w = tan"*f + tan"^ J = tan'^ * * = tan"* 32. 

1 2 

7. Let = sin"Vi; .*. sin^ = -rz , cos^ == -— , and tan^ = J> 



hence u = tan"*} + tan"*J = tan"* ^li-1 « tan"*l = iw. 

8. M = tan-* fi{- + tan"* ii| = tan-*t + tan"* A « tan"* P^ 

*^ "■ 16 ■■■ - 5 6 1 -Tr 

as tan"* 1 = iw. 

9. M = } V(2 + 2 cos 45^) by (76) = } V(2 + V2)- 
10. u = i V(2 + 2 cosl35°) = i V(2 - V2). 

1 V3jil 

_ 2 V2 - V3 + 1 ^ 2V2 

"'^2v2 + '/3-l* 

12. M = } V(2-2 cos 15°) by (76) = i V(2 - ^^^) by (71 Ex. 1) 

_^ ,2V2-»V3-1 V(2V2-V3-1) 
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13. II = 1 - C08l5° = 1 - '^^|4r =&c. 

Z V J 

4. u t= JV(2 + 2c0822n = |V{2 + V(2 + 2 cos45°)} by (76) 

= iV{2 + V(2 + V2)}. 

5. ti = cos33° 45' = J V(2 + 2 co867 J°) = i V{2 + V(2 + 2 cos 136°)} 

= iV{2+V(\V2)}. 

6. M = 2 8in67 J° - V(2 - 2 cos 135^) = V(2 + V2). 



Ex. 17. 

1. Let A, A', be the heights of the towers, d, d\ their distances 
from the observer, 0, &, the angles they subtend to his eye : 

A h! 

then sin^ = ^ = -, 8in^ = ^ = -=; 

d <* 

h £ rf 5193" 2J ^ 5 £ 

•*• h'" &"" d'" 5770" "" 3i * 10 ^ 7 " 14 • 

^ Regarding the Earth's radius as a small circular arc, we have 

a r.x. luf y A' .. X « 57^.29577 

a = Or, or r (the Moon s distance) = - « a x ^^ ^„^ 

570 00577 

= a X Q09505 = a X 60 nearly = 240,000 miles. 

31' 15" 
;. As in (Ex. 17. 2), a = ^ = 570 29577 ^ *"' ^' ^™"® simply) 

31Vxw 3U 22 „^^^^ 137500 „,^^^ ., 

= Tlo^^^=180;r6o" yx240,000=--^.2182.5miles. 

Now, the distances of the Earth from the Moon and of the 
Moon from the Earth being the same, their disks will appear 
to each other as circles, whose diameters will be proportional 
to the actual diameters of the Earth and Moon, that is, will 
be in the ratio of 8000 : 2182.5, or nearly of 4 : 1 ; hence 
the areas of these circles will be as 16 : 1. 

. a = ^r, or r (the star's distance) = ^ = — '—j^ — 

= 19,801,440,000,000 = 20 billions of miles nearly. 
The dip is 8 inches for one mile, and varies as the square 
of the distance ; .*. for 3 miles, the dip 3 9 x 8 » 72 inches 
= 6 feet or 1 fathom. 

h: h' :: d* : d**; .*. 8 m : 2^ m : : 1 : d'*; hence we get 
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7. rf« = ^?^iii? = 42000, and J' = 204.9 = 205 mfla. 

o 

8. <r = 2rA; /. (obsemng that 6600 feet^U nule) we haie 

r = ^. =4000 miles. 
2i 

9. Let J = 4 miles = the distance of each point finom the middle 

point between them, where the visual ray, by which each 
is seen from the other, will just graze the Earth's sui&ce; 
then d^ = 2rA, and (observing that 10 feet = -^^ mfle) we 

have 2r==-^ = 8448 miles. 
10. kik' II d" id'*', :. 

40v12 
(1) 8in : 40ft :: 1 : rf", or rf" = rllif = 60, and rf' = 7.7mile9{ 

o 

(2)8in:120ft::l:rf'*, or ^'•^ISO, and rf' = 13.4 miles. 



Ex. IS. 

1. (I) D=:2644; 

/. <^ = if X 2644 = 661, and sin 24*' 37' 15" = .4166114: 
(ii) rf = 834 ; .'. n = A%^«> = 1B.9 = 19, and A' = 24*' 37' 19^. 

2. (i) D = -2701; 

/. <^ = fj X - 2701 = - 1080, and cos OS** 12' 24" = .3712598: 
(ii) rf = -1679; .-.11 = ^1^^x60 = 37, and ^' = 68** 12 Sr. 

3. (i) tan45''= 1^=1.0000000; .% D=5819, and i^=|fx 5819=3394, 

and tan45*' 0^ 35" = 1.0003394 : 
(ii) <^ = 2345; .-.11 = ^1^x60 = 24, and ^' = 45° (^ 24". 

4. (i) cot 30° = V3 = 1.7320508 j .-. D = - 11630, and 

^^ = H X - 11630 = - 3295, and cot30° 0* 17" = 1.7317213: 
(ii) <^ = -8385; .-. n = AVs^o x 60 = 43, and ^' = 30° 0' 43*. 

5. (i) 8ec60° = 2.0000000; .-. D = 10071, and 

^ = If X 10071 = 4196, and sec59° 59^ 25" = 1.9994125: 
(ii) <^=749; .•.n = Y5f?Tx60 = 4, and ^' = 59° 59' 4". 

6. (i) co8ec60° = f V3 = 1.1547005 ; .-. D = - 1938, and 

d = iix- 1938 = - 1195, and cosec60° O 37"= 1.1545810: 
(ii) ^ = -980; .-.11 = A^g x60 = 30, and ^' = 60» 0^ 30". 



7. {1-C08(^-J?)}x{1 + C08(^ + ^)}=1-{G08(^-J?)-C08(^+J|» 

- cos {A + B) cos (-4 - B) = 1 - 2 8in-4 sinB - (coi^jB - sin* J^ 
= sinid - 2 aiaA siaB + sin*B = (^siA -%^xiBY. 
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g 1 -h tanM 1 - tanM (1 +tan^^y 4 (1 -tanM)* 

^ 2-1-2 tan*i^ 2 (co8«M •»• sin'M) ^ 2 
"* 1 - tan* J-4 " cos*iA - sin* J-4 cos-4 * 
Bin (30° f A) sin (30° - ^) _ cosM - co8«3(y > ^ cos*^ - f 
' ** ^ co8(30° + -4) co8(30°- ^) ^ cos«-4 - sin'aO* " cos*A - i 
2(l+cos2^)-3 
°2(l + co82-4)-l* 
-^ sin*^ sinM (1 - cos'-4) 4 sin*/! co^A - 4 8in*-4 

cosM cosM (1 - sin*-4) 4 sin*^ cos*^ - 4 cos'w! 
sin' 2^ - 4 sin*^ 
"sin*2^ -4(1- 8in*-4)* 

1. 1 = . ,^ + cos*-4 (1 - sin* C), or sin* Ccos*-4 = -r-rs + cos*-4 - 1 

sm*B sin*B 

8in*-4 . tM 8in"-/ico8*B . .^^ sin^ . sin^B tan^ 
sin*^ sin*!/ cos^ cos^ tanJ9 

2. From the given equation we get 

sjji^ + 2 sin^ cos2B = 2 cos^ sin^, 
whence 1 + 2 co82B = 2 cosB, or 4 cos*^ - 2 cos^ -1 = 0; 
.-. C08B = i(V5 + 1) = cos3e°, or = - \{y/b - 1) = - cos 72° 
= cos(180°- 72°) = co8l08° J /. B = 36° or 108°, 
and, in general terms, = 2nw ± ^w or 2nw + f^r. 

3. u = 2 8ini(^ - C) cos K^ + C) = 2 %m(A - i/) eos^ ; 

for A-B^B-C, and ^ - C= wdt - (2^-^) = 2(^-^). 

4. ii = {2sinK^-C)cosi(^+C)}8in^ 

= {2 8ini(^ - C) sin^} cos \(A + C) 

= {2 sini(^ - C) %m\{A + C)} cosS ^ (cosC- cos^) cosA 



Ex. 19. 

I. u =a cos^ cosS + 8in-4 sinj9 = -.- + -.-= &c. 

e e c c 

1 - tan*B a ^ a* 

4. « = tan J(9(y>-21») = tan(46=-i») = J^^^ = (]_*) ^ (1 + \ 

1 + tan^ a a 

5. w = ooi(180°-a^)= - C083J? = 3cobB - 4co»*B ^IS^-^^ - - ^*-^' 
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7. Area - iab sin C (109) = Ja5 = i{(a + by ^ («• + y)} 
= i{(a + d)*-c«} = &c. 

9. M « ain-4 cosB - sin-B oo8-4 =* (- sinC) cosfi - (- anC) cqaA 

c c 

= (a co&B - h cos^) = {%ac cos-B - The cos^) -5-jp 

= by (106) {(a« + c« - y) - (6«+ c«- a«)} ^^^^^^^"^ « &c. 

10 u-ll55i-^ = ?i!^=(107)(i^^ 

l-cosS 28in'JJ9 ^ ' be (*-a)(«-c) 

sinJB cosC b a* + h^ - <^ , c^ ^- c* --b* „ 

sinC coB^ e 2ab 2ae 

12. t« = tin}^ coBi^-sinJBcoi}^ 

o / (* - ft) (* ~ g) /fliZ*) . / (< ■ g) (g - g) , *(<--«) 

"^ ftc *^ ae ae "^ be 

s-b .ala-e) B-^a ,«(«-«) ^-6 ^^-a, .«(*-c) . 

c 00 c 00 ^ e e ab 

13. « = (107) /izpSlzl) ^ /—P^ = i::f = &c 

_ (8-b)-\-(8-a) . (g~6).(<-a) (<-j>)4.(a-g) 
" V{(«-«) («-*)} " V{(«-«)(«-ft)} («-fr) - («-a) ' 

15. Area = ibc smA = }((!• - b*) -j — =^5 sin^ 

-by (110) !(«.-*.) ^-^g^i^^^ 

16. Area = ibe BinA = s-;^ ? — r x — • 8m^ 

2 (a + ft + c) a 

-by(110) ^^^^^^^^ x g-—, .fa^ 

2oic giiL<l + sIilB f sinC „ . ,_ 

%TT+7'' i •&c«««ttCBi.M.4). 
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Ex. 90. 

1. Area=i6csiiL4 = Jx2fx3f X8in30°=ix|x\4x^ = 2j«3r.y(fo. 

2. Area = i x 60 x 60 x sin 60° = 900 V3 » 1559 iq. yds. 

3. « = i(a+6+c) =1(50+30+30) = 56, «-a=5, «-6=26, «-c = 25; 
.*. area = V(55 x 5 x 25 x 25) = 125 VH = 415 sq. yds. 

4. « = 150, «-a = 20, «-d = 30, «-c = 100; 

/. area = V(150 x 20 x 30 x 100) = 3000 sq, yds; 

and the n° of trees, being 1 to 4 59. yds, = J x 3000 = 750. 

5. « = 324, «-a = 108, «-i=54, «-c = 162; 

.-. area = V(324 x 108 x 54 x 162) = v/(324 x 108 x 108 x 81) 
= 18 X 108 X 9 = 17496 sq, yds = 3a. 2b. 18r. 11} «^. yds. 

6. Area AEB = \AE. AB sin 45*' = \AE. 50 V2 sq. yds, 
which (by question) = i of 10000 = 2000 sq. yds; 

.\ ^^ = 40 V2 = 40 X 1.414 =» 57 yds. 

7. The parallelogram consists of two equal triangles ; the area 

of each being J X 28 X 30 X sin72° = 420 X ^^^ = 420 X 2^5±i? 

5fi yifi 4 

= 105 X (2.449 + 1.414) = 105 x 3.863 = 405.615 sq.fi: 
.*. area required = 811 sq.fi = 90} sq. yds. 

8. « = 200, «-a = ll, *-ft = 31, «-c = 158; 

.-. area = V(200xllx31xl58)=20V(llx31x79) = 20V26939 

= 20 X 164.13 = 3283 sq. yds, 
the value of which (there being 4840 sq, yds in an acre) will 
be ilif X £150 = £101 14« 11^. 

9. Let C be the right angle : then, if ^ be the given angle = 30°, 
we have B = 60°, a = c sin^dt = 5i x i = 2| yu, h = e sin5 
= 5ix}V3 = 2f X 1.732 =4.5465/5, and area = }a5= }x 2fx4.5465 
e6 sq.fi nesx\j. 

0. Let the angles be 30°, 30° + or, 30°+2x; then their sum 
= 90°+3a; = 180°, or ar= 30°, and the angles are 30°, 60°, 90°; 
hence the triangle is right-angled, and 

a = 100 yds, h = 100 tan60° = 100 ^3 = 173.20 yds; 
^d area = \db = 8660 sq. yds = 1a. 3r. 6f. 8} sq. yds. 

1. sJnC=isin^ = f§xi = l; /. C= 90°, and .5 = 60°; also 

h = € cos30° = 10 V3 = 10 X 1.7320 = 17. 

2. ]9ere a, i, c, are as 

opposite to the greater 



1, $, f , and, the greatest angle being C, 
ir side, cosC (106) = \^\ )^^ = ., 



a 1 . ._!>'' 



hence C=90P, and sin^ = -=--T=M «viiB ^"^ -^^\- V 



i^ 
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1.3. COB A = JTT =--_-«-*=: cotl20®. 

26c 26c 

14. (1) 8iniC= V^* " ^^J' " ^^ = ;4 » since ^6'= 45^ 

A Ja6-(«-a) («-.6) = 4(6 + c-.a)(a + c-6)=J{c*-(a-W; 
hence c" = (a -&)• + 2a6 = a'+ft*. 

(2)cosJC=/Jill>=-L^, 

.-. |a6 =»«(#- c) = J(a + 6 + c) (a + 6 - c) =» J{(a + b)* - c*}; 
hence c* = (a + 6)' - 2fl6 • a" + 6*. 

(3) tanJC- V^?L(f"_^) « 1, since tan46« = 1 , 

8{8- C) 

.'.(s-a) (#-6)-»(<-c), or i{c»-(a-6)«}» l{(a + 6)'-c^. 
hence 2c» = (a + &)• + (a - &)• - 2 (a* + 6«). 

£x. 21. 

- ^ fl a a ^ area -JaxaxBinCO^ a 

"'28in2"28in60«"' V3' '^'^ ~ "^ "l(a + aTa)' " 2V3* 

2. « = j(ii + a + c) = }(2a + c), <-a = Jca«-6, «-c»J(2a-c); 

hence ii (114) - 4-^,-^-(j'^ l^-^j - ^(ijr^ » 

^ ' ^ « i(2a + c). 2 ^2a + c 

3. By (115 N.B.) we have AF . BD . CE^ AB , BF .CD 

'(8-a) («-6)(#-c)c=«r*(116)«i(fl + & + c)»^- 

4. By (116) 

BJD^ o a»+<l«-2arf oosA - («•+<**)- -P^ {(fl«+rf«)-(y+c')) 

aa-f-oc 

^ 6c(a*-f-(^') + fl<f(6' + c*) ^ (ac + 5rf) (fl 6-hcrf) 
ad -^bc ad ^bo 

We may proceed in the same way to find the value of AC- 
or we may from the above write down at once, by Symmetry, 
the value of A C\ observing that, in the expression for ^2/, 
the terms adf be, in the den" are the products of the sides 
which contain the angles A and C, respectively, and there- 
fore, in the den" of the expression for A C, the terms will be 
the products of the sides which contain the angles B and D, 
that is, the den' will be ab + ed, and therefore 

^2?»- ^^^^^^')^^^(^'^^*) , (ac + bd)(ad-^be) 

ab + cd ob-v cd * 
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Hence we have AC.BL = ac-\-bd = AB.CD + BC.AD; and 
AC:BD::ab-^ed:ad+bc.:AB.BC^CD.DAiBA.AD+BaCD. 

5. If the figure be drawn, it will be seen that (to radius unity) 

^C=chord(2w< + 25) = 2sin(^ + -B), BD = 2, 

AB.= chord2^ « 2 sin^, 
CD = chord(180° - ^C) = 2 sinCOO*' - ^) = 2 cos^, 

-BC= chord25 = 2 sin5, 
AD = chord(i80° - AB) = 2 sin(90° -A) =2 cos A ; 
.'. since, by the datum in the preceding example, we have 
AC.BD-^AB.CD^ AD .BC, it follows that 
2 sin(^ + ^) X 2 = 2 sin^ x 2 cos^ + 2 cos^ x 2 sin^, &c. 

6. Area ABD = J base x perpendicular = iBD x -4J^ sin JS^; 

so area CBD = iBD x Cj& sinj&; 
.-. area^^CD = iBD{AE^CB) siuB^ ^BD. AC sin E. 
Now, if ABCD be inscribible in a circle, as in (116), we 
have its area = V{(« -«)(«- h) (s - c) (« - rf)}, which, by the 
above, = ^A C, BD sin J^ = i(ac + M) sin -E Iby the foregoing 
Ex. 4, or by Euc. vi. D. 

7. By (115) areaiS = r< = ri(» - o) = rj(« - 5) = r,(« - c); 

r r r «-a «-6 «-c 3«-(a + d + c) 3«-2« , 

.-.- + - + - = + + =» ^ -^ = 1; 

r^ Tf r^ 8 8 8 8 8 

u 1111 « 

hence - = — + — + — , or r = &c 
*• '•i r, ^s 

8. B--;-—. — 7, and areai8'=r« = r,(«-a). 

/.x *• 2-5 Sin^ 2(fa6 8inC)8inw< 26sinC8in^ 

Hence (1) -= = = — ^ — n — ^ — r— = r 

^ ' Jc as axi(a + b-\'C) a + o -i- c 

/,,/xx 2 sin -4 sin -B sin C 2 8in^ sinJ9 sinC ,_. ., 

= (110) -: 2 : — 5i ;— :7^ == 1 ^^ , ..i i->i (*^« 4) 

' sin^ + sm^ + smC 4 cos}^ cos^B cos^C 
= 4 sin J-4 sinl^^ sin JC 

o /ON ♦*! 2SsinA , , . 2 sin-4 sin^ sinC 

' So (2) ^ = — = (as above) -r-^ — r-pz — ; — 7 

JR a{8-a) ^ ^ sinB -i- sinC - smA 

2 sin-4 sin:B sinC . . , ^ , ti , ^ 

= -;: 1 ^ » 1 T> ' 1 ^ = 4 sinf^ cosi^ cosiC, 

4cost-4 sinJ-Bsin^C * ** '^ 

ince 8in5+sinC-sin-4 = 2sin}(J9+C)cosJ(J5-C)-2sinJ^-4 cosJ-4 

= 2 coaj^ (cosK-B-C) - co8i(^ + C)}, 

•or 8inK^+C) = sin(9(P-^^)=co8i^, and sinf^ = cosi(J5-f C),) 

= 2 cos J^ (2 sin J^ sin JC). 

Hence also (3) - = tan|^£ tan^C. 
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2BmA 2 ^sin'^ 2 ^sin^ smJB arnC 

10. The hypothenuse mnst be the diameter of the ciicumscribing 

circle, so that J2 s ^c ; and r = — = - — = ; hence 

J. _j^ ab _ (q + 5)c4-c*+2a5 (q45)c+g*-fy + 2fl^ 

"" a-^^b-^-c 2(a + d + c) "" 2(a+d + c) 

(« + &)<? + (a + 5)* ia + h)(e + a-¥h) ,^ .. 
" 2(a + 6 + <?) " 2(a + 6 + c) -•''^« + ^^ 

1 1. From P draw PD perpendicular on AB ; then we have lAPD 
= JZ-4P5 (at the centre) = Z-4 CB (at the circumference) = C, 
and .-. ZP^-B = 90°-C=i(^ + ^+C)-C=i(^ + ^-O; 
andzO^-B=i-4; .-. lPAQ^lPAB-LQA^B or LQAB-LPAB 
= |(-4 + ^ - C)/-/ J^ = J(^'-' C) J and so with the others. 

12. Let ABCD be the quadrilateral figure, so that AB = BC= 3, 
and CD = D^ = 4 : it is plainly bisected by the diagonal BDt 
and therefore, since it may be inscribed in a circle, BD must 
be the diameter of that circle, and the angles BAD, CABt 
must be right angles. 

Hence area ABCD = 2x area BAD = 2 x iAB . AD = 12; 
radius of circumscribing circle = iBD = i ^(AB^ + AD^) = 2i j 
and, if O be the centre of inscribed circle, 
area ABCD = area OAB + area OBC+ area OOD + area ODA, 

or 12 = Jar + i5r+icr+i<lr = }(a + d+c+rf)r = 7r; .% r=lf 



Ex. 

(1) Given a, A : then 5 = 90° - ^ = 62« 14' 29": 

logft = 10 + loga - Ltan^ = 12.0915147 - 9.7212462 

» 2.3702685 => log 234.5678; 

logo t= 10 + loga - L sin^ = 12.0915147 - 9.6681505 

e 2.4233642 = log265.0721. 

(2) Given c, A : then .B = 90° - wdt = 62® 14' 29": 

loga =1 logo + L sin^ - 10 = 2.4233642 + 9.6681505 - 10 

= 2.0915147 = log 123.4567 : 
log& = logo -f L cos^ - 10 » 2.4233642 + 9.9469043 - 10 
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3) Given a, b: then L tan^ = 10 + log a - logh 

= 12.0916147 - 2.3702686 = 9.7212462 = Ltan27° 46' 31": 
.-. A = 27^ 46' 31", ^ = 90° - ^ = 62'^ 14' 29", 
and logc s 10 + loga - L sin^ e log 266.0721, as above in (1). 

4) Given a, c : then L sin-^ = 10 + log a - logc 

= 12.0916147 - 2.4233642 = 9.6681606 = L8in27° 45' 31"; 
.-. A = 27° 46' 31^ ^ = 90° - A, 
and log5 = logc + Lcos^ - 10, ai in (2). 

Or we may find h thus : 
og6=i{log(c+a)+log(o-a)} = J{2.6894249+2.1611121}= 2.3702685. 



Ex. 83. 

1) Given a, ^,^: then C- 180°-^ - .» = 70°: 

log6 = loga + L sin jB - L sin^ = 2.8839067 

+ 9.9607302 

12.8446369 

- 9.8417713 

3.0028666 = log 1006. 62: 

log c = log a + L sinC - L sin^ = 2.8839067 

4 9.9729858 

12.8568926 

- 9.8417713 

Given a. ft, ^: 3.0161212 = log 1035.43. 

Lsin^^Lnn^+logft-loga = 9.841771^ 

- h 3.0028666 

12.8446369 
- 2.8839067 

9.9607302=L8in66°or Lsinl 14% 

either of which is possible, since b>a. 

ence C= 180° - -4 - ^ = 70° or 22° : 

id log c = logaf LsmC-L sin^ = (if C= 70°) log 1036.43, as in (1); 

or = (ifC=:22°) 2.8839067 

+ 9.6736764 

12.4674821 

- 9.8417713 

2.6167108 = log412.7725. 



\>^ 
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Ex. M. 

(3) Giyen a, 5, C: then ^ + -B = 180^-0= 110°: 

and, {b being here (122) the greatest of the two given 8id( 
L tan U^'A) » 20 + log(6 - a) - L tanSd"" - log(6 + a) 

= 22.3823555 - 13.0937033 » 9.2886522 = L tan 
hence -B + ^ = 110^, ^-^ = 22°; .-.1^ = 66°, ^ = 44^a 
may now be found as in Ex. 23 (1). 

(4) Given 0,1,0: then, since tan|^ « J- — . ^ ^ we hai 

Ltan J^ = 10 + }{log(«-ft) + log(« - e) -logs -log(»-a)} 
« 10 f 1(5.1651992 - 5.9523799} == 10 - .3935903^ 
= 9.6064096 = i tan22°; .-. A = 44°: 

L tan}C= 10 + J{log(»-a) + log(«-6) - log* - log(«- 
= 10 + J{5.4040164 - 5.7135627} = 10 - .154778 
= 9.8452268 = Ltan35°; .-. C= 70°: 

and i? = 180°-^ -(7= 66°. 



Ex. 05. 

1. Let the offsets, on opposite sides of AC, be JBB{= 
and FD (= 420) ; then (127 (1)) area = i^C (BE + 
t= i X 750 X 700 « 262500 sgiuar$ links « 2.625 acres » 2a. 2b 

2. BC=ACUaiBAC: .-. log^(7= log200 + Ltan25° 10 
rr 2.3010300 + 9.6719628 - 10 » 1.9729928 » log 93.97 : 
.•. BC= 93.97 = 9ifeet, nearly. 

3. Af C, the observers, B the balloon : A C= 1000 yds, lA 
LQ = 54°, and, .*. LB = 90°; hence, drawing BD perp. to 
BD = AB ^nA = (ACcosA) an A = J^Csin2^ = 500 i 

= 125 V(10+2V5) by (100) = 125V14.472134 = 125x 
= 475i yds. 

4. Let ^Cbe the tower; A, 2), the two places of observ 
then AD = 100 yds, LB A C = 60°, LBDC= 30° ; hence Z 
^L{BAC- BBC) = 30°, and .-. AB^AD^ \00yds\ 
= AB sin 60° = 50 V3 = 50 x 1.732 = 86.6 yds = 260^, net 

5« Let the offsets (both on the same side of AB) be EB ( 
and 2f'C(=435) ; then (127 (3)) area = \{AFy^BE^DE 
= i (710 X 147 + 820 X 435) = 230535 square links = 2.3053^ 
s 2a. IB. 9p., nearly. 

6. Given AB^AC^ 200 yds, LABC^ LACB = 36° ; 
then (drawing AB perp. on^C) BC^ 2BB t= 2AB a 
= 100 (-^5 + 1) by (100) = 100 X ^.^^^0 « ^^\^,d%, tlwIi 



IN PLANE TBIOONOMETRT. 31 

7. Let A be the ship's bottom^ B the top of the rock; then 
-BC= 500/5, LBAC^\^% and .-. ^(7 = J? C7 cot 18°, and 
log^C = log500 + Lcotl8°-10 = log500 + (20-Ltanl8°)-10 
by (165) c= 2.6989700 + 10 - 9.5117760 =3.1871940 = logl538.8 ; 
hence -4C= 1539yiJ, nearly. 

8. A the top of the tower, -4JJ = 108j^; CD the column, CE 
a horizontal line, cutting AB in B\ LA C^=30°, Z^DjB=60®: 
then AB = AB x cosec AJ^B = 108 x f V^ = 72 V3 ; then, in 
triangle ACB, we have -4D=72V3, Z^DC=30°, LACB 
= 90° + 30° = 120°, and .-. ZC^D = 30° ; 

... CD = AB "^^fP = 72V3 X ^^, = 72^?. 
sin^CD ^ sin 120° -^ 

9. Given -4C=75yrf«, CB = 60yds: then 8in-4 = f^ = $, and 
co8^=V(l-8in"-4) = f : hence J?C=-4Ctan^=7oxf=100y<f«, 
^^=-4C'sec^ = 75xf = 125ycfo, area = J-4Cx i?C=3750 s,y. 

10. ^Jl= 1000 y<fo, ZC= 180°-^ ~-B = 64°40'; 

,^ ,_,sin83°10' ,,^ cos 6° 50^ , 

sin 64° 4 V cos 25° 20 

log-4 C» 3 + L cos 6° 50' - L cos 25° 20^ = 3.0408154 = log 1098.5 ; 
.-. -4C= 1098.5 = 1099 ycfo, nearly. 

11. Given LA = 60°, CB = 100 yds : then, since BA = BB, and 
Z-4C5 = 90°, D must be the centre of the circumscribing 
circle ; hence AB = BC = BB, and AB = 2CD = 200 yds, 
AC=AB cos60° = 100ycfo, BC=AB 8in60° = 100V3 = 173ycfo, 
nearly ; and area -\ACx BC- 8650 sq, yds. 

12. ^^ the tower, CB the pillar, CJ^ horizontal, cutting AB 
in ^: then CB = 100/5, LACE^ 30°, ^4D^ = 60°; and, in 
triangle ACB, we have CD = 100/<, Z^DC = 30°, lACD 
= 90° + 30° = 120°, and.-. Z.C^D=30°; hence ^C= 00 = 100, 
and ^^ = ^ C 8in30P = 50, and .-. AB^AE^CB^ 150 ft. 

13. ^S=^C??^=JJC-|- =JJC^^ = 150 (1.2360) = 186yrf5. 

sm54° V^+l 2 V / iT 

14. D^the object, ^, B, C, the three successive places of obser- 
vation ; AB = soft, BC= 30ft, (.-. ^ C = 50/J,) LBAE= A, 
LBBE:=^90''-A,lBCE=^2A: hence LABB=L<J)EE-SSA^\ 
= 90° - 2^, and LABC= HJ)AB - DCB^ = A. 
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and, again, .£D = ^c'?^-^= SO X ^^ = 100 w. J : 

.-. 80^^^^ = 100a»^, ora»2^ = t5 and DE r. AD mU 

= (lOOcoswi) sin^ = 50 tm2A = 50 x f = 30^. 

15. Let ^, ^ be the two positions of the ship, L the light- 
X i house ; then LSAL = 45=, lXBL = 30=*, and therefore 

aV^ lALB = i. (.V^i - NBL) = 15^ : henee 

sin30= 
Bf ^IX = .4^ -^-— - = 2^^cosl5'' = 2AB co8(45°-30°) 

^ suild^ ^ ' 

^ = 12x ^^^ =3x(v6+v2) = 3x (3.86)=1L6 nUles, nearly: ♦ 

^i = ^LB^^=6x-|— = 6x^^=3x(2.73) = 8.2ma(a. 

16. By (127 (2)) area = \ (230 ^ 480) 200 = 71000 tquare yards 
= 14A« 2b. 27p. 3^ sq, yds, 

17. Suppose each road stretched out into a straight line: then the 
vertical height of the hill will be the perpendicular of a right- 
angled triangle, in wiiich the length of the hill will be the 
hypothenuse: hence, in each case, we haye height = length 
X sine of inclination = If x ^ (in one case) = /x i\ (in the other,) 
if / be the length required : .'. / = 12 x If x i = 4 miks. 

18. By (127 (1)) area = i x 108 J x (56} + 60f) « 6347} sq.fl 
= 23p. 9} sq. yds 2i sq,fi = 23P. 9 sq. yds 4f 9q.Jt, 

19. BCthe tower, A, D, the two positions of the observer; 

AD^a, iJBAC^a, LBDC^ia-, 

hence Z^BD=L(BAC- BDC)^ia^LBDA, AB^AD-^a; 

.'. J9C= .<4^8inS^C7=asina, .^C7=acosa. 

20. Given ^C= 80^, CD = 40y^, /LACB = 144'', lCDB^^ 
= lBCD ; .-. ^C= BD, and CD = 40 = 205, (if .Bj& be drawn 

20 80 

perp.onCD,)=2jBCco836%or^C=^^^^ = ^^_=20(V6-1). 

Now we have AB" = AC* ^ BC* - 2AC.BC cosU^" 

= 80 + 20*(6-2v5) + 80x40, 
(since, from above, 40 = 25 C cos 36° = - 25 C cos 144%) 
= 20*(16 + 6 - 2V5 + 8) = 20»(25.5280); 
.-. ^J? = 20x 5.05 = \0\Jt. 



IN PLANE TRIOONOMETBT* 33 

21. B the top of the hill, A^ D, the two objects : AD = j^ mile, 
LBAC=^^6°, LBBC^ 30°: then, in triangle ABB, we have 
AB = ^o «»»fe = 176 yd9, lBBA = 30*», LBAB = 136% and 

.-. LABB = 15° ; hence BB = AB ^^1- = 176 x ^ 




8inl6° V3-1 

= 176 X (V3 + 1) = 176 X (2.7320) = 480.8 yd9 = 1442^, nearly. 

22. A, B, the two positions of the ship, LNAP^USP, LNAB^AISP, 
\ ^a LQBP = 45° : hence lABQ = 90°, ^^P = 60°, 

and AQ = ^2^ sec60° = 2AB » 10 mUes, 
.-, .^sin^i^P ^ sin45° ^ 2 
BmAPB sin 76° V3 + 1 

=:6(V3-l)m.:.-. PQ=10-6(V3-1)=6(3-V3)=63m. 

23. In the triangle BCB, we have CD « 100 yds, lBBC= 36°, 

sin 19ft° 

ZPCD = 126°, and .-. ^.CBB = 18° ; hence BB^CB . , ° 

sin 18° 

= 100x!^=100x^=100xis^=«)(3 + V5)y*: 
sml8° V^-1 4 V V /y 

A ^ -»• =: ^-D* + -»!>• - 2^D.-BD cos 36° = 400« + 2600 ( 14 + 6 V6) 
- 40000(3 + V«^) ^^^^^ = 116000 - 26000 V6 = 69098 sq. yds: 
.*. AB = 243 yds, nearly. 

14. CD the tower, perp. to plane of paper. A, B, the two posi- 
N tions of the observer, /.CAB = 60°, AB = 400^; 

then AB = CB cot60° = ^f^ V^, JBB'= AB'f AB* 
= 100*(16 + J) = *o y oO; .-. i?D = ^5^ V3, and 

CD 

tan CBB = — - = J V3 = .2474368 = tan 13° 53' 52", 
JjB 

^ (since D=3087, c?=2696, and .-. n=§A|f x60=52). 




Ex. 26. 

1. log8 = 3 log2 = &c ; log9 = 2 log3 = &c ; logl2 - log3 + log4 
= log3 + 21og2 = &c. 

2. Iog20srlogl0 + log2 = l + log2; log25 = 2log5 = 2(l-log2); 
log60 = log 10 + logo => 1 + log2 + log3. 

3. logi=-log3=-.4771213=-l + .6228787 = &c; logJ=-21og2 
= - .60206 = - 1 + .39794 = &C5 log% = \o%^,^«I\^%^- V 
s - i ^ .60206 B &c 
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4. logT?7 = log3 - 2 = - 2 + .4771213 - &c ; log ^o = - log8 - loglO 
= - .4771213 - 1 = - 2 + .6228787 = &c ; log io%o = H^ 
+ logll -4-:&c. 

5. logi4 = log2 + 2 logs - 1 = &c ; logl40 = log2 + log7 + 1 = &c; 
log 100 = log^ + logl6 -2 = 2 log3 + 4 log2 - 2 = &c. 

6- logrJ^^ =4 log5 - 4 = 4(1 -log2) -4 = - 41og2 =- 1.20412 
= -2 + .79688 = &c; logf^-o =-2 log 11 -1 «- 2.0827854-1 
= - 4 + .9172146 = &c ; \og^^ = log3t+ log7 + log6 - 1 «log3 
+ log7 + (1 -log2) - 1 1= &c. 

7. log Vo* = log63 - 1 ; \og%^ = logtJ = log2 + log3 + log? - 1; 
logV^ = log« « 2 log2 + logll - 1. 

8. logT JJ J7 = logs + log37 - 4 ; log Vf = J(log3 - log2) ; log'Vf 
= i(21og2-log3). 

». logVi\=ilogi^o=i(-l) = --5--l + .5 = &c; log'^rfo 
= J(log2 - 2) = J (.30103 - 2) = J(- 3 + 1.30103) = - 1 + .4336766 
= &c ; f log« = f (2 log2 + log3 - 1). 

10. 31og}=3colog7=3xl.l549020=&c; log(iV}o)=log3-21og2 
+ J(logll-l) = &c; ?logrS«o = f(log3 + log23-3). 

11. i colog2 + i(log2 + colog3) + i(log3 4 2^1og2) = ^(1.6989700) 
+J(.3010300+1.6228787)+K.4771213+1.3979400)=(8eeEx.3.) 
i( 1.69897002 + i (1.8239087) + J (1.8750613) = (Bee Ex. 3) 
1.9247425 + 1.9413029 + 1.9376306 « 1.8036760. 

1 2. i [colog 2 + J {log 2 + colog 3 + i (logj + 2 colog 2)}] 
= J [1-6^89700 + f {1.8239087 +J (1.8750613)}] as in (11) 
« i{1.6989700 + J ( L8239087 + 1.9687663)} 
= J{1.6989700 + J(1.7926740)} = ^{1.6989700 + 1.9308913} 
= i (1.6298613) = 1.8149306. 

Ex. 07* 

3. Iog20000 = 43010300, log20001 = 4.3010617 ; .'. 2> = 117, &c. 

4. Iog31000 =4.4913617, log31001 = 4.4913767 ; .-. 2> = 140, and 
(i) for 31000.23, ^ = iVo x 140 « 23 x 1.4 = 32 j (u) for 31000h 
a = i X 140 = 36 ; (iii) 3I4-0V0 = 31.00076, and for 31000.75, or 
31000 J, J = { X 140 = 106 : in each case the value of 5 is to be 
added to the mantissa for 31, and the Characteristic deter- 
mined by inspection. 

5. logV2J = J logj = i(log7 - log3) =.1839883; 
logv3J = i \og\^ = J(logl3 - 2 log2) =.1706278; 
logV4i=llogV=ilogt?«=J(log2+log3+log7-l) = .1568128; 

Jog V5i = i log^ = i (log 31 - \og^ - \o%^^ - .\\*»AM_ 
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from which, taking the lowest of the two giyen mantiasse, we 
have 3 » 27 ; also D » di£f. of given mantisssB » 97, for which 
we may form a Table of Pro. Parts, or, at once, by (143), 

6. ilog367.1328 - Jlog36712.76 = 1(2.5528297) -J(4.5528233) 
= 1.2764148 - 1.6176077 = - 1 + .7688071 = 1.7688071 : 
now, for the given mantissse, D = 75, and, taking the lowest 
of them from that just found, ^ «= 1 1 ; .'. cf = j J = .14 j and the 
number required is, therefore, .6738614, the decimal point 
being set before the first figure, since the Characteristic is 1. 



Ex. 28. 

1. (i) D (for 60") = 6261 ; /. d for 25" = fj x 6261 = 2609, 

and L sin 11° 24' 26" = 9.2961738 : 
(ii) rf « 746; .-. n =- eWi X «0 - 7, and A' = 11° 24' 7". 

2. L cos60° = 10 + log-cos60° = 10+ log J = 10+colog2 = 9.6989700 : 
(i) JD (for 60")= -2189; .-. <f for 20"=fgx -2189=- 729.6= -730, 

and L co860° O' 20" = 9.6988970 : 
(ii) L sin 29° 69' 16" = L cos 60° 0' 46" ; 

d^i^X' 2189 = - 1642, and L8in29° 69^ 16" « 9.6988068. 

J. Ltan46°=10+log-tan46°=10+logl = 10; .-.D (for 60") = 2527: 
and Lcot44° 69' 20"= by (156) 20-Ltan44° 59' 20", for 
which rf = 14 X 2627 = 842, and .-. Ltan44° 69' 20" = 9.9998315, 
and Lcot44° 69' 20" = 10.0001685. 

I. Lco8ec30° = 10 + Iog-co8ec30° = 10 + log2 = 10.3010300; and 
.•.i> (for 60") = -2187: 
(i) L sin 30° 0' 45" = 20 - L cosec30° 0' 45", 

for which rf = JJ x - 2187 = - 1640, and .-. L co8ec30° 0' 45" 
= 10.3008660, and L8in30° a 46" « 9.6991340 : 
(ii) Log-sin*9.6990999 = (166) Log-cosec"* (20 - 9.6990999) 
= Log-cosec"* 10.3009001, for which rf = - 1299; 

••• w = ffif X 60 = 35.6 = 36, and A' = 30° 0' 36". 
5. sin 2-4 = 2 sin-4 cos.4 ; .% log-sin 2 A = log 2 + log-sin-4 + log-cos-4 , 
or (L sin2^ - 10) = log2 + (L sin.4 - 10) + (L cos^ - 10), &c. 

L sin30° e 10 + logi = 10 + colog2 = 9.6989700 ; 
L cos 30° = 10 + log(i V3) = 10 + colog2 + ^lo^^ 
» 9.6989700 + .2385606 » 9.9^15^^. 
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L^qadOP = M-k i g fBmy = :tf^iiy| = M~qihga=:9Lfl969700. 



FRRATA E^ FLA5E TBIGO^iOXETRT, PABT L 



417, fiaell, ftr =0 read =-1. 

68, Thewatdi*FaraII^afaBaaf X A, C, 

/Ukm^ aac ^rKnfe. Ex. ISL 10. 
73, liK6« ftr dbteMf wd i nj i # . 
83, Iixie», ftr (l-cosJ) lod (I-coi^ 

- Hae 10, ftr cati^ lead taaH^ 

— loM^ immxn', ifar ^m.i lead —taai 

— line 33, in. denr, ftr taa^ ic^d taaJ. 
96, Ex. SL 6, for S (fonr times) zcad «. 

Ill, line 4, far m»d +« zcad — ce «wiO. 

- line 5, far «w< — « nmd owf -r x . 



Aaf ahoold 



ANSWEBSw 

Ex. 90. 5, ghoald be 3a. Se. 18y. 11) «f. yrfi. 
Ex. ao. 10, ahoaldbe U. 3k. 6p. 8)«f. yrfi. 
Ex. 98. 2, thooldbe 9.6988970, 9.6988069. 



PMated by Metcalfe end YiSkiMs. 



APPENDIX 




Tbe following remarks aie necesur; to adapt the Key to the 
Second Edition of the TexL 
Bi. I and S an die Mme in both Editioiu, u well as Ex. a. 1-4, 

«. 1-6, «. 8. 
The Solntioiis of Ex. a. A, 6, 4. T, 9, 10, s. 7, &c., that is, of 
aO the twto examples, are given below. 
Sumd EdMim. Fint EditioB and Key. 

*. 7, 8, 9, 10 coiregpond to 3. 9, 10, 11, 12. 
». 1, 2. 8, 9, 10 4. 7, 9, 10, 11, 12. 

*. 8, 4, 5, 6 ». 7, 6, 8, 5. 

XQ. 6, 7. *. 8, 9. 

An; other euunple of the Second Edition will be found at 
once in the Key, upon iMmitii.hing by nnity the Egyptian 
numeral, which indicates tbe *tt in which it ia found : thus 
Ex. 14. 4 of the Second Edition will be Ex. 13. 4 of the Key. 



9. 5. 29m= 29000, t 

= 7868mat. 
a. 6. The ciicnmfeence tzaced by its ertremity = 2wr = I45r yds ; 

hence in 1' it deacribes 140«'= 140 xV = 440 yA = 1 mifc, 

and in 1 A it describes U miJu. 



4.7. .4 = J»" = 55«6T'.29577 = 4r44'47''. 
4. ». By(27)e=A,,l^?,=.0051875x3.I4159 = .016297 
nearly; which angle in d<yrM«=A.xl.0375=.93373=56' IJ". 
C 10. .,l = .7834x67". 29577 = 45', nearly. 

9. 7. Let a "dde of square, r = radius of each circle e jn : then 
area required 
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8. 10. In the figure of (56), draw CN perpendicular to AB^ and 
produce BA &c. as in Ex. 7. 12 of Key. 



•. 6. Apply the rules of 60-63. 

•. 7. cos(^- Jtt) = cos(j7r-^) = &c, 

8in(^-f7r) o - sin(}7r- ^) = - (-cos^) « &c, 
tan(^-iw) = - tan(Jw-^) = &o. 



lo. 8. In the figure of (66), let ^C be the tower above the level 
of the observer's head, and produce CA to 2), bo that 
^i) = 80y£&; then LBAC^QOf", LBDC ox LBDA^^, 
and /. LABD=^ZQP, (since BAC is the exUrwr angle of 
the triangle ABD,) and ul J9 >= ^2) » 80 yd9i hence 
BC = AB sin 60° = 80 x J V3 = 40 x 1.7320 = 69.280 yii 
= 208 /if, nearly, and height of tower « 208 + 6 « 214^8. 

lO. 9. AB^ = 108» + 144» = 36"(9 + 16) ; /. ^J? = 86 x 6 » 180 yA; 

and CD.AB = 2area44-BC= ACBC, 

whence CD ^ 108 x 144 4- 180 ^ 86.4 yd9 ; 

. BD ^ BC ^^ BC* 144x144 ,-.« , 
also ^-cosB = — , ori?D=^=-3g5^.115.2yA; 

and ^D = 180 - 115.2 « 64.8 yd$. 



. 2sini(M4M) cosHM-M) ^ ain^ 

2C08i(M + M)C0Si(M-M) 008^* 

2 smi(^ + 8^) cos}U-3^) sin2^ 
* **'^2cosJ(-4 + 3^)cosJ(-4-3-4) COS2-4' 

... in (sin^ + 8in5.4) + sinSui 

18. 12. tla 

(cos^ + COS 5^) -f cosSul 
^ 2 sin |(^ -f 5^) cosi(^ - 5A) ^ sin 3^ 
^ 2co9i{Ai6A) co8i(^-5^) + cos3ul 

2 sin 3^ cb82^+sin3^ ^ 8in3^(l-|-2co82^) ^^3 i 
" 2co83^ COS2-44C083.4 " cos 3^(1 +2 cos 2ul)* 



aa. 4. By (115), area^Sa r«, and, therefore, since r ii here 

constant, area cc8cc2scca-\-b-\-c. 
aa. 5. By (115 N.B.) s-a^a, s-h^^, «-eB<y, 

and a + /3 + 7 = 3«- (a+6 + c) « 3a - 2« « a; 
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«. e. By (118) A: A' 

ssGr'sinJwxcosjTr : Br'sinjw-^cosjw = cos*j7r : 1 = 3 : 4. 

98. 8. Hypothenuse (c) = diameter of circumscribing circle = 30 

and one side (a) =^ 18; /. third side (6) x: V(900-324) = 24 

«<=36, 8-a=>lS, «-&sl2, «-e=6, and area6^=i<i&=216 

S ^ S ^^ S ^^ S ^^ 
B - a 6, r, » = 12, r, = — - = 18, r. = = 36. 



• • 



». S. (ii) cot45*'0'36'' = tan44*»69'26"; /. rf = f^x2527 = 1053; 
and L cot 45^ C 35" = 9.9997473 + .0001063 = 9.9998526. 

»• 6. Lcos30°=10+Iog-cos3a'=:10+log(|V3)=10+ilog3-log2 
-9.9375306; /. i) = -729: 

(i) rf for 20^ = {* X - 729 = - 243; 

.-. L co830« O' 20" = 9.9375306 - ,0000243 = 9.9375063 : 

(n) L 8in59° 59^ 25" = L cos 30° 0' 35", 
for which <;>=ff x- 729=>-425$ 
.\ Lsin59° 59^ 25" » 9.9375306 - .0000425 « 9.9374881 : 

<iii) L8ec30° O' 25" = 20 - Lco830° O' 25": 
«nd d for 25" = if X - 729 = - 308; 
••, L cos 80° O' 25" = 9.9375306 - .0000303 = 9.9375003 ; 
.-. LseeSO^ 0" 25" = 10.0624997. 

I. 6. L tan 44° 5^ = 20 - L cot44* 59' = 9.9997473, and L tan 45° 
= 10 + lQg-tan45° = 10 + log (1) = 10 ; .-. D = 2527 : 

(i) rf for 20^ = |A X 2527 = 842, 

and Ltan44° 59^ 20'' » 9.9997473 -i- .0000842 = 9.9998315: 

<ii) Ltan46°0'30"=20-Lcot45° 0' 30" = 20 -L tan 44° 59' 30"; 
£*for 30" =1^x2527 = 1264; .-. Ltan44° 5^30"= 9.9997473 
+.0001264 = 9.9998737, and L tan 46° 0' 30"= 10.0001263 : 

(iii) Since L cot44° 59^ = 10.0002627, and L cot45° = 10, 
let Log^cof40.0001234 = 44° 59' n'; 
then rf = -1293, 2) = -2527, and n = Jfff x60 = 31; 
.% Log-cot-» 10.0001234 = 44° 69* 31". 



MISCELLANEOUS EXAMPLES. 



1. A^iB^id 

/. B = iA, C=iA, and^ + -B+(7=-4 + M+t-4 = iao°, . 

2. ^ = 5-f30°=C-3(K = C- Ax30°= C- 27*^5 

:. B^A' 30°, C= ^ + 27°, 
and ^ + -B + C= ^ + (^-30°) + (^ + 27°) = 180°, &c 

3. B^iA^C; :. A + B^C^A-^iA + iA^ 180°, &c. 

4. Suppose a circle described round ABODE x then lBB 
= Z at circumference on base AD = 2x (Z on base AE) = 2xdi 
by (16) = 72° ; and lBAE = Z at circumference on h^&^BCBl 
= 3 X (Z on base AE)^ 3x36° = 1 08° ; hence L (DBA + BAE] 
= 180°, and BD is parallel to ^^: similarly, CE is parallel 
to ABi and /. BAEF is a o. Also lABF \ LBAB 
= 2x36°:3x36° = 2:3. 

5. a = 6>r = i7rr = ix 3.14159 mt^ = 440x 8.14159 y(l9«lS82yift. 

6. 45^=Ax45°=40i°j .*. third angle =180P-(45P+ 40}°)= 94|^ 
which =Vx94J'' = 105''. 

a 9r 22 2 4 

^ «^=r5r=T^n=7^ 

(11)^=135^ = — 7r = _(^-j=^^. 

8. 180°-^ =1(180°-^) = J(180°-C), 

whence B ^ iA - 90°, C=iA- 45°, 
and ^ + -B + C= ^ + (|^-90°) + (^-45°) = 180°, &c. 

9. (i) 90° - w° = 90° - 57°.29577 = 32°.70423 = 32° 42' 15"; 
(ii) 180° - w° = 122°. 70423 = V x 122^-70423 = ISd^ 83' 80". 

10. A^l{BiC)=^i(S-C); 

/. BiC^iA, B' C= M. and B = H^, C= },A^ 
/. ^ + -B + C= ^ + iM + A-^ = M = 180°, or -4 « 100^. 

11. Let m, n, be the numbers of sides in the polygons respec- 
tively; then 

(m-2)180° m-2 _ 7 
^^^ (n-2)180° n-2 "" 8' 

(ii)^!L:Jl80°^!LlJ 1800 = ^(^-2), gg; 
^ ^ m n m(n-2) 36' 

^ii^ f (i j gives — = -q » or n « ~ m, ^VncikL ^ut for n in (i). 
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I The two base-angles = ISO^'-w^ = 180°- 3*^.14169= 176^86841 ; 

.-. each of them = 88°.42920 = 88° 25' 46\ 
i. The sum of the angles of a quadrilateral is 860° or 2ir : and 

the giyen angles being as i, f, f, f , or as 1, 2, 3, 4, (whose 

sum is 10,) tiiey will be (see Colenso's Arithmetic, Art 104) 

1^0 X 29r, 1*0 X 27r, ^^ x 27r, j^o x 2w, respectively. 

>» <* 1 *w. 1 ft « • .1 1 

U = ~s -— -- = — - =5 11° of mea«ur6« m the anirle : 
r 1^. 12 ° 

.-. n° of degrees in it = A x 67°.29577 = 4°.77464=4° 46' 29", 

and n° of grades in it = J^ x 4.77464 = 5^ 30* 62". 
J. 180°-^ = 2(-B-C) = J{(90°--B)+(90°-C)},whence B-C 

= 90°-i^, -B+C= 2^-180°; /. ^ = f^-45°, C=f^-13o°, 

and ^ + ^ + C= ^ + (M -46°) + ({^ - 136°) = 180°, &c. 
5. Here (n-2)180 = {(n-l)-2}200, whence n = 12. 
U Here 315° = 2srr, .-. r = 315° 4- 27r = 316° x ^ = 60°, nearly. 

3. The giyen angle must be the vertical angle, since, otherwise, 
the two base-angles would together = 4, which is > tt : hence 
liie vertical angle = 2x67°.29677 = 114° 36' 30", and /. each 
of the base-angles = 32° 42' 16". 

9. Let r, s, he their radii, and their lengths f/, f/, respectively; 

th^ their values are f/x9rr*, ^Ixirt^, which are equal; 

.•. 9r* = 16«*, or r : « :: 4 : 3. 
0. tan = i; .'. (40) sin = J, cos = f, and sin + cos s ^ s If; 

also vers = 1 -cos = f , covers = 1 -sin = i, and .'. vers = 2 covers. 
U The length = 378 x 29rr = 378 x ^ x 10 in = 1 1880 in = 330 yds. 
2. Here ^+-B+C=iw+i?+i=7r; .•. ^ = f7r-i=i(37r-l) = (nearly) 

2.1 measures = 2.1 x 67°.29677 = 120°.321117 = 120° 19' 16". 
^ Answer = 42 x arr* = 42 x 3.14159x 9 ctib, ft = 44 cub. yds, nearly. 

4 /I /M • tm /fi 4«"*" I <»'-^ ♦ o sin^ ^«* 

4. cos^=V(l-8m«^) = V{l-(^;jijJ=j:^5tan^=^=^^^ 

,^ 1 - 8in*-4 co8ec*-B 1 - sin*^ (1 + coi?B) 

5. cos"(7=: 1-3 = V:2 i 

cos'^ cosM 

cos*-4 - sin*^ cot*2? , ^ • j . ^ 

= =-3 = 1 - tanM cot"-B : 

cos*^ ' 

/. sin*C7= 1 - co8'C= tan"-4 cot»J?. 

6. 9r<'=3°.14159, 9n'=Ax'^ = ^xO°-314169 = 2°.827431, 9r=180°^ 
.*., since the four angles together =: d^QP, 'Sf^'Wi^ ^(^icsv^f^ 
angle « 5^0° - 1S5*'.969021 = 174^.030^1^ « V\^^ V Vll' «^ 

= ^x 174^.030919 e 19y 36* 78^ 
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27. B = A'o^ = 1% X 3.14159 = .401425.... 

28. Length of arc is 2J x 2f = V ; .-. 2wr = V, and r = 11 tS^t = IJ. 

4j» 1 

30. Put 8in-4 = x; then 9«* - r — -j = ^ , 

whence 18j^ - 11«* + 1 = 0, and a:* = J or } ; 
.•.8m^ = ±3or±-. 

31. m(l-co8^)-n{l-cos(7r-^)}+|f{l-co8(9r + ^)} 

= W (1 - COS^) - n(l + CO80) +^(1 4 cos^) = 0, &c. 

32. Here wAC* - {ttAB* = J7rx2500; 

.-. AC^= 1250, and u4C= V1250 = 35.4 yds, nearly. 

33. ^° = ^ct»<» = ^y£i>° = iix57^29577 = 114^59154 = 114*>35'30". 

rad V 

34. 8in(90° + 20°) = +co820°; O08(2x 90^+40°) -- cos 40°; 
tan(4x90<'-30'') = -tan30°j cot (5 x 90°- 10°) =+ tan 10°; 
sec (6 x 90° + 10°) = - sec 10° j co8ec(7 x 90° + 30°) - - secSO". 

35. Since co8ec30° = 2 « cosec J^r, .*. co8ec''2 a 80° or (in general 
terms) = nr + (- 1)" Jtt = {Sn + (- 1)"} J^. 

36. Here m - sin^ => cos^, and n + cos^ssin^; 

.'. sin^ + cos^ = m, sin^ - cos^ = n ; 

hence sin^ = |(m f w), cos^ = i C*^ "• **) > 

and sin"^ { cos*0 = 1 = J{(m fn)* f (m-n)*], whence m* + «* = 2. 

37. ton^ = J; 

.-. (40)sin^ = t, co8^ = f, andu = ($+t + f)(}+f ff) = 9.88. 

38. (- C08-4 - C08-4) X (- tan^ - tan.4) x (cosec^ + cosec^) 

B - 2 cosu^ X - 2 tan.^ x 2 cosec^ >= 8. 

39. Here Ters^ = + i, (the other root heing impossible, since th^ 
yersed-slne is neyer negatiye,) and .'. cosd = | » cosJt; 
hence = 2«7r ± Jtt = (6n ±1) iw, 

40. Adding, 28ec^ ~ m + n; subtracting, 2 cosec ^ ^m-n; 

. iecA f» f fi 

.'. tan^ = = . 

cosec^ m - n 

Also 8ec«-4 = 1 + tan«^ ; .-. i(m + «)• = 1 + [^!-!^ , 
or (m'-n'/ = 4{(m4-ny + (m-nt\ «^V?i* ^n% 
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41. vers(j7r+^)=l-cos(j7r+^) = l+8in^; covers(7r+^)=l-^(9r+^) 
= 1 + sin^ J 8uver8(f7r + ^) = 1 + cos(f7r + ^) = 1 + sin^. 

42. (+ sin ^) (- sin <f>) = (- cosec^) ( + cosec 0), whence sin*^ = cosecV' 

43. (i) tana: = ± --= tan ±j7r; .*. a: = n^r ± Jtt = (6n±l)j7r: 

(ii) cosar = - f = cosfir; /. x = (2fi7r±f )7r = (6n±2) iw. 

44. Let A, B^2A, C^ 3-4, be the angles; 

then ^ + 2^ + 3^ = 180^ or ^ = 30°, whence C= 90°; 

also c = a + 100 = csin^ + 100 = fc + 100; 

/. e = 200, a = 100, h = cain60° = 100 V3, 

and area » Jaft = 5000 y/d = 8660 «^. j^cfo. 

45. (sin^ cosC-cos^ sinC) cosj? 

+ (sinj? cosC-cosjB sinC) cos-4 = 0, 
or (dividing every term by cos-4 cosjB cosC) 
tan-4 - tanC+ tanJ9 - tanC=0. 

46. co8(60°+ 1') + cos(60°- 1') = 2 cos60° cosl' = cosl'; 

.-. 00860° 1' = cosl' - 00859° 59'. 

47. u = {U cos(60° + A)} - {1 - 8in(30° + A)} 

= co8(60° + ^) + cos(60°-^) = 2co8 60° cos^ = cos^. 
cos^^ sin^ cos^^ 2sin|^ cos^^ 2co8'|^ 



48. 11 = 



sin^^ cos^ sin ^^ cos^ cos^ 

1 + C08.4 



COB^ 



= sec^ + 1. 



28iniM4^2^)co8iM>2^) sinM 
2cosJ(^ + 2^)co8j(^-2^) oosf^ xan^^. 

50. w = {1 - C08(Jt + 45°)} - {1 - 8in(5+45°)} = co8(45°- j&)- co9{A r45°) 

= 2 sin J {(^ + 45°) + (45° - B)} sin J {{A + 45°) - (45° - B)} 
= 28in{45° + J(^-^)}sinJ(^+-»). 

51 . u = (sinM + cos*^) f (sin"5 + cos*5) + 2 (cos^ cos^ f sin-4 sinB) 

= l + l + 2cos(^-'j&) = 2{l+cos(^-j&)} = 4cos"i(^'-'-S). 

52. u = 1 - 2 cot J^ + cot*|^ = cosec* J^ - 2 cot Ji^ • 

1 2 cos^^ l-2co8j-4 sinj^ _ 1-sin^ _„ 

~sin*J-4 sinJ-4 ~ 8in*J-4 ~J(l-co8-4) 

2 sin (2^ + ^) sin 2^ cos ^ -1-008 2^ sin^ 

**^2sinK3^+^)sinJ(3^-^)'' sin 2^ sin^ 

= cot^ + cot 2-4. 
54. u==(co8'A-8m*B) - (cos*C-8iu*B^ -v ^'ao^^C -«af A^ 
-cos'At - ain*A = cos 2.4. 
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^ l4taiiM 1-tanM (H-tanM)«+ (l-tanM)* 

" ' 1 - tanj^ ^ 1 + tanU " 1 - tan'^ 

^ 2(1 -i-ten'M) ^ 2(cofl«M ^^sin«M) ^ 2 
1 - t&n^iA co8'i-4 - 8in*J-4 cobA ' 

tan^(l-cot^)- (1-t-tan^) tan^ - 1 - 1 - tan^ 

(1 + tan^) (1 - cot^) "^ 1 + tan A - cot^ - 1 

2 2taii-4 ^ ,. 

tanM. 



56. II 



69. u» 

eo. « = 



cot^ - tBJxA 1 - tan'^ 

67. u = {l-co8(-4-^)}x{l + cos(-4f-&)} 

= 1 - {co8M-^)-co8(^+^)} - cob(-4 + JB) cos(A-£) 
s l-2siiL^ 8inJ?-(co8'^-sin'J?)ssin'^-28iiL^ siiLB+sin'jB. 

68. ti = co8{(46«+-4)-(46«+ JB)} - cos{(46*'+^)+(46*'+-&)} 

= «os(^-^) - co8(90P+^ + ^) = co8(^- J?) + sin(^ + J). 

4 sinM cos'^ - 4 sin*^ sin*^ (co8'^ - 1) sin^^ 

4 8m"-4 cos*^ - 4 cos'^ co8*-4 (sin*^ - 1 ) " cos* A ' 

co8(6(y> + ^)co8(60°-^) co8*60° - nji*A j - m*A 

gin (60°+^) 8in(60*>-^) ° cos^A - 008*60° ° 008*^-} 

l-4sin«^ _ 1-2(1-0082^) ^ 2 0082^-1 ^ 2-gec2J 

"" 4co8«-4- 1 ° 2(1 +0082^)- 1 " 2co823n " 2 + 8eo2^ ' 

61. Ift the figure of (66), draw CD perpendioular on AB; then, 

if BC« iAB, we have 8in-4 « i, or -4 - 30°, and -B = 60*: 

2 
but JB(7= CZ)oo8eo60° = 60x-;5=:40V3 = 69.3^, nearly, 

yd 

and AB « 2BC^ 138.6 yf, and ^C« CZ> C08ec3a' » 120y{; 
.*. perimeter s 328^, nearly. 

62. 00847° 4 00826° = 2 co8|(47°+26°) co8j(47°-26*0 

m 2 00836° 00811° ; 80 too, 00861° 4 co8ll° » 2 oos36° C0826°; 
.•. tt = 200836° (008 11° -008^6°) = 2co836°x2ginl8°8in7° 
»4xi(V64l)xi(V6-l)xtm7°-Bin7°. 

63. u » tan-> iai^ - tan-» i2J = tan-» = i^. 

1 — xio *01 

64> If ^ be the oiroular measure of the Earth's apparerU diameter, 
^, ^ a Earth's diameter 1 . . , . 

^"° ^°r Sun's dUtanoe ° i2;000^ ^^~ the angle m 
seo(mds = *iWA^ = 17", nearly. 

66. The dip is 8 inohes for a mile, and 

., , .A' ,486x1^ ^^ ^ 
a' » a Vt " V — 5 — " ^ miles. 
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J. Here A-B = B~C, or B^^ i(-4 + C), C^2B-A; 

.-. u = 2Bmi(A-C)coBl(A^C)^2nni{A-(2B-A)}coBB 

= 28in(^-J9)coB^. 

TO- 4. J 1-C082-4 , . oooQA/ /I - eo»45° 

7. Since tan^ » Vi s":- » • • tan 22° SCe Vt-; 773 

^l + co82^ ^1+cob45^ 

= /i:^ = V^ . V^^' - V2 - 1 - .4H2&C. 

Y _1_ ^V2 + l 2-1 ^ 

V2 

8. sin 30° = J = .6000000 J /. D for 60" - 2619; 
.-. (i) d for 30" = 1259, and Bin29° 69' 30" 

= .4997481 + .0001269 = .4998740 ; 
(ii) rf «= 296 J .-. 11 = t\\\ X 60 » 7, and -4 « 29° 69' 7". 
a c 
jj b i aa + o h a* a -^ c b c^ -b* c ^ a 

b c 6 6 + c a cr b ^ c a (T" tr o -^ b 
a a 
_ b c*-y c + g _ ^ 
a c + 6 0* - a' 

0. The Sun's apparent diameter « (in circular measure) ■ -l.,^ ; 

^Oo2od 
.'. his actual diameter = (V 

3Ux60 ft^,,^,^^ 12096000000 • o^ftfl.. ., 

= 20S266- ^ »«'^'^ » —13761 ®^^'^^ ^•^^ 

- 880,000 mile8 nearly : 
hence the radius » 440,000 mi%«, which exceeds the Moon's 
distance by 200,000 milei. 

1. u ^ tan-' ^^ ^ /^\V- 3")"^^^ ° ^°"'^^ ' ^ ° '^^"^' 

A /177\* 

2. By (93 Ex. 4) ^ - f-pj , whence A = 31329x8 m = 20886 /J. 

« 1-cos^ «-i c*-6* c + a 0* cfa « 

3. « = :-= o ^— = a =- X -5 = r X -rj- =&C. 

1-cos^ a c-a cf6 {r-ar cfo 6" 

c 
4. Since the distances of the Sun from the Earth and of the 
Earth from the Sun are the same, their disks will appear 
to each other as circles, whose diameters will be proportional 
to their actual diameters, that is, tXiey 'w!Xi\i^ Vcl ^Jtv^^^Joia <:^ 
880000 : 8000 « 1 10 : 1 5 hence t^ie w^«a ^i ^«i «^\iw««^j 
disks wiU he as (110)* : 1 = 12100 \ 1, - ^ 
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75. 008-4= jTY =-;rr-=-- = C08l2(r. 

76. Here b » 440, « - a » 110, < - 5 « 165 = < - 0^ 
/. Area » ^{440 x 110 x 165 x 165} » 2 x 110 x 165 
- 36300 «9. y<28 s *liA. 

^^ smM4J)sin(^~J) sin(J +C) 

*" 8in(^+C)sin(JB-C) ^ mS72+5) 



8in*-4 - sin'^ sin-^ 

X 






8in«J? - 8in«C sinC (6'- c*) 
78. Here ^ = 30°, a = 3, 6 = 3 VS; 

.'. sin^s-xsin^a--—. x- = ^ = 8in60® or Binl20°; 
a 3 2 2 ' 



* 



(i) J? = 60*, C=9QP, c = aco8ec^ = 3x2«6; 
(ii) B = 120°, C= 30° = -4; /. c = a = 3. 

79. D for 60" = - 4281 ; .-. (i) d for 35° = f f x - 4281 « 2497, 
and Loot 72° 15' 35'' - 9.5052819 - .0002497 » 9.5050822: 
L tan 17° 44' 20" = L cot 72° 15' 40"; 

and <;for40' = ix-4281»-2854; 
.\ L tan 17° 44' 20" = 9.5052819 - .0002854 ^ 9.5049965. 

80. Area = J6c8in-4 = i(J'4c*)-?r--? 

« J(J*+c«) . ,p . . ,/v °&Cf by (110). 

81. J?=90°-^«36°; fl=c8UL4=108xi(V5+l)-27x3.2360=87.4yr, 
nearly; 6 = c cos^ = 108x}V(10-2V5)« 27V(lO-4.4720) 
- 27 V5.5280 = 27 X 2.35 » 63.5^, nearly. 

83. (i), 2«inK^4C)co.JU-C) 

2co8l(-4 + C)co8j(-4-C) "^ '^ 

83. 128 = 2'; .*. logl28 » 7 log2 = 7 x .3010300 » 2.1072100 : 
.-. (i) logl.28 = .1072100; (ii) log.00128 = 3.1072100; 

(iii) logdi?)' ° 3 oologl28 » 3 x 3.8927900 = 7.6788700. 

84. Area = 25x30xsin54° = H^(V5+l)=H^(3.2360)«606}»j'./L 

85. Here J? = 60°, a = 50/^ e » 100^; .-. *• « a« + c»-2oc oob^ 
a 2500+ 10000-5000=7500, or 5»50V3=50xl.7320»86^/t: 

al8o 8inC=x 8^-5= -^ x ^ = 1, or C=90°, and .-. ^ = 30°. 

M u47«s = ^sui^c:|x80xl25xW^ «^V^x\n^^«^2^ 
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)7. (i) logl2d » dlog5 » 2.0969100; .*. logl2.5 » 1.0969100 : 
(ii) logld2 » Iog(llxl2) = log(llx4x3) = logll+21og2-flog3 

» 2.1205740; .*. log.00132 = 3.1205740: 
(iil) log216 » log(8x 27) <= dlog2 + 3log3 » 2.3344539; 

/.log2.16 a. 3344539; 
(iv) logl4|:=logH^=logl28-log9=71og2-21og3B 1.1529674. 

8. ^ =s sin^ (nearly) = yHj 

which angle (in seconds) = ^^VV^" = 437" = T 17". 

9. log V7 ° I X. 8450980 » .1207282; .-. d » 227, D » 829, and 
n = HJ » .69 ; .-. V? = 1.320469. 

0. h* ihiid" : d*; and, when <f = 1 mt7!0 = 8O chains, hstSinches; 
•*• ^' = eiVb X ^^^ =» ¥oo ^^ inches f where rf' must be expressed 
(as <} has been) in cTuiins, 

1. Each side (a) = ^ chains; .'. area » J^ sin^ b |a* sin60° 
:=: H^V3 « 19.244 <9. ch. nr 1.9244^ r= lA 3B 28p, nearly. 

2. Let A, B = 2A, C=1A, be the angles; 

then A-¥2A'¥lA^ 180°, or ^ = 18^ 0= 126°; 

.\ c:a = sinC: sin^ = sinl26° : sinl8° = sin 54° : sinl8° 

= V^ + 1 : V^ - !• 

3. cot-*2 + cot-*4 = tan-*i + tan'* J = tan"* jij^ = tan'^f : 

cot-*3 + cof*5 « tan-* f^LJL =, tan"* f ; 



IS 



cot-»7 + cot-* 21 = tan-> ^ '*' M = tan'^ff ; 

and tan"* t + tan"* J J = tan"* ^''"^ « tan-*J|J - tan-*f . 

* ~ ail 

I. ^ = 1 foot v 1 mtfe = raVo = (in seconds) ^^Hf^" = 39", nearly. 

5. i# = i{l + cos(2^ + B)} + i{l + cos(2C+ JS)} 

= 1 + J{cos(2^ + JB) + cos(2C+JB)} 

= 1 + i{2cos(^ + JB + C) co8(^-C)} = 1, 

since cos(-4 + ^+ C) = cos90° = 0. 

J. Let C= 120°; 

then a^b, and ^c = a sinf ^, or c = 2a sin 60° = a V3 ; 

.'. perimeter = 2a -f c ~ a(2 + V3) = 50 yds; 

50 
•'• « "» o 73 « 50(2- V3) y<fo: and ate«L «\ttb %mC«^\fe i\s&^ 
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97. Since ^ + 2-B«(^ + -B) + -B-(180P-O+^=il80°-(C-5)^ 

we have 

u = 8in(C-B) + an(A-C) + 8in(^-^) 
= 28mJ(C-5 + ^-C) coBHC-B-A^Cr^-miA-B) 
= 2sml(A-B){coB^(2C-A-Byeo%i{^-B)} 

xaiii[i(A'-B)-i(2C'A'SjH 
= 48inK^ -B) 8ini(C--B) 8mJ(^ -C) = &c 

98. ^^ = 200, ^C = 200 co83a» = 100 V3 « 173.2, 

-BC7=200Bm30°=100; 
.-. (AC+CB)- AB = lS.2/t, and time of running thisdii- 
tance (at 4 miles = 4 x 6280 ft per hour) = j^lh ^ 
= A^ seconds = 125", nearly. 

99. tt = 2co8HM--B) + 2co8j(J?-(7+C7-^)oo«i(-B-(7-(?+i) 

= 2co8H^--»){co8i(^-JB) + co8jM + ^-2C)} 
= 2co8^(^-^)x2cosJ{J(^-J?) + H^ + -B-2C)} 

xco8i{J(^--B)-iM4J?-2C)} 

= 4co8j(^-5) co8i(-4-C) cosJ(C-JB) = &C. 

100. In figure of (66), produce CA to D, 80 that -42) = 100^ 

LBAC=^6(f, Z-B2)C=46°; then (41) CD=CB = h, suppose: 

.-. ^C=A-100, and J?C7=^Ctan60°, or A = (A -100)^8, 

, - 100 V3 100V3(V3 + 1) ^,^ ,ox 
whence A = ^ = ■ ., ^ , ^=60(3 + ^3) 

- 60x4.7320 = 237/5, nearly: 
.•. height of tower = 237 + 6 = 243^. 
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SOLUTIONS, 



H.B, 1. The letter u will be sometimes used, for shortness, to ex- 
press the quantity given in the question. 
2. The bracket ( ) refers to Articles in Part I., [ ] to 
Articles in Fart II. 

1. sinx ^ sina (sinx cosy + cosx siny), whence, dividing bj cosx, 
tan a: = sina (tanx cos y + sin y), or tanx ( 1 —sina cosy) = sina 
siny. 

2. By(4O)wehavesin0=-^^ 

;. cos 29=co8*6l^^e=i^^ksin20=2sinO 0080=-^-: 

hence «=(^3^ilS^UCj 

3. By (56) tt=(2sin^(2^i^)^4sinf i48inii4 = by (83) 

4{sinH(l^ + i^)^sifiHR)l-iil)}=4sinH^ -4sin4i4 
= &c. by (56). 

4. mvers0=n+i>(l +co80) = n+j>+j9(l— vers©); 

• ' • O^ip) "vers i)^n + 2p, 

5. Let e, e^, ef\ represent the magnitudes of an English degree, 

minute, and second, /,/',/'', those of a foreign grade, minute, 

and second: then, as in (14), 90 6= a right angle = 100/, or 

9e=10/: but c=60c', c' = 60c",and/=100/',/=100/'; 

, g_10— 60e^ _3e' e'_10x5_2.5* 

nence --_-^^---^„ or — _^-^_; 

2 . 5«_c^_. 60 g^^ _ Se^ e^^_2.5» 
^373^ / 100/' Sf'^^f' 3.3»* 

6. c* = a« + 6«, tt = i ^/{2 (a«+i«)« + 2a«&2 - a* — M — (aH^)'} 

= iV(4a«6«) = Joft. 

7. By (115), area iS=r*, and /^ since r Va 'k'et^ ^20<mX»x!X^ «n». 

▲ 2 
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8. Treating the eartli*8 radius as a small circular arc, we hare 

0=^=: circular measure of the angle it subtends at the 
moon, which angle in degree* =^ X 57.29577 = 0®.95. 

9. Here «=15, « — a = 2, «-ft = 3, « — c = 10; .*. by (109) 
area= V(15 X 2 X 8 X 10) = 30 sq. yds. 

10. ^log^=i^X-log3=:-^-^ X .4771213=-6.3729778 

14 14 14 

= 7.6270227 = log (.00000042366). 

11. chd 108°= by (56) 2 r sin 54°= by (100) 2rxK'/5 + l) 

= 2rU(V5-l)+i}«2r8inl8°+2rwn30° = cbd36Hchd 
60°. 
Q cos^_ _1 . , cos B — cos >t _, l — cos C 

COS A COSC' ' *C085 + C08-4 1 +008(7* 

28inK^-hg)8inK^-^) , 2sin4C 
. ^^"2008^(^ + 5)008 K^— ^) 2co84C 

13. By (80), tf = J{co8 (m+n) + cos (m — n) } cosrO 

= i cos {m-\-n) cos r © + J cos (m—n) 9 cosrd 
= J {cos (m + n + r) + cos (m + n — r) } 

+ J{co8 (m— •n + r)0 + co8(m — »— r)^}. 
Observe that in the Answer cos (n+r—m)0 is the same as 
cos (m — n — r) 9 in the above, since co8-4=cos(— il). 

14. In fig. (1) and (2) of Art. 105, tan^ = ^=-j^g=~^ 

_, asm-B ^ ^^^j^ ^ ^^^ .jj - ^3j tan(180°-i) 

c — acosB . 

= -tan^=gg=^^^^, = ^"^^ ; hence, in each 
AD BD—AB acosB—c 

case, tan ^= =,; and, since, in like manner, tan il 

c — acos^ 

asinC 

"~6 — acosC' 

. • . cot il =^""?^^^=- cosec C- cot C. 

1+ ' 



sec^ ^secii + l 
sec^ — 1* 



-- .9, ^ 2co8'i-4_l + cos-4 sec 

15. cot't^= » . a? i= ^ , :,= , 

* 2sm*^il 1— cos^ - 1 

sec^ 

}$. B7f8S),«=}(cos 72°+co82^)+^(co8 108° + co82ii) 

= cos 2 J, since coa lOft** = — c»%Ti? . 
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17. "'", ^ ■f-4 8m*-l = 0, or 4 8in*-6 8m*+ 1=0; .•,. Mn« 
1 — sm* 

3. BC=ACtmA; logJ?C=log200 + Ztan X — 10 = (2 + log2) 
-h (20 — Z cot il) — 10 = 2 + (1 -log 5) + 10 — L tan 64^50' 
= 13— .6989700— 10.3280372=1.9729928=log93.97. 
19. By (78), rin i4 -f- cos -4 = — V (1 + sin 2 -4), sinil — cosil = 

-f- V(l — «m2il), &c. 
By (83), tt=l+co8«i{(2^-25)-|-2J?}~8inHl2il-2B)-25} 
=:l+C08M-8in*(^ — 25) = &c. 

21. Here 8milco85co8C + co8il8mBco8C=2co85co8C8inil 
+ 2 sin -B sin Csin A; ,' , (dividing by sin-4 sin -B cos C) 
cot -B + cot -4 = 2 cot 5 -f- 2 tan C, or cot -4 — cot B = 2 tan C, 
in(A-5) = sin{^-(90^— ^)}=8in(2il-90^) = -8in(90°-2^; 
=— cos2i4 ; 8in2il + 8in2-B= by (81)2 sin (A-^-B) cos (A—B) 
=2cos(il— JB), since sin (il-h-B) = sin 90^=1. 

23. By (115 N.B.), a=«— a, ^=«— ft, 7=« — c, and a + /B + 7 

= 3«— (a-f64-c)«=*; 

24. By (27), e=^ir= 1 x 3.14159 = .73308 . . . 

25. By (83), «= ^{sin (il + JB — C) + 8in(^ — -B-j- C)) — 

i{8in(5 + ^~C)-f8in(5-^4-C)} 
= i{sm(A-B-\-C)'-sin(B'^A'^C)] 
= H8«nC+(il-5)}-8in{C-(il-B)} 
= sin (A - B) cos C, by (80). 

26. sin 285^ = sin (270^ -|- 15^) =- cos 15^ = by (71 Ex. 1.), 

-..^^+i=-i(v^6+V2);8ec285^ = + co8ecl5*»=-l^^ 

_,2A/2(^/3+l)-,^g^^2; tan 285^ = -cotl5o 

27. Here tan-^^^ "^ ^,1 = tan-'^yi-^l^l^Vi^-^V^ ^^>J^\ 

ten-'v'f = tan-4>/6; and by (ft^^, \AXi-^ (5 -Vi. n/ ^ -V 

A 3 
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= tan-»(— l)=f7r. 

28. u==(l+?5^H)«=:i2^-^+ii^ (78) and (76) 

_ljf-sini4 ...^ 

29. M=7(4log2 — logs — log 5)4- 5(21og5— logs — 8log2) 

+ 3(4log3 — 3log2 — l) = 41og2 + Slog5-.S 
= 4log2 + S(l - log2) — S = log2. 

SO. Here^-J = Jg-C,or J=K^+C);and"° ^"""" ^ 

»v n y» cosC-coii 

= bv ran 28inK^--Oco8K^+0 --CO«-g 
^^ ^281114(^-08111^(^4-0) 8in:B* 

oi ir«— .t*^n0+ 1 , tan0— 1_ 4tan0 _«. ^^^^ ., ..^x 

^^- ^^^^nruTe+r+tiir^^i— t^^^ 

2tan 60®, .'. 20=60**, or(64.iii.) = n7r4.i7r. 
S2. Height=70taii60** = 70\/3; .•.log(height) = log70 + JlogS 
= 1 .8450980 4- .2385606 = 2.0836586 = log 121. 

33. Subtract 1 from each aide; then ^^^^-<^^(S-C) 

C08i/C08C 

^ coeD — co8(^—- 2^ , , 008 J5 COS C^co8ii — cob (B^C ) 

CObEcObF '* *C08^C08i'' COSD — C08(JB — /^ 

_(1 — vers^ ) -- (1 — vcr8(.g — C )) _ . 
(1 -. vera-D) - (1 - vera (E - F)) 

34. M=2coai(-44- ^)co8j(i4— 5) 

=2ain ^ C [coa^^coa^^ + ain^ilsin^ J9} 

L oc ac bo 

.(«-a)(,- c)j i,^ ^joyj 



^ «c 



= 2 sin * ciV<*-°^l'-^>+*-=£V^'~°>(*-*> ) 
lo ao c ab J 

Z5. Here2«000=2.r,or2r=?^=?^xl?^ 

IT 18 IT 

=i^^ X 57.29577 =7 Wft tw^Wk. 
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36. a= t =^80) - =- - 

co6(iir4-e)co8(iw-0) ^ '^cosH'T-sin^e J — sin^e 

_ 2 _ 2 
1— 28in*e cos2e 

J7. Let A = 15°; then, since -B -f C= 180® — ^ we have 2 f C + C 
= 180° — 15°, or VC'=165°; . • . C= W X 165° = 45°, and 
B = 120°; hence 

b : c::sm^ : 9inC::i^/s : j>/2 :: ^/3 : ^/2. 

18. Here *=Vi « — a=^ = « — ft = « — c; .'. by (109) area 

9. i4S«=108« + 1442 = 36*(9+16);.-.i4-B=36x5=180yd:v.; 
and CD.AB = 2are&ABC=AC.BC, whence C2> 

= 108 X 144 -H 180= 86.4 yrf».; also -^^icoaB^^^ 

BC AB 

or-BD=:?^=^ilAlli=ll5.2yiff; and^i>=180-115.2 
AB 180 ^ 

=64.8^d:9. 

0. Given ^-f-B=75°,^--B = 75«=T^x75° = 67J°; 

.•.2A=142i°, 2B = 7J°, 
and^ = 7H° = 71^ 15', or = V° X 71i« = 79i« = 79«16^66^ 
5 = 3f° = 3°45', or =V X 3f «=4i«=4«16^66'\ 

1. Since x would be the circular measure of 200°, 
••' 36° = ^ir=Tftyirby(27). 

2. Here8in.A=V(l-.36)=V.64=.8, cot^=:g=?, 

chd^ = 2 8in J^= V (2 —2 cos ^) = V(2 — 1.2) = ^/.8 
= .894. 

Q _ 1 8in2-^_l— 8in2^_(cos-4 — sinA)V /.yo\— * 
co82^ co82^ cos2^ co8*-4 — 8in*-4 
striking out the factor cos ^ — sin ^ from numr. and denr. 
14. « = (sina 4- sinjS) — {sin (a + i3 + 7) — 8in7) 

= 28inJ(a+i8)co8i(«— i3)— 2sinK"+i3)co8K«+i3+2y) 
= 28ini(a4-j8){cosi(a — H3) — cosi(«4-/3 + 2y)} 
= 28inJ(a+j8){28in(a + y)sin(/3 + y)} by (81). 

5. Here* = 27, « — a=13i, « — i = 9, « — c = 4J; 
.•.area=V(27x V x9Xf)=V X9=121i*5.yrf«. 

6. Since 8in^4-8in-B = 28ini(^ + -B)co8j(^-B); 

/.sin 3001'-/- 8in29°59'=2smaO^ co&V — <»^V • 

7. A=ix 67"*. 29677 = 47° 44' 47" 
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= by (71. Ex. 2) tan« (J + g ) ~ ^^' 

49. Here(53)sine=?lIl^=^ = J, and so the angle i8 30°ori»; 

. • . area of sector = J 6 r^ by (31 ) = f ^ tt = 21 *^. //. nearly. 

50. Here «=600, « — a = 220, « — 6 = 180, « — c=200; .'.area 

= >/(600 X 220 X 180 X 200) = 12000>/33 = 68935 sq.ydi. 
(nearly) = 78 a. 1 k. 13 p. 

«i +0^ 1 J T^^/TcN /I— cos^ /28in^ — 28m-4co8il_- 

51. tanM-by (76)^3-^— -^= V^^^^^^^.^^^^^ =&c. 

52. Here g = g= JL!^= ^ ^ =(mtgc(mrf>)^^^^^by(26) 

r 3»wi7c« 190080 ^ ^190080 ^^ ^ 

= linearly. 

53. Let cosec 9 = v'5 ; then cot = V (cosec^ — 1) = 2 ; 
and . • . M = tan-^ ^ + tan-^ J = ^ tt, as in (86 Ex. 2.). 

54. il-E=ccosil, jB^= a cos -B, Ci>= 6 cos C; 

-4i^=ftcos^, 5 2> = c cos 5, CE=aco8C: 
.\AE.BF,CD = abcco8Aco8BcosC:=^AF.BD,CE. 

55. M = 2cos^(a-|-i3)c08i(a— i3)-|-2cos^(a+/3+27)c08i(aH-P) 

= 2cosK«4-/3){cosi(a-/3)+cosi(a + /3 + 2r)} 
= 2c0Si(a+i3){2C0Si(a + r)C0Si(i3 + y)}. 

56. Ay B, the points of observation ; C, the tree ; then Z CAB= 
fl = Z C5i4, and (if CD be drawn perp. to AB) CD 

= AD tana = ^atana. 

57. By 127 (2), area = i (750+ 1225) X 1540=1 5,20750 *<7./in*« 

= 15 A. Or. 33^ p. 

l + tan^<^ 1— tan^<y 1— tan*^« cos0 ^ ^ ^' 

f.f. sin a msini3 m -, . - in _t_ ^ 9a t 

59. ==: !^>orcosa=- co8/3; .'. sm*^ + cos*/3 = l 

tana ntan/i n 

=?l5i^+-^l^,andm« = (l-cos«a) + n2co8«a,&c. 

60. Since cos C=— cos (il + -B),&c. 

• • r:^^Z^CO^s(T+C) ^^^^^ 
/ - (cos' A — sin* C) "" sin* A -\- am'^ C "dMT?^^ ^* 
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51. Since x would be the circular measure of 120°, .'.75'^ = 

to c- o I . * 2 . «^*'* — «* «2(«^ — I) (l+^)<^ 

52. Smce8ec^=l+tan^.^^p-,^-^,=J^^^ 

= &c 

.-. cos9=A/(l-sin«e)=51i:^; .•.ver8 0=l-i=:|=_^. 

64. log 72 = log 8 + log 9 = 3log 2 + 2 log 3 = &c. : log45=log9 
+ log5= 2lc^ 3 + (1 — log2) = &c. : Ic^ 1800 = log2 + 
log 9 + log 100 = log 2 +2log3 + 2 : log .00024=log (3 X 8) 

--Iogl00000=log3+3log2— 5 = 1.3802113— 5=4.3802113. 

65.u=^-iH^=^^'^---»^"'^=^^^,^^=2cot2e=&c.by(76). 

36. Sm48° = 8in(30°+ 18°)=flin30«*cosl8®+cos80«»8ml8°=&c. 
by (100). 

57. area=iftcsmi4=i(aH&«+c2)-i^^l^=&c.(110.Ex. 3.) 

58. C^=CPcoseca, CJ?=CQ coseci3; 

,\a=:^r (cosec jS— coseca), or r=&c 

~^ a (cos* ^x + sin* ^ jt) + b (co8*^a: — sin* ^ jt) 

1 * 

= &c., dividing numr. and 



(a + b) co8*ix -f (« — i) sin*^ar 
denr. by co8*x. 



l + cos- 



ro. i2 + r = iafcosec-+cot?'Uy(117)=ia 2. 

= ^acoti^by(74) 
Tin 

sin^DC 8in5Z)C' ^IC J5C* ^ ^*^ 

Euc. 6. 8;) hence a* X ^D*=ft* X -BD*, or, 
i«(6»+C2)*-2ft.CJ>co8^C) = *Ha*+Ci)* — 2a.CDco8iC); 
. . (fl«-j«)CD«=2(a*6-.a J*)C2>co8iC= 2a& (a- d)e2>co8^C, 

andCJ>=&c. 
'2. Tbeicg^ingue^rtionis— 1.8763145='2,\«i4'&%55\ \issw»^ d^^Sofe 

dtEoftbis from tbe lowest of tiie two ^\eiv\ofga^— \^V««^^^ 



10 SOLUTIONS OF EXAMPLES OT 

the diff. of the two given logs = 326; hence (148 Ex. 2) 
It =^11 = J!>6, and . * . the sequence of figures for the required 

number is 1332556, and, since the characteristic is 2, we ha?e 
the number itself = .01332556. 
73. 2co80=V(2 + 2cos20)=:V{2 + >/(2 + 2coe40)}; 

.•.8qp© = &C. 

y. j?^ , ^ , r^^ fesinC » csinB , osinC « csinA . asmB * hsmA 
' qr pr pq asinC*asia8 6sinC • ^sia/i ctmB • cmA 
= &c. 

75. {1— C08(2ir — 0)} — {1— sin(fir — 0)} — {I+cos(ir-e)}+ 
{I + C0S (0 — 2 ir)} + {1 — sin(0 — f tt)} — {I +co8 (O-x)} 
= ( 1 — cos 0) -- (1 + cos 0) — ( 1 — cos 0) + (I + cos 0) + 
(1 — COS0)— (1 — COS0) = 0. 

76. area==:t&csinil = i(a4-^ + c)' /ll°;^.t 

(a -H -f- c)* 

w I n 1 ^\« siuilsinBsinC , /tiA\ 
'^ (sm-A + smS + smC)* "^ ^ 

— ir -i-7i-L \o ^8in^^3in^.Psm^Cco8^ilco8^.Bco8tC 
-iCa + ^ + c; i6co8H^co8»i5cosHC* 

(as in Ex. 16.4)=&c. 

77. il = 57^.29577 X .7854 = 45^ nearly. 

(n +1^—2 

78. Let n + 1, « be the numbers of sides ; then (15) ^ "*" ; - — 180 

n-t"! 

= 180 + 4, or — — -=7—, that 18, , . ,x =t;><^ 

n n-fl n 180 n(»+l) 45 

n' 4- n= 90, whence n = 9 

79. a8m0 + &co80= --+ —- \ j-^ 

= &c.: a8ec0 + ftcosec0= ^ ^ ^^ — ^H ^-7 -' 

a* ft* 

= (a* + 6*)V(a*+ftb = &c- 

80. Byr27)0 = ^- IT =i:??^^=. 0051875 X 3.1 4159 =.016297 

^^ ^ 200 200 

nearly; which angle in degrees = -fty X 1.0375 = .93875 
= 56'H". 
SI. Herei^(2irr)=s2irr'yOTr-=^^r^\ wA^M uVi^thft number of 
degrees required of the smailct cVid^, ^«iv ^i» \«Mi^ ^ 
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»<»= ^-Xtt r'zrr, by question; . Ml =^xi?? =3x57.29,577 
180 r ir • 

= 171.88731, and the arc required is 171^ 53' 14''. 

2. Here «=21, « — a=8, s — 6 = 7, « — c=6; .'. area = 

V'(21 X 8 X 7 X 6) = 84*5'. cAfli?w= 8,40000 «5r. /i>i*« = 8 A. 1 R. 24 p. 

' "={^-''-(^'-^)}+{^-*»<^'^+^)} 

= 2 - cos f— ^ir-0Hcos(ir-f-4— ^ + ^) I 
\m-\-n J L \»i + n /J 

= 2 — cos ^-J^TT — 0^ +co8f-^ X — e^j = 2. 
\m + « / Vwi + n / 

I. a= (sin 41** + sin 67°) - (sin 31*» + sin 77°) 

= 2 sin 54° cos 13° — 2 8in54° cos 23° 

= 2 sin 54° (cos 13°--cos23°) = 4sin 54° sin 18° sin 5° 

= 4X \/^+^ x ^^""^ in5° = sin5°. 
4 4 

1. Let d be the diameter of the given circle, rf', d'\ of the two 

smaller circles; then rf' : d'^ :: If : 2^ :: 2 ; 3, and .-. rf' 
: d'-\-d'^ (oT d) ::2 : 5, and d'^ : d::S :5; hence the areas 

are as rf« : rf'« : rf''« = 52 : 2* : 3«. 
I. A -\-B=^m degrees =i^mgrade8f 

A-'B:=n grades = -^» degrees ; 
. • . 24 =(m + ^n)degreeSy 25= ( V »» — n)grade8, &c. 
, sin^^O sin^C^ BinC4 _40 ^ ^— i 
* sin^^O ' sinC^O ' sin^CO BO' CO' AO^ 
(. AB, the height of steeple, =:x, BC=: lOOft, BD=225fi; 

/L ADB^Q, A ACB:=z29 : 

thentan20=™<iane==5^;buttan20=, ^**"^ 



100* 225' 1— tan«0' 



X — T^TfT 



?»orl— 3^„j:«=}, 



' '100 l-TnrKr^ 

whence a:* =^^^^^^1= 5625, and x=^75ft 

Or thus: since Z 4 C^is double of Zi4 i>j?,wehaye Z C42> 

lADCy or C4=Ci> = 125; .-. cos 4C-B=iJS = f, and 

AB=^AC^mACB=^\26 x i = 75/^. 

). 2tan4 = m-|-»,2sin4 = OT-n; .'. cos4 = ^-Hl4 = 'lZ::^: 

tan^ m + n 

and 8m*4 + C08'4=l = ^ « ^ ^ -V ^^ — ;— ^ 

4 VTft -T »r 

ar(>w«— ««;«= 4 {(fli + n)« — (^'-rCf\ — \^mu. 



12 SOLUTIONS OF EXAMPLES IN 

90. Here sin (x -|- a) — sin (jr — «) = cos (x — a) — cos (x + a), or 
2 sin a cos jr := 2 sin a sin j: ; 
. * . tan J* = 1 = tan 45**, or «= iitt + J r,by (64.iii). 

Q, __, SIB? A _ cm^A , _ gjn^^ -f coe'^ 

sin^4-cos^ cos^-f-sin^ sin ^-|~ cos A 

= 1 — (sin« ^ — sin ^ cos ^ 4- cos* ^) = sin ^ cos ^ = 1 8in2i. 

92. Let a = side of square, r = rad. of each circle = ia ; then area 
required = a* — 4 IT r* = a* — ^ TT fl* = a* (1 — .78639, &c. 

= . 21460 «5'./if. = 31 sq. in, 

93. Here «=120, « — a = 50, «-~6=40, « — ca=30; .'. area 

= .v/(120 X 50 X 40 X 30) = 1200 ^5 = 2683 sq.yds 
= 2 R. 8 p. 21 sq. yds, 

94. The largest angle will be opposite to the greatest side : let this 

bec = 5; thentanlC=^/^*~f^^^7^^=^/|^ = l; 
' ^ «(« — c) 6x1 

. • . J C= 45°, and C= 90^ 

95. The two values of B (112) being B and 180^ — B, we hare 
A + B-r C= 180° and A -\- (180° —5) + C'= 180° ; 
hence, by adding, we get 2^+ C-f C= 180°, 

or ^ = 90°— ^ (C + C), &c. 

96. Here^ = 6°.21, and 0=?|i,r=^^; r.a=zer=^iryds 

=|5x2^ = 10.84yei*=32J/f. 

97. The circumference traced by its extremity = 2 irr= 14 iryrf» 
hence in 1' it describes 140 7r= 140 X V y<& = 440 ydJ 
= Jmi7e, and in 1 A. it describes 15 miles. 

_ 8in (A 4- 30°) sin (A — 30°)_ sinM ~ sin* 30 ° 
"~cos Ia 4- 30°) cos (A — 30°) cosM — sin* 30° 

- Kl-cos2^)-i _^, 
J(l+cos2^) — i 

99. AE=AB-{-iBC=AB-\-i(AC'-AB)=:i(AB + AO 
= i(72° 4- 120°) = 96°; 5CDF= 360° — 5^ F= 860° -2 
X 72° = 216°; Z BAC=i angle at centre on BC=^BC 
= K^C'— ^5) = 24°; ZjBC^ = J angle at centre « 
^5=i^5 = 36°; and Z^5C= 180° — 24°— 36° = 120°. 

100. The iron required will be that contained in the diffl of two 
cylinders, the length of each bemg \]hft -^jldih of the idler, 

that is, Sjfy and the radius o£ the Vnnec cr)\a!Atx\]i«a^\«Mi^ 



PLANE TRIGONOMETBY, PAKT H. 13 

less than that of the outer, r, suppose. Now the circumf. of 

33 

the outer being 5^ ft, we have 2irr = 5J/3f=6Gtn, orr=— 

33 ■ 

=— = 10 J tn; hence the lesser radius (r') = 9Jtn. Conse- 
quently area of section of cylinder at* — vr'^=^%^. (^Ji — ^fJ-) 
= 4^ sq, in, and multiplying this by the length (=3 J/it=s42 in,) 
we have ^4^ X 42 = 2640 cttd. tn. = quantity of iron required. 

101. 2cos^=>v/(2-|-2cos2^)=a/(2 + ^/(2-|-2cos4^)) = &c. 
2sin^=/v/(2 — 2cos2^) = &c. 

102. By (75)ar = 4cos50,y = 4sin3^; 

.M= cos*0 4- sin*0=(iar)*4- (iy) *, &c. 

103. 42* — 4z* = sinM, or 42:* — 4z* + l = cosM; 
.•,22;* = 14:Cos^ = 2cos*J^,or 2sin*J^, &c. 

04 t rrft — <?>— tan0— tan0 _ tan0(a + ^cos0) — ^sin<» 
^VP ^""l+tan^tane (a f bcosip) -f tan^dsin^^ 

(by writing for tan B, its value — . . ^ — | 
\ -^ ^ ' a + 6cos^/ 

atan0 asin0 



a +-6 (cos + sin tan 0) acos^-f^ 

05. tt=2a*sin5cos5H-2J*sin-4cosil 

= sin Ccos^ 4- 8U1 Ccosil 

c c 

=^ sin C(2flccos5 4- 26cco8il) 

_ a68inC ^^^a ^ c« - 5*) + (*« + c« - a*)} = &c. 

06. tt = Hsin(a4-(/3-r)) + 8in(a-C/3-Y))}- * 

i{8in03 + (a-y))4-sin(/3-(a-y))} 
= J {sin (y 4- (a — /3))— sin (y — (a — i3))} = sin (a — /3) cos y. 

07. Let I, m, n, be the perpendiculars from A, B, C, on sides 
a, h, c, respectively; then (115) r«=areailjBC=iai=iJ»i 

1 C2«V 

* 8 ahc 

}8. (1) <^=27,D for 10^^ = 124; .:.«=^ X 10=2.176, 

124 

aiidil'=59''37M2M8. 
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(2) n=5.34; .-. <^=:^x 124=66, 

and Irsm^''=9.9358987. 

109. Let sine=>v/— i-; then cos«0= 1 — £-=-£_ ; 

a + x a + x a-^-x 

andtan«0=?H^=i, co820=co8«0-Bhi««="-::i^; 
CO8*0 a a-\-x 



.', e = tan-JVA and2e=cos-J 



a a-j-x 

110. 8m{iii7r4-(J^ + 0)} = (-l)-8in(Jir + e) = (-l)"co80; 

CO8{m7r + (j7r + 0)}=(-l)-CO8(j7r + e) = (-l)-(-8m0) 
= (— O^+isin^; tan{mfl- + (Jfl- + e)) = tan(Jir + 0) 

111. By (80), tt=8in«0-Bin«ifl-=8in«0 — J = 8in«Jir=i; 
.•.sine=J^/3 = 8m60®; .'. e = 60^or (64.i)=inr+(— l)"iir. 

112. Trom log J = log y = loglO — log8 = 1 — 8log2, we get log2 

= .3010300; and from log .i=logJ=— 21og3, we get log3 
= .4771213; and then log 2i = log f =log y = 1— 2log2, 

log2J = log|s=2log3— 21og2, log.2 = logf=log2 — 2log3. 

113. /.BAC=ilBOC, (if O be the centre of the circle,) 

3° 
and, Z.BOC being 6 ^ , the number of sides in the polygon of 

which EC is a side will (16) be 360 -•- 6^ = 66 = ft, sup- 
pose; .-. Z of polygon=5^ X 180® = 173|°. 

114 u, - ^^° ^*"^^^ - "" ^'' "^ ^^ ^'"^ ^"^ "*" ^^ 
C08(a + i3) COs(aH-/3)co8(a + j3) 

sin«a-sm«/3 , , ^. 
J(8in2a-8in2/3) ^ ^ ^ 

116. Sector COB= J0r« by (31) = i(a-sina)r«, (if a be the 

circular measure of /. AOB^ or the measure of arc AB to 

radius unity,) ^:z^ar^ — Jr*sina 

= 8ector ^05 — triangle^ 05 (109) = segmentilCB. 
-I^ 2a8inil -h 2&8in.B -f 2c8in C 

''""(6«-fc«-a«)+(a« + c*-6«) + (a« + i»-c«) 
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2la^ sin C + ft-sin C + csinc) 



"• a2 + ft« + c* 

^28inC_ 2^ gj^^g ic»=area^-BC=I«68inC. 
c a6 2 ^ 2 

Bj (1 14, 115) Mr =-r-cr ^ ~~— « 



4*S 8 2(a4-6-fc) 

T sin^ + sini^-hsinC'^^ ^' 
.*. area=^6c8in^ = i2r(8in^ + sin'8 + 8uiC). 

^ C08(a~/3) _ sin(y4-0 ^ whence cos (a -/3)-- cos (a 4-/3) 
cos (a 4- )3) sin (y — 5)' COS (a— /3) + cos (a -|- j3) 

^ sin (y + -- sin (y — d) 28ina8in£ 
"sin (y + + sin (y — ^)' 2 cos acosfi 

^2co8ysing. ...tana = tanatan/3tany. 
2sinycosd 

>. sm^ = sin (5 4- C) = sin 5 cos C + cos^sin C, (1) 
sinB = sin (A + C)^= sin ^cos C 4- cos^ sin C ; (2) 
mult. (1) by cos^, and (2) by cos^, and subtracting, we get 
sin ^ cos -A -— sin 5 cos 5 = sin -B cos ^ cos C— sin ^ cos JB cos C 
or sin A (cos 5 cos C 4- cos ^) = sin ^ (cos ^ cos C 4- cos 5),&c. 

I sin^ cos^ 4" cos^cos C 

' sin jB"~cos -A 4- cos 5cos C 

a»4-c»— y , y4-c' — a' ^ a'4-y — c* 
2ac 2bc 2ab 

2bc 2ac ' 2ab 

^ g{2y(a«4-c'-^')4-^>^-(q'~c')'} _a 
6{2a* (^ 4- c* -a*) 4- a* - (** - c«)«} b' 

. c*=a«4-J*— 2fl6cos^ = (a*4-&*)— 2a6(l-2sin«i^) 
= (a -by 4- 4aft sin« J^ = (« — */ {1 + tan« ^], 

(if tan 0=^^^^^sin^^,) =(a-6)«secV: 

.*. c=(a — ft)sec0. 

Wljen fl = 6 nearly, a — b will be very small, and 
.• tan^ will be very great; and 4> (^vdxiq^i \ifc ^waA-'^'er^ 
aecwTAtely from tan ^ : see 004). 
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122. a=^4±»+!^?Ldbll==_**iE4,=2tan2^=2tan60»: 

1 — tan-4 14- tan^ 1 —tan* -4 

/. 2^ = 60°, OTnir-\-^v; and^ = 30®,or (3«-|-l)iir. 

123. 11 = (1 =co8«0)-« X (1 +tan«e)-« = Bin-*e X 9ecr^e=eot^9. 

124. tt = 2co8(n— l)-4cos^ = co8il: 

. • . (i) cos^ = 0, and (ii) cos (n — l)-4= J : 
hence (i) ^ = 90®, or2n7r+ Jtt; 

(ii) (71 — 1)^ = 60°, or2n7r±iir. 

125. tt = {sin(i34-6^)+8in(2a— i3+e)}+sina8m(i3+a)8m(^-a) 

= 2 sin (a 4- 9) cos (a — /S) — sin asin (a + /3) sin (a— jS) 
= (by question) sin (a 4- jS) sin (a — /3) sin (o 4- 2 0) ; 

,*. 28in(a4-e)cos(a — /3) 
= sin (a 4- /3) sin (a — /3) {sin (a -f 2 0) 4- sin a] 
= 8in(a4-/3)8in(a— /3){2sin(a4-e)co80}: 

.•, sec0 = sin(a4-/3)tan(a— /3). 
126. log a/J = Jcolog2 = i (1.6989700) = 1.8494850 ; log^i 

= icolog3 = i (1.5228787) = 1.8409595; log (V)"^ 

=log(A)*=iGog5-logl6) = i{(l-log2)-4log2} 
= i(l-5log2) = i(l — 1.50515) = i(— .50515) 
= 1(1.49485) = r8316166. 

127. Let Aj B, C denote the three angles whose tangents are here 

concerned: then ^ 4- -B 4- C = ?^^^ ir 4- ^^tj^i-I= r: 

2" 2» 

.'.by (85) tan^4-tan5 4-tanC=tan^tanl?tanC. 

128. Here, by question, ^4-4-4 4- -4= 180**; .'. ^1=30°, and 
since /.BED=Z.BDE, .'. AD= EC or AC=^2a-¥h; 

hence ^5 = ^ C?I4^= (2a4- ft)-^o=?^. 

sin^^BC ^ ^ sin 120** v^8 

Aiidh=:DE=2BFcotBDE, (i£BF±AC,) 

= 2-4i^tan30® cot5DjE: = 2(fl4-lJ)tan30**cotBi>-B; 

• '^^^^"TT^'iTE' 

129. In the figure of Art. (105) AB^AD-^BD in fig. (1), 
^AD-BD in fig. (2),:=BD-AD, in fig. (3), which in 
each case will give us c=acoaB-\-bcosA 

=aco8B± A/(^«-&«sin-A)=acoBB:V VQ^-<^imMI^. 



u u= 



32. tt= 
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30. Iog5 = logl0 — log2 = &c.; log t^= log 16— log 1000 

= 4log2 — 3 = &c.; log^ = — log2 = — .30103=f.69897; 
logf^ = 4log5 — 2 = 4(1— log2)— 2 = &c.; 
log| = 3log2— log5 = 3log2 — (1 — log2)=&c.; 
log-4A = 3 log5 — 3 log2 = 3 (1 — log2) — 3 log2 = &c. 

n, Leta=cot-K«— l)»/5=cot-i(ar+l);.'.o — /3 = T»yw=15®; 

,^ , ^v tana— tani3 cot/3 — cota 

and tan (a — /3) = — — . , ^ . . , 

^ '^ l-f-tanatanp cotacot/d+1 

\cos^ cosA) \8in^ ainA) cobA 1 + C08-4 
= tan (45° + J^)tan^^ hj (73 and 74). 

„« n 28in(a — x)co8(a — x) 8in(2a — 23?) 

* m 2sinxcosx 8in2x ' 

sin(2a — 2 a?) — 8in2 ar_.n--m__. 2co8a8in(a — 2ar) 
* sin (2a —2x) + 8in2a: n + m 2sinaco8(a — 2a;) 

tan (a — 2x) . / rt\ n — m. « 

= V d ; or tan (o — 2x) = — ; — tana, &c. 

tana n + m 

34. By (118), 3 : 4::nr28in- cos- : nr«sin^-i-cos- :; C08«- : 1: 

n n n n n 

IT \/3 IT , ^ 

.*, cos--=-^=co8-, and » = 6. 
n 2 6 

35 g + h__ tan (0 + V>)— sin (9 -f <p) cos (9 — 0) _^ 8in2 + 8in2 4> ^ 
' a — b tan(0 — ^) cos (9 -|- ^) sin (© — ^)~' 8in2 — sin2 ' 

.*.Y-= . - -: hence&8in2d = asin20, and(cos20=c— aco820, 
sm2^ ^' 

by question ; 

.•.6«(sin«20 4-oos«20) = 5«=a«8in«20+(c — acos20)« = &c. 
36. The greatest angle being 108°, we have greatest side 

ain 108° 
= ^.^^go X 96 = 96 cot 18°= 96 X 3.077 = 295 ft. nearly ; for cot 18° 

_ a/(10 + 2 ^/5) __ AO + 2 ^ /5_ /5-VV5_ a^VW^ 

>v/5- J ^(V5 - 1)"-"" ^a-.V5"" '^ ^— ^ 

=vr^-f-24/5)= >/9.472136 = 3.077. 
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137. tane= Ll^!5£=tan(j7r-ia) by (73) ; 

.•.0=nir+(iir — Ja). 

138. %mA — (1 —cos -4) = (sin^+cos-^) —1 = ^/{\ +8in2il)-l, 
the root being positive, since A < 90®, and . * . sin^ and cos A 
are both positive; and greatest value of this is when 8in2i 
= i,(or 2-4 = 90^) when ^= ^/2 — 1. 

139. (i) for sign, by (78), sine -f cos0 is (-f) in the first quadrant, 
and two adjacent half-quadrants, &c. 

(ii) for magnitude, sin (^ + cos = /v/(l + sin 2 0), and as 2 
changes from to 90°, or G from to 45*^, this changes from 

1 to a/2 ; and then, as 2 changes from 90** to 180°, or 9 from 
45® to 90°, it changes from >/2 to 1 ; as 2 changes from 180" 
to 270°, or 9 from 90° to 135°, it changes from 1 to 0, and as 
20 changes from 270° to 360°, or 9 from 135° to 180°, it 
changes from to — 1 ; and so from — 1 to — V2, from — a^^ 
to — 1, from — 1 to 0, from to 1, as f/ changes from 180" 
to 225°, from 225° to 270°, from 270° to 315°, from 315" 

to 360°. 

140. Area=i(a+&)c=iflc(l+tan«0),(if6=fltan«e,) = lac8ec«O. 

141. t&nl<t>=i-. 8in<^=-?^; or cos* = sin A tan i 6 

*^ sm0 sm^ ^ T ar 

= 2sin*^0=l — COS0; .'. cos*0 + cos0 — 1 = 0, wlience we 
get cos^ = ^(- 1 + V5), of which only the root with (+) is 
possible, since cos0 must, in magnitude, be< I. 

142. Here-4,2J9,2C, AareinAP.;.-.^-f.2C=4B,25+4D 
. =4C; but ^-|-C=180°, and B + D=180°, from which 

four equations we get A, B, C, D. 

143. 1 ± sin e = 1 + cos (i TT — 0) = (with upper sign) 

2 cosH (i T — e) = 2 COS* (^ir - i 0) = 2 8in« (Jir + JO), 
or = (with lower sign) 2 sin* ^(^v — 9), 

144. 1 +2sin4^ = 4sin3i4cos^ 

= 2 {sin(3il + ^) -h sin(3^ — il)} = 2sin4iH- 28in2i4 ; 
.•.sin2-4 = ^, and 2-4 = 30°, orn7r + (— 1)»»J7P. 

145. By(81),sin«i(2a4-e + 0)-8in*i(2a+0-0) + nco6«a=O 
= sin* (a -h 0) — sin* a-\-n cos* « ; 

.'. (n + 1) cos*a=l — sin*(a-h0) = co8* (o+e), 
and sec a =: ^(n -^ I) sec (a -^ 9) MiaL/,> VC^^-^-l), 
since (48) see (a+ 6>) must be > 1. 
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146. chd 0= cos 0, or 2 sin ^0 = 1 —2 sin' ^9, whence we get 
sin ^0 = ^ (^3 — 1), or cosH^ =1 — i(4 — 2^/8) =i^/3 
= cos^7r: .*. J0 = cos~* //(cos^tt). 

147. A B the tower, C,D the objects ; Z A CB=^a, L ADB=il3; 
then a= CD^^BD^-BC^^AB cot fi—ABoot a, 

^ A D a asina sin/3 

or ili> = — = -. — —. 

cot /3 — cot a sin (a — /3) 

Or thus: ^C=Ci)jl^^^=a.f^ „ 

and ^ ^ = il Csin a = &c. 

148. Here tan ^ a sin a= 1 = 2 sin' \ a ; 

.'. sinia= + J v'Sss + sin 45°, andja=nir+ Jir. 

149 tt= A^"-^ + 1 , tan^ — 1 \ / I — tan^ , 1 -f tan^ \ 
\l-tan^ 1 + tan^/ \l + tan-4 1— tan^/ 

4tan^ 2(14-tanM) 2tan^ _„^ . ,. 
^l-tan'^ ^-' l^.tanM = 1 +tanM ~^^^^""^ 

= 8in'^. 

loO. m=— ,— -, n= -; .•,tan'0=^, and mn= sin cos 

8in0 COS0 m 

= 7 — r ^ 1 F5 •'• »»V(»i*+n*)=l. 

151. x— fl+c (sin Z — COS Z tan ^)= 0,y — J +c (cos ^+8in / tan ^) = : 
.:. (a:— a)sinZ+(y— 6)cosZ+c=0. 

3 

152. i3 = (in seconds) 206265 X 4 a«r= 206265 x 4 X (-—-.) 

\206265/ 

_4X51529_ 206116 _.„ , 
206265" "" 206265 "" ^ '°^^^^* 

153. (l)2il = 2nir + ^; .' .A = 2niroT%mr. 

2 tan^^ 
(2) ^_^^;^ = 3tanii; whence (i) tan-4=0, or (ii) tan A 

=±-73; ^ence (i)A=:nw, or (ii)A = nir±iv. 

154. Let the circles touch in p, q, r; then 8'=Aq'\'Br'\- Cp^ and 
Aq=:8'-'Br—Cp = 8 — Bp—Cp=:S'-^a: &c. 

155. By(93Ez.4)^=2rA,opfc=^mUca='^55^^^^aTd* 
=:1657/eet^ nearly. 
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156. a=l+co8M — 2co9iH-8inM = 2(l--cos-4) = 48in4i 
= &c. 

157. Here 2 sin* J a= 2 sin* (a: — J a ) ; 
,' ,x — ia=nir + ia, and a: = n7r+a ornT. 

158. In fig. of (19), sin A ^^=^4^=4- i 

.-. cos il05=l—2sinU-4 05=1— -i-5. 

^ 2m* 

159. sin 18** = i (a/5 — 1) = .3090169 : 
. • . tab.sin 18° = 3090.169, and D for 1'= 2.767 ; 
. • . rf for 23'^ = f * X 2.767 = 1.0607, &c. 

160. It =008* a+ sin e ( cos i 0+ sin i 0)* ^^^ ^ "" ^j°i ^ 

^ ^ * ^ cosje 

sin^9-\- cos J 
sm^0 
= cos*0 + 28in*J0(cosJ0 + 8inJ0)(cosi0 — sinje) 

= COS*0 + 28in*J0CO80 = COS*a+(l— COS0)CO80 = CO89. 

161. The radius of the circle is the chord of 120° to a radius of 
6 inches, and . ' . = (in inches) 6 X chd 120° = 12 am 60°= 6 V^i 
.•,area=7rr*= V X 108 = 339^*5'. in, 

162. tan^tan2il + l = 2, ortaniitan2^ = l = /"*" f . ; 

1 — tan*il 

.• . tan*il = ^, and ^= -H 30° or nir±in. 

163. This is to prove that (2r8int7r)* 
= (2r8ini7r)*+ (2rsinT\y7r)*, or sin* 36° 
= sin*30° + sin*18°, or by (100) t^^ (10 — 2^/5) 
= i+A(6 — 2/v/5), which is manifestly true. 

164. „ ^AB = 2lO,z.HBC=ABCA=^''^(. 

Z HBD=^ ZBD-4=23° = ^ : 
then^C=^5cot0,ili) = -4Bcotf, 

.•,CD=-45(cot0— cot©) 

^ =210^^!^ (^ 7 ^\ and 
sin sin 

log CD=i log 210 + X sin 2° — X sin 25° — Z sin 23° + 10 

= (log 3 4- log7 4- 1) + X sin2° + &c. = 1.6472122 = log 44.8. 



i.t: 



K C 



2i 



a 



110, 



\i 
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. tan0 + 2 ^7^^"'^ ^sin.(l-f ,'^ftt \^^ 
^ 2tan<6 \ 1— tan*^^/ 

b5<7«)=st»il^; 






iazi^ 1— tan*^<|> coa^ 
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66. ti = (cos* a — sin* a) (cos^ a + cos* o sin* a + Bin* a) 
= cos 2 a {(cos* a + sin* a)* ~ sin* a COS* o ] = &C. 

67. «=--^8in2^-f -A^sin25+H-^8in2C 

28in^ 2sin^ 2smC 

= iJ(8in2^ + sin2-B+sin2C)by(114) 
=:i2{2sin(^ + 5)co8(^ — B) + 2sinCcosC} 
= 2i?sinC{cos(^ — J9)— co8(^ + 5)}, 
(•.•cosC = — cos(^+B),) = 2228inC- 2sin-4sinA 

.•.XcosJJB=10 + log5 — log4 — Jlog2 = 10 + (1— log2) 
— 2 log 2 — i log 2= 11 —I log 2= 9.9463950 : 

andherei)= — 669,(?= — 90,andn=-^ X 60 = 8, 

and . • . J5 = 27° 53' 8^ or B = 55° 46' 16''. 
169. Cos 67i° = J ^/(2 + 2 cos 135°) by (76) = i V(2 — V2) ; 

. .secbZ^ ^(2-v^2) V(4~2) V^VU-hV^; 
= ^/(4 + 2v'2). 

•^ sin2a-hC082a 

(coSflt — cos3a) 4- (8in3 a — sin a) 

sin20 + cos2a ^^ 1 

2sinasin2a + 28inacos2a 2 sin a* 

71. tt=(a + 6co8a)cos0 — Jsma sin0 = Acos(0+/3) 
if A cos i3=a + 5 cos a, A sin /3:=& sin a; 

.-. A* = A* (cos*i3 + sin*/3)=(a + 6co8a)« + 6* sin*a 

= a* + 2a6cosa+6*, and tan /3=^?1^=~*^^ . 

Acosp a +6 cos a 

72. -4,5, the observers, Cthe balloon, CD the vertical; 
AB:=\mile, L CAD=:SO'', Z C5Z) = 75°; 

.-. Z^C5=75°=Z^5C, and^C=-47?=lmi/e; 
hence C D = -4 C sin 30° = ^ mile. 
78. Ii=co8ec40{(cot0 + cot2e)sin4e + cos4e} 

.^ rsin(2d+0) . ,^ , ^.1 

= co8ec40 i — 7-VT-~-T^sin40 + co840 V 

I sm(^8in2d J 

=coflec 4 0i^—;^X 200829 -V- coB4e\ 



22 80LUTI0KS OF EXAMPLES IK 

= co8ec40{(3 — 48in«0)2co820 + co84e} 

= co8ec40 {(1 4. 2cos20)2co82e 4- cos4e} 

= co8ec40 {2C082 + 2 (I -f co840) + cos4e}= &c. 

174. By (93, Ex. 4) d*=2 r A, (where h is expressed in tnHet) 

= 8000 X ^ , (if h' be the height in feet,) 

= ^ hf =' • hf, nearly. 

175. By (122) tan J (-4 — B) = -^^ cot j^ C= (m this case) 

i cot 32© 6' = i tan 57° 54' ; 
. • . i tan J (^ — -S) = Z tan 57° 54'— 3 log 2 = 9.2994355 : 
here then D = 6588, £?= 1139, n-=i\l% X 60= 10; 
and J (^ — B) = 1 1° 16' 10", or ^ — J9= 22° 32'20"; 
also -4 +^= 180° — C= 115° 48'; 

. • . J. = 69° 10' 10", B = 46° 37' 50". 

176. tt= J8in0(8in20)2 = i8ine X J(l— CO840) 
= i8in0— i8in0co840=ism0— TVl8in(40+^)~8in(4e-0)}' 

177. Regarding the diameter of the disc as a small circular arc to 
radius r, (r being its distance from the eye,) .' . (sincea^rfl) 
we have 6 = r 0, where B = circ. meas. of 0°.95 or 3420", which 
« tMHt; .'. '• = 6 X ^%\l%Hnches:=ZOfeet 

178. J Gog 2 + Z sec -4 — 10) = — log 5 + i {2 (i cobB - 10) 
— (Z sin C— 10)} ; whence we get 3 Z sec il — 4 Z coe 5 
+ 2ZsinC=10 — 61og5 — 3log2 = 4 + 3log2 = 4.90809. 

i»»ft —/I I ^9.n\ • /i I ^8.\ rtCO80co80-|-sin©8in0 

179. tt= (1 + cot^e) + (1 + cot«0) - 2 -^^^^ ? 

= 2-|-cot*0-fcot*0'-2cotOcot0 — 2=(cot0«/>cot0)*. 

180. Let ABCDhQ the field, ^-B= 30, B C= 60, CZ)= 110, in 
yards; draw ^-EparaUel to5C; then ilI>2 = ^Z;« + D^ 
= 60« + 80* = 10000, and AD = 100 : also area (1275) 
= J(-45+ CZ))^C=4200#y. yd*. 

181. Let O be the centre of the inscribed circle: then ZEDF 

= J(7r+^). 

182. 2c = 2cos(0 — + a)cos(d — a) = cos0 + CO8(0 — 2e + 2a) 
= also cos 4- cos (0 — 2 — 2 a) from the other equations: 
.*, — 20-f 2a = + (0 — 20 — 2a), where the upper sign 
gives no solution, but the lower gives 20=0: 

bence 2c= cos -f cos 2 a, from the teX. et3^>assci. 
J 83, Any suHiber m must be of t\vft iotm ^u ot ^u-t'V w^^-^^x 
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or 6n + 8; .•. secfmir=:8ec2fiir=l, or=:8ec(2nir + i^ir) 
= sec^ TT = 2, or = sec (2 n TT + f ir) = secf TT = — 2, 
or = sec (2 n TT -f ir) = secir = — 1 . 

/.a* — 2«cot2-4 — 1 = 0, and jr = — cot224+V(l+cot*2il) 
= &c. Now this expression also = — cot 2 -4 + cosec 2 A 
_ C082-4+l_ ^ . . , . . , ,^^. 
8m2J ^ or + tanil, by (74). 

Let ABAC=2A; produce Cil to C; 
then tan 2 -4 = tan BAC or tan BACf^ 
and if we bisect these angles hyAE^A JE^^ 
B then tan BAE = + tan il, tan BAE' 
= tan i (180° + 2 il) = tan (90° -f A) 
=— cot-4. 

185. Here2»*5«-»«=2**+»5*;.\3xlog2 + (6— 8ar)(l— log2) 
=:(4a:+3) log2 + a:(l— log2), whence (Sop — 9) Iog2 =4r— 6, 

e,x=i=|l2?|_|^f = 1.06. 
4--3log2 — 3.09691 

86. Since -4 -fi? is bisected in D, we have, by a well-known pro- 
perty (see Key to Colenso's Geom. Prob. 2- 33. or 211, below), 
X C«+C£« =2 (i> JET' + CD*), or 

i^=^2DE^ -I- 2CD« - CE^, and, shnilarly, 
a« = 22)-E« 4- 2 C jE2_ ^2)2 . 

.-. c«=:a« + 6«=4DJ5:«+ C2>'+ CM and Ci>« + C-B^ + D^ 
= c* — 3D^ = c* — ic2 = |c«. 

OT T X fl(co8 0co8a — sin0sina) + JsinO /• n i rr 

87. Let .) . ^ ; — ; — f-f-T7 — -=»*, for all values of G; 

AT (sin Q cos a -f COS B sin o) + o'cos 

then {acosa — m(a'sina + JO}cos0 = (ma' cosa -|- asina— h) sin0, 
oracosflf— m(«'sina+J') -|- (5 — asino — mo' co8a)tan0=:O, 
for all values of B : hence 
(l)acosa — wi(a'sina + J')=0, (2)&—a8ina— ma' C06a=0; 

from (1) ^= "COM fez^iJHL" from (2) ; 
asma-\-h' a'cosa 

•' • aa'cos*a= a'5 sina -f hV — aa'sin*a — a^ sino, 

or aa' — h1/=i{c^b-'ah^ sina. 

88. GiventanJil4-tanJC=2tanJ5, 
ortanj^ — tanJ5=tanJ5--tan4C; 
^ . Bmi{A''B) _ Bmi{B-0 

' cosiAcosiB cosIBcos^C 
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tliatJ»,«nJ(^--B+C; + riiiJ(^— -»— C) 

= 8inK-B-C+^) + riiiJ(B-C— il), 

or cosJff— co§il=co6C— C08J9, since nB|(A — B + O 

= 8111 J(18a*> — 2^ = sm(90*' — ^=co«^, &c 

189. •in&=^-l6»iM»rlj,ar?i2f=rl-l^; 

.-. 6^=6(1 -H«) = Ht, and 0= A; 
bence 0. oontains ^V X 57^.29577=: 3^ nearlj. 

IIK). i>=4130; .•.(i)<^=it|X 4180=826, 
and L sin 17** 12" =946601 79; C")<^=541: 
. • . n'^sr /^ X 60"= 7''.8 = 8", ne«rlj. 

191. tf={flC08(jr + 2)e + *«in(ar + 2)«}— 2co«0X 
{flCO»(ar+ l)d + Jsin(ar+ 1)0} + {flCOsarO + ftsmare} 
= a{co§(x + 2)0 + co«*0— 2cos(ar-rl)0co§e} 

+ &{8in(x + 2)0 + unx0— 28in(:c + l)0cosO}sa 
since co8(x -^ 2)0 + co8x9=2co8(x -^ 1)0CO80, &c. 

192. f!£i=s:cos0=mtan0-*-5^=m«8ec0; 
tan^ n 

. • , sin*^ + CO8*0 = 1 = m*tan*0 + m*ii*8ec^0 

= m* sec* — m* + m* »* sec* 0, 
or (m* + m*n*) sec* 0= m* + 1, &c. 

193. Multiply each term by 2 sin (a — /3) sin 03 — y) sin (y —a) ; 
then 2 sin a sin (y — /3) + 2 8in/3 sin (a — y) + 2 sin y sm (/) — fl) 
= {cos(a + /3-y)-COS(a + y-^)} 
-f{cos(/3+y— a) — COS03 + O — y)} 

4-{cos(y + a— i3)--cO8(y + 0— a)l = 0. 

194. rvers-4 = 6in., rchd-4 = 36in. = 6rvers-4; 

.-. 28inJ-4 = 6(l— co8il) = 12sin«Jil; 
whence sin} ilasf, andchd}^=}; 

. * . }r = 36 tn. = 1 yd^ and r^^Syds. 

195. BZ)=c--r-„-w-7==^-^ = ^---?7TrT5 

BinBDA BmCDA 

.*. csin^il2> = 6sinCJ.D, or sinCsin0=nnJS8inf, 

suppose, if Z BAD=z9j Z CilD = 0: 

«/w-r^=r^-f ^=180^-5 — C-, .-.e-^-CslSO**— B-^; 

.•.sinCe+C)=sm^BV^\ 



PLANE TBIGONOMETBY, PABT Jh 25 

and > «P(^+0-.«"(-g + ^) 
mnCsinO sin^sin^ ^ 

whence, expanding, cot C + cot = cot ^ + cot ^. 

96. (1) D being negative for the cosine, (103 Ex. 2. k.b) =—491, 
and<^= + 383; .'.11= — ^ X 60''=— 46.8, 
and il = 2ri5' — 46".8 = 21*»14'13'', nearly: 
(2) Zco8ec68°45'24''=i8ec21*»14'36'' 

= 20 — Zco821°14'36'^by (155); 
now 21°14'36"=2n5'— 24", so that n = — 24, 
and <^= — H X — 491 = 196.4 ; 

.-. Zcos21*» 14' 36^^=9.96943924, 
and Z8ec21*» 14' 36"= 10.0305608, nearly. 

tanfi m*— »* 
or (m«-n«)tan«0 — 2(iii« + n«)tane + (jii«— n«) = 0, 

.•.tane = — ' ^p — = — !— ,or — -— ; 
mr—rr m — n to + ji 

l_ 2mn_ 

98. C08(il — C)cosB = co8(^+C— B) 
= C08(.4 + C)c08B + 8in(iH-C)sin5; 

.• . {co8(il — C) — co8(il -|- C)} C08B= 28in^8in CcosB 

= 8in (A-^ C) smBf 

or2cotB= ^^ft^ =cot^-fcotC; 

.* . cotil, cot^, cot C, are in A,P^ and tan^i, tan^, tan C, in 

99. Here(co8il + 8in^)2= i ^ 8in2il = 2, or 8in2il= 1 ; 
.-. 2^ = 90^orn^r^-(— l)»j7r. 

(X). ^ = 32° 15'; let B be the other angle: then there will be 
two solutions, according as we take (l)a=468, c=320, 
or (2)a=320,c = 468: 

(1) BiBC^-funA^—-n\nAi 
a ' 117 
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.•.Z8iiiC=log80— loglir + Zsinil 

= (8log2 + 1) - (21og3 -f- log 13) + (20-Zoowc82nflO 
= 9^621316 = Z8in21*»23'; 

.-. 5=180^-32^16'- 21®23' = 126® 22': 

(2)BmC=^Bin^; 

.-. Z sin C= (as before) 9.8923236 =:Z sin 6 PIS'; 
.•.^=180®— 32^15'— 61°18'=96° 27'. 

201. tt=(cos9 + cos30) + cos2e = 2cosecos2e + co82d=O; 

.•. (i) cos2e=0, or 20=90^ or 2nir+ Jir, 
and(ii)co8e= — i, or 0=120**, or2nir±f r. 

202. Take O the centre of inscribed circle, Oi>, OE^ OF, the 
perpendiculars on sides; then AEF, BDF, CDE, DEF, 
are the four triangles. 

203. il'=-BOC=180^-i-B-iC=90° + Jil,&c: 
.*. «=4co8j^ilcos^Bco8^C 

= 2co8iil{cos(JJ5 + JC) + co8(J-B-iC)} 
=2cosJil8iniil + 28ini(^+C)co8j(IJ— C)=&c. 

204. Height=120tan60''14": 

now taneo'' = V3 = 1.7320508, and tan60'' 1'= 1.7332149; 
.-. 2>=11641, and d (for 14")=^ X 11641 =2716; 
.* taneo"" 14"= 1.7323224, and height =208/E., nearly. 

205. co82-4 = 8inil = co8(90® — -4); 

.•.2il = 90°— il, or (generally)=2nir + (Jir — ii); 
.-.-4=30°, or (generally) =(i) (4n+l)Jir, 

or(ii)(4ii-l)iir. 

«/v/. ^«/»\x -1 tanil + cot2^ 

206. «=(86)t«x ' ^_t,^^^t2^ 

, sin ^ sin 2 -4 + cos il cos 2 il 
sin2^cos^ — C082^sinii 

= tan-i ^gf^f, =^&c. 
sm(2^ — il) 

207. Since 45=-^» 

BF n— 1 

. . 3^q:^j. or ^^-.-, and ^j^— ^, &c. 

, aretjAE F^ jAE.AFsinA ^AE AF 

uTe&ABC iAB.ACsinA AC Tb 

-«-^xi=^:;-L,&c.; 



n n n^ 
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. KresLDEF_ABC—(AEF^BDF-\' CPE) 
''are&ABC ABC 

, 8(n-1) 
"^ —1? 

08. Given ZiV^JB=0, LCAB^a, LCBA^^, LBAC=^9, 
D being the top of the pillar CD : 

then height = -4 Ctan e=a-J?E^-_. tanft 

andZiV^C=0— a. 
!09. P the top of the peak, Pr a tangent to the earth's surface, 

p^ H ^ *^*^ T is a point in the horizon, E the earth's 

centre, AHPT^ the dip of horizon, = 1° 58' 
:=iAAET. 




Now EP=ET8ecE=zAP+ET; 

.'. iiP=r(sec-E— 1)=4000 x .0005894 

= 2mUes62dyds. 
no. By the Table in (137) we get 

log 55 =log 11 + (1 ~log2) = 1.7403627, 
log40= I -|-21og2 = 1.6020600; 
.*.XsinB=:Xsinii + log&~loga=9.7705700; 
now, from the question, 7) (for 60^') = 1731, 
and (for LmkB)d= 1368 ; 
.Mi=ifHX 60=47; .•.JB=36*'7'47^ 

11. AC^=i^ + P''2clcoBADC, 

BC^=z(^ + P + 2clcosADCi •'. -4C« + BC«5=2(c« + P), « 

and.'.cosC^-^^;^^^,^---^^- ^-^^ . 

2AC.BC AC.BC' 

hence area = i^ C. JB Csin C= i (P — c«) tan C. 

12. By (85)tan^ + tan5 + tanC=taniitanJBtanC, 
or(l + 2 + 3)tan^ = 1.2.3tanM; 

• *.tanil = l, tan£=2, tanC=3; 
and |i9r=csin£.6!sin C.&sinil 

13. tt=2co6(n— l)ilcosil = cos^; 

,*. Ci)cofl-4=0, or^=(2n-fl)^ir, 
(u)co8(n^l)A = i, or (n — l^A=^iiit-V\T". 

B 2 
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214. «=2 + {co8«c-8in«<c-e)}H-{cos«(c-f)-«m«(cH')} 
= bj(84)2 + coB(2c— «)coBe + coB(2c— f— 4r)C0B(^-i^) 

= 2 + C0B(f +f)cOB0+COB0CO8(f — f) 
= 2 + COBd{cOB(f+f) + COB(^— f)}=&c 

215. t«n86o=V^-^^^t-V^-'^^^'-V ^-^^ 

^1+C0672«» ^H-8iiil8«» S+V'fi 

^ ^1 + cob75«» ^2^ + V8-1'^^ ^ 

216. Fata=ioo8f,&=Asinf; 

.*. tanf =-, which detemimeBf, andisaaec^: 
a 

then v=A(oo8f 0080+ ^^^^^^^^(^ + 0* 

26c 60 4^ 

and 80 co6^=-^= oos'^ : 

also Z cosB = 10 + log A =10 + 2 logs— 4log2 =9.7501226 ; 
.'. D(frQm qae8tion) = — 1857, and if(for 006^ =— 497; 

.-. n=.fVW X 60=16, and 5=55*» 46^ 16''. 

218. OAB the quadrant, OA^Oj AB=ej OD the Inaectiiig 
radius, in which take C the centre of inscribed circle ; now 
CE(=a^±OA; then Oi>= O C+CA or a=ii'V2+fl't 
anda'=^a-«-(V2 + l)=a(V2 — 1); .•.a + ii'=flV2=c. 

219. Let a, a', be the sides of the two iSgores ; then 30=60^, and 
a=2rsin60^ a'=2r'sin30*»; 

.-. r^ flsin^^ 2 ^j ^g ^j^^ are as I* : r'«=4 : 3. 
K o'sineo** V3 

220. Area=^aJsinC=L^i^-^^8inC 

2 2 2co8C 



_ a2-fft«— c< _ 



&c. 



4tan(90*— C) 

221. Fat cot J. = A cos ^ cos&=A8in0; 

.*«tan0=oos&tanil, and A = cosdcosec0; 
then i(coefan C+ un0ooaC):=Kfnii^C -V <4^'=' «xA.a«0Bk%% 
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t22. 8in4^ + 2 (8in4 a -f 8in2 d) = 0, 

or2sin2^ = — d8m4d= — 68in20oo820; 

.*. (i)«n2d = 0, or2d=}i9r, and tand==tan^}i3r=0 or «; 

(ii) co82a=~l,andtane=v\'"^^^^=V^2. 

^ ^ 3 1+C082cy 

52> ^ ^i3C 1+C0825 

_ . 1 —sin (90^ --2B)^ . 1 - 8in (^ — JP) 
'^H-8in(90°-2J3) H-8in(^— J3) 

= by (73) "^1^^"^^7'-°t^1"»^ = &e. 

J24. 2— 48m«ii=2 8inii + l; .'. 48mM + 28in^ — 1 = 0, 
or sinil = i ( - 1 + V5) = sin 18^ or sin (— 54°) : 
hence-4 = njr + (— 1)"-Ar'f» or jitt — (— l)"T^7r. 

i25. In triangle-4 JB C we have given Z AB C= 30**, 
ABC A— 135°, B C= 1 mife; 

.^^^^^sinl^o^^^^^ 2_ 
sin 15** V2 2^/2 >v/3 — 1 

and vertical height of mountain =ii^ sin 60*^=^(3 + V3) 
= 2.3660 miles = 12492/fc 
26. Squaring the given equation, we get 

sec^ a (tan' + 1) + 2 sec a tan a sec d tan + tan* a (sec' — 1) 
= 8ec*/3, or (secatan9 + tana8ec0)*=sec'/3— sec'a + tan^a 
= 8ec«0 — l = tan«0. 



27.«=^2(^^cos4+-^sin^) 
+ ^2(-5-cosi? + ^8in5) 



= V2{cos(45*»— ^) + cos(45*>— JB)} 

= a/2 X2C08K45*'— ^ +45°— J5)cosK45*'— ^ — 45*>+J9). 

28. tf = (co8*| TT -I- cos* -J n) + (cos* %v + cos*t it) 

= 2c08*iir-|-2cos*f7r = 2(cos*i7r + sin*iir) 

= 2 {(cosH T + sinH t)* — 2 sinH ^ cosH W 
= 2{l-isin47r}=2{l-i} = f. 

29. A^ B, C, the stations in order, DE the steeple; AB=^ay 
BC=:b, ZDJ9^=90*>-A, Z DCE='iA,l>B^x\ 

t&eii flr=^^— ^JS:= ar (cot A — tan A)=^x<iQ\.«X A.-=.^C"E.\ 

B 3 
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and lABC-liBCE'-I)AE)^A—LDAC\ 
.'. CD=iCA=za + b, 

and a;=^{(a-f ft)*- Ci:«} = V{(a-f-5)«-ia«}. 

Bin 9 



230. tt = V(l—C08e) = 
_ Bin^ 



A/(l+cosb) 

= &c.by(73). 



V{l+8in(90° — (^)} 

=2cosi{A + B){<iOBi(A^B) + nni(A + B)} 
^2co8i(A + B)[coai(A-B) + coB{90''-i(A+B)]] 
= 2co8K^-f5){2co8i(90°-JB)cofli(90-Jii)}=&c 

232. 2tan-4=tan-*--i-^=tan-Vff» 

tan-1 i + tan-* A= tan-»lil^ — tan-»ff, 

tan-» ff + tan-» J = tan-> iii*- = tan-»f|| 

= (b7 question) J IT— cotr* a: = tan-* a?; .'.arsflf. 

sin^CD Bin(tf + ^) 

Bin(e + f) 

Bin (jo + ^) 

Bin ^ Bin <^ 

Bin (<^4-9)Bin(«+i//)* 

sin ^ Bin ^ 




=a-r 



Bin 4^ Bin (y + 9) Bin (» + ^) 

and ^a = ^ Csin a ; 
then Aa-\'Bb=i An$, 

234. m«=c« + /«— 2c/coBji4, »«=J*-|-/*-25Zco8jilj 



£7 J \a c/ 



-ftf 
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b a \b af 



adding these three equations, we get the required result. 
35. it=by (73)cosi(^ + 8inJ0=(l— 28in«ie) + 28inieco8i0 

= 1 -f-J28ini6>(co8i0 — sini6) = &c.by(73). 
%. tt=:2oo8(a;+ l)a*co8^a=8ina=:20in^a cos^a; 

,* C08(a;-|-l)a=8m}a = C08(Jir — Ja), 

and (a:-|-l)a = 2n7r+ J(7r — a). 
57. Here sin J. — sin ^= sin 5 — sin C, 

or 8mi(il--B)co8i(-4 -h JB) = 8in J(^ — 0<»8K-^+ O ; 
,-.sinJ(-4— JB)8iniC=8inJ(5— C^sinjil, 

or sin J (^ — 5) -*- sin^^ sin^ JB 
= sin J (jB — C) -•- sin ^ JBsin^ C, 
that is, cot^^— cot^^ = cot^C— cot^^, 
whence cot^^ cot^ J9, cot^ C, are in J.. P. 
38. Let0=cos-iA/f; then sin e==-/i: 

let0=cor^>^5 then sm^^VV^^— = ^^3 ; 

/. sin(0 — 0)=s sin cos 0-^008 sin 
_ ,1 V^6-hl _ /2 ^3— V2_V6-H _ ^6-2 
3 * 2v^8 3 * 2^/3 6 6 

1 ^. TT 

2 6 
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.•.«=*(! — tan}J5taniC) = *co8 J (B + O-^cosi-BcosiC 

= «8in^^sec^£sec^C 

^^ tan0 — t-anO tan0 — cosatan*^ 

40. tw^C-A — ») — i^tan^tan(^ 1 H-cosatan*0 



(1 — cos g) sin coa 0.^ 



sin*^a8in2(ft 



141. 



cos* y> + cos o sin* ^ ( 1 + cos 2 ^) + i (1 — cos 2 0) cos a 

_ sin*|a8in20 _ ^^^ 
cos' i a + sin* J acos 2 

jLHCA=/.CAD=iy: 

then m = ^^8ina-|-5Csm/3, 
* mcot7 = ilD = AB<io*tt-VBC^5W^V^ 




1% d. 
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_ msin(^ — y) ryn~. m%m(y — a) . 

— -I : — -7-: r^ ,0 l^ — »-; ; j— r-, 

amy sin Oj — a) sin y sin (/d— a) , 

8mysm(j3 — o) 

_^28i ii^C3-a)cos{i(3 + «)-y} ^j^^ 
28m78inJ(3 — a)c08j(/3 — a) 

242. Let CA the line bisecting c in D, = 2; 
then6«=/«-f-ic«— /cco8i4DC, a«=/« + ic« + /cco6ilDC; 
,-.a«-f-ft«=2P + Jc«,and/«=i{2(a« + ft*)-c«}. 

243. 28in'a;=8ecx— cos x= sin' :e-*- coax; 
.•, (i) 8ina;=0, and:E=0 ornTr; 

(ii) C08a;=^, andar=60° or2»i7r + ^ir. 

jj _ COB* X + cosec* a sin* *_. 1 + (cosec* a ~ 1) sin'y « 

""cos* a: + cosec^/Ssin** 1 -|- (co8ec*/3 — 1) 8in*2e 

245. cos-i \^\ = sec-'i^t^ = tan-^ V'(8ec* - 1) 

1 -|- TO* 1 — TO* 

='"-''{{S)'->}=--'fS.' 

hence i«=tan-»-^-tan-\— =&c., by (86). 

1— TO* 1— n* » ^ \ -^ 

246. Let P be the point ; then, each of the angles at P being 120°) 

we have cos^P-B = — • i = " ^ T > 

orc=A/(a«-|-ai3 + j3«): 
also area = area il P-B -I- area J. PC -I- area -B PC 
= J ajS sin 120*» + i a r sin 120° + i y sin 120<» = &c. 

247. By (86) we get, after simplification of the complex fractionsi 

. ,sin0(l— 2a:sinrf) + a:*) . _,. ^ ^ 

tt=tan-» — i-^5 — - — ; — 5^=tan~~'tan^=0. 

cos (1 — 2 a; sin + ar) 

248. (i) -4 = + 45®, or, in general terms, = « tt + (— 1 )" J tt, which 

may be written nTr + ^n-, since it is useless, with the 
double sign, to retain the factor (— !)■: 
(ii) A = 60**, and A =120®, or, in general terms, il = 2 n n±J^ ir, 
and-4 = 2n7r + f t: 

(iii) -.^ cos il + -^sin-4 = cos (il — 45®) = 1 ; 
O -<i— ^Jf^'sO, or=2nir; ,:.A=s^**,CHc^uic-V\if- 
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549. Diam. of smaU circle =4^-4^=-4^, 

flinC sin 2^ sin 72° 

since l(BAD'\-ABD-\'ADB)=A-\'2A'r2A=lS0''; 

hence the areas are as 

AB^ : ^^-=4co8«180 : l=5-f-v^5 : 2. 
4 sin* 72** 

50. Here cos ados x — (sin a + cos a) sin x= sin 5, 

or Acos(^ + ^) = sin&, if Aco80=cosa, Asin^sssina + cosa; 

...cos(0 + :r)^?i^=il?l*cos0, 
■ '^ k cosa 

. . — r- sin a -I- —^ cosa 

and *"^'^^-tnnj-'"^^"^^^-^^ ^^ 

Acos^ cosa 1 ^^ 

V2 

_ sin (45° -h a) 

cos 45° cosa' 

51. Here «^«+£^=4, orl=28m2e; 

sinOcosd 

.•.sin20=i=sin3O°, and 20 = 30° ornir + (—l)-sinJir» 

152. tt=tan-il—tan-»-L.= by (86) tan-^ - . -^ . , 
g n n + l -^ ^ ^ n* + n+l 

=cot->(i+«+»^); 

.-. 5=(cotril— cotri2) + (cot-i2 — cot->3) + &c. 

+ {cot->n— coH(» + 1)} 

= cotr>l— coH(nH-l) = tan-il— tan->— !—- 

=tan-i-Ji-. 
n + 2 

53. ^C= ^A]>'+C]>'-'2AD.CDcobADC, 
AB^=AD*^BI)^-2AD.BDcoaADB; 
.•.-4C« + ^B«=2(.42>2+C2>2), 
since SD=CD, and cos-4DJB= — cos-4DC: 
hence ft« + (a«-f-6«)=2m« + ia«, or 46* + a«=2««; 

so4a« + ft* = 2ii«; 
hence 15a«=2(4n«— »i«), and 15 6^ =2 (4 m* — n«); 

... tan^=«=vi^!l::^ 

o 4m* — fi* 

«j g^/»>fi ,,_ 4(co8M — sin^A) — SC<^oaA— ««vA^ 
' -^^ ^ 3(co9il + 8inii) — 4(coft^A-V««?AS 

B 5 
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48in^cos^ — 1 l + tan^ 

255. Let il be the least angle ; 

theii^ + J5-hC=^-h2^ + 4il=7il=180*», 
and il = 25^^^ or \A=l^^=l2?5V25Y': 
c sinC 



now 



a + b + c Bin A -\-miB-\-miC 
^^"^ -^ as in (Ex. 15. 4) 

4 cos ^ ^ cos ^ jB C06 ^ C^ 

sin 4^ ^_. 2(2sin^cos^)co82il 

4co8^^cosAco8 2il 4006^^COSilcOs2il 

"°^.=2»liii^: 



COS^il 

.'. c=2(a + &-|-c)8inJ^ = &c 

256. 8in«C-8inM = 8in(C-f ii)8in(C-il) 
= sin -B sin ( C — ^) = (by question) sin* B ; 

.-. sin(C— ^) = 8in5; hence C—A^^B, or=180<*— A 
which last is impossible, since then C+ ^= 180®+ ii> 1^0°; 
hence C=^ + JB, and .' C=90°. 

257. ilJB*=c'* = a«-|-ft*,^C«=y*=a«-f-c«, 
J5C« = a^ = 5« + c2; 



.•. cosB-4C= 



26'c' ^{(a* + c2)(a« + &«)}' 



. nin«ff_4(?-l- ^^ _ a*y + aMH-yc« . 

and area = i 2/ </ sin £ ^ C 
258. If r angles of equal and similar figures, each of n sides, meet 

ji— 2 
to make a solid angle, their sum r x 180° must by (Euc 

xi. 2L)be < 360^ whence n< -?!L < 2 -|-i— i— : now tins is 
^ r— 2 r — 2 

greatest when r— 2 is least, and neither r nor n can be <3; 
tf r=3, n< 6, and may, therefore, be 3, 4, or 5 ; if r=4, 
n< 4, and must, therefore, be 3; if r=5, n< 3)-, and most 
be 3; if r>5^ n< 3, which i» im^^osslbU; bence there are 
only Jive regular solids, namely, three Va \«Vi<^ qm^ «S&(i%3Q!|^ 
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is formed by three plane angles, where the faces may be 
triangular, square, or pentagonal, one in which each solid angle 
is formed by four plane angles, and one by five, in each of 
which the faces are triangular, 

59. c3=a8 4.ja — 2a6cosC=(a-|-6)^— 4aftco8«JC; 

. • . 4 a 6 = (m* — (F) sec' i (7= m* sin* 2 suppose, which suppo- 
sition is possible, since 2a6 < a* -|- ft'*, and . • , Aah < (a + ft)',, 
and we may put 4aft = (a + ft)'sin'20 : 
then m8in20=>v/(m' — <r*)secJC, and 2A/(aft) = insin20; 
whence a + ft ± 2A/(aft) =m(l + sin20) = m(cos0 + sin^)', 
or A/aHrA/ft=V^»»(co80 + sin0); 
,', ^a=A/»*cos0, A/ft = /\/nisin0, 

60. Let cos = J (— !)"•== + ^, as m is even or odd ; 

(i) 6l = 60^or2n7r + i7r; (ii) 0=12O^ or 2nir + f ir: 
both values of B are included in 2 n tt + {3 — (— 1)'"}J v, 

61. Asin(253),^C«-f-BC« = 2(^-F»+C-F'), 
or 6'-f-a» = 2(ic' + r'); 

.•.4r»=2(a'H-ft2)-c« = 2(a« + ft8 + c»)-.3c»; 
and4(;)' + 5' + r') = 6(a' + ft' + c»)-3a«-3ft»-3c» 
= 3(a« + ft' + c«); 

andc' = f(a'.+ ft' + c')-tr»=|(p«-f-5»-hr«)-tr« 

62. sin^ = 28in^co8'^; 

._•. Ql) sin^=0, otA^nir, (ii) cos ^=4:-_, . 

or-4 = 2»Tr-|-i7r, and2nir-f iw=(2»4-l)7r — I^TT, 
or, in one formtda, titt + ( — l)"i''', where n may be even or 
odd. Hence chord ^=2 sin ^^1 
=. (i) 2 sin Jn TT =0, or + 2, as n is even or odd, 
= (ii)28in{Jn7r4-(— l)"i'r}=±28ini7r, or ± 2cosix, 
according as n is even or odd, 
= ± a/(2 — 2cosi tt), or ± A/(2 + 2co8ir) 
= ± V(2 - a/2), or ± a/(2 + V2). 
S3. Here a > ft, or else the expression is impossible : then 

^a{^(l+*-)+V(l-|)} 

=v'alV(l-l-cos0)-f->/(l-cos0)}, 

ifcos0 = -='/a{A/2cosJ0 + V28in^Q\ 
a 

=2 V'a fcos45® cos iO + Bin45° «m\^\ ^^-^"^ 

B 6 
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264. AD^=^A<y+CI^'-2AC.CDcoBiC, 
BD^=BC^+CD^-2BC.CDcoBiC; 
but (Euc. vi. 3.) AD : BD ::AC : BC, 
or AD\BC^=A(P.BD^; 

whence, using the above values o( AD^ and BD^, we get 
CD^(A(P^ BC^)^2{AC^BC)AC.BC.CBwi\C, 
or C7)=&c. . 

265. Let 2>^ be the tower, E its foot in the horiz(mtal 
then D^=il^tana=J9^tana=CJ? tana; 
.\AE=zB£=zCJ3, 

and E is the centre of the circle round ABC: 

hence ilJS:=ie = &c. (114), 

and i>JE:=ietana=&c., by (114). 

266. Here28inJ(0 + 0)cosi(0 — 0)s=:sin(0-)-^) 
=:2sinJ(^ + 0)cos}(0-|-0); 

.'. (i) sinJ(9 + 0) = O, whence i(e-f-0) = mr, 

or d+0 = nx23r = nX36O®; 

or (ii) cos J (0 — 0) = cos^ (d -|- 0), 

whence i(0 + 0) = 2nw+J(e — 0), 

or i {(^+0) + (fi — 0)}» that is, e or 9, = 2mr=:n X 860®. 

267. Suppose a > 6; then CD^b^^^y CE ^a^^, 

'^ sin a sinjS 

/.DCE^a — P; 

.-. area=^ CD. C^ sin i)CJg=ifl^^'?^^!'^?8in(a-/3) 

sinasin/j ^ 

, ,a & sin(o— jS) ^^ 
e e smasm/i 

268. As in (116), 2 cosH ii = 1 + cos ii = ^'"T ^]. ^,T^\ 
28inH^ = (*7''j^7f ^ .•.tanJ4 = &c 

K C A or c, vanishes, so that C coincides with D, 
then, using a% b\ c^, for the sides of the resulting triangle, we 
have^JB = a = c', JBC=6=a', Ci>=c=0, 
D^orCii=rf=y, and*=a' + 6' + c'=^; 

.'. tan j^ = v ^^^^^'^^j^^^^ 
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269. tt=log. --4^ = l0g ^ 



=— log*(l— co8 0) = &c., by (150). 
270. A*8 share being to the whole as ml m-^n -f />, take in ^ JB a 
length AD : AB :: Vm : A/(m + »iH-p), and draw DE pa-' 
ralleltoBC; 

then area^D^: area^JBC:: -4D» : AB^ :: m : m+n+/>, 
that is, area ADE will be A*8 share. 
So if AF :AB:i V(m + n) : -/(w + n-j-;?), 
and FO\}Q drawn parallel to BC, 
then area AFO will be A*s share + B*8 share ; 
that is, area DEFO will be B's, 
and, therefore, are&BCGF will be C's share. 

* ^^'^ ""sin2^-i-l (coSil-f-sinil)«"'cosM(l +tan^)« 
_^ sec'ii 



(l+t^^) 



3 



(u) U =-: j= 2-! 3 -=COti^ — COtA 

sin^l sin^ ' 

72. s==fl-l+l-&c.W(i--L-h-l--.&c.) 



=by[s]p5=f,. 



73. sinvl = sin{nT + (— 1)"^} .•, sin m J. will give the general 
value for sin{m»ar+(— l)"i«^}, that is, (expanding by the 
formula for sin {A + B), and observing that sin innir= 0), it 
will give the general value for cos mmr sin ( — l)"mil, 
which = (— l)"8inmw4, if m be even, 

and this has the two values + sin m^ 

or = (— l)-8in(— l)-m^=(-l)»"8inmil = + 8inm^ if m 

be odd. 

Again, cos il := cos (2 » tt + ^) ; 

.*. cosm^wiil give cos(2mn9r + mil)=-f cosntil, whether 

m be even or odd. 

74. 2+ — 5I — r-ssSsec^e— sec«0 + lf whence 38ec«0i=48ec*^, 

whieh gives sec' 0=0 (impossible), or cos s + ^ >/8, 

whence 0=30*' or 150®, 

or, generally, 2nir-\- 1 v, 0T2nir-V%ir. 






' ■$---*} -^ 



9 



g j^, :=-^Ty fs: » 



= 0. 



:=iailsi:73« -h IDanflf*— xmbOO^, 



48 



x^at 






60" 












$-^*lC^ 



V ^^X C^^^ <r^±A CBTCcmlSKf* 

eqmlasenlv will be siniOar, 



!S^ ^^N^n.^^^ 



-V ^ \ ^ 



0^ 



ad-i-he 



BD 



=&c^by(116). 



^wolA 



^^ 






+ sbi« 



-V^^ 
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=C0845«i+^ or co8«»t!?illl=&c. 
l—tan^ 1 + tan^ 



181. By (115) r^= ^ 



8^a 



8— a (» — 6)(« — c) 



where ^=V{»(» — a)(»-6)(* — c)} by (109); 
.•. rjCOtJ^ = * = r, cotJ5=r3COtJC: 
also A (r,r, -|- r^r^ -f- r, r,) 
= V{«(»—c) + «(*-&) + *(«—«)} 
^V^{*(3#— a — ft — c)}=#. 

182. By (118) the ratio is that of co8«18<* : 1 =i(5+ V5)^; 

1 



now V5 = 2+(a/5— 2) = 2 + 



'/5-I-2 



=2+-j-i, T-r-^r— by Colen80*8 Alg. Part n. (164) ; 
4 + 4 + &c. ° ^ "^ 

....(5 + V5)--(7+— 4:p )-gOr^or^*c. 

83. ^ — |i=;?(cos*0 — sin*6)— 5'(cos*^ — 8in*0)• 
=;}(cos*0— sin'e)— 5(co8«^— 8in»^): 

.*. j»co8'0=5CO8*0: 

hence from (2) cos*©//?— ^j=5', or cos*d=&c. 

84. A^ B, the two points, CD the tower, 
/,CAD = a, L CBD = ^ /.ACB=:e; 

put C 2> = A : then ^ C = A cosec a, .B C = A cosec/3, 
a^=A^co8ec'a +A'cosec^/3-- 2A'cosecaco6eci3cos&; 



V^(co8ec*a +cosec')3— 2 cosecacosec iScos (^) 

• flsinasin/S 

/v/(8in*iii + sin'^a — 2 sin a sin /[3 cos 0) 

. asinasinj3 

V^{(sina--sini3)* + 4sinasin/38in'J(/} 

. g sin asm 3 

"2 V^{sin* i (« — /3) cos* i (,a -V |5) -\- WIia«tftt V^iYE^ \^\ 
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275. Put ar= J IT — 0, where 9 is very small ; 

then |^ — 0—^f~ — fl'e — 6«|cot0=-^ nearly, 

(omitting G\) =l,by (91), when = 0. 

276. B JSC=AS=:EF+BC'-'BF 

= 30 sin 75*» -h 30 sin 60°— a: sin 60^ 
ifBDssar; 

••■•=»«£S:+»»-3^ 

= 15V2 + 5V6 + 30 — 32a/3 
= 15 (1.414) 4- 5 (2.449) -f- 30 — 32 (1.732) = 8 ft, nearly. 

277. a:(3log2) + (2 — ar)3log5 = (4a; + 3)log2 +arlog5 ; 
whence a;(log2 + 4log5) = 61og5 •— 3log 2, 




or 



6 — 91og2 _ 3.29073_ , ^g^ 
4-31og2 3.09691 ' 



278. Let A\ B\ be the centres of squares on BC, AC: 
then ii'5'»=ii'C« + J5'C«-2^'C.-B'Ccos 150° 

= 2^'C»(l-cosl50°)=a«(l-i-iV3); 
and since the triangles, being both equilateral, will be similar, 
we have their areas as a*(l + J V3) : a', or as a/3 + 2:2. 

279. ^D«=a«-f<g'--2a<foo6^=a«+<P--fl<^ '''"^^Tf'~''' 

' ad-j-bc 



ad-^bo * 



BD 



and radius of circumscribing circle = ^-, — -.=&c., by (116). 

^ sui A. 

280. Here2cos^0— 4co8oco8e— 1=0, 
whence cos = cos o + ^/(cos' o -|- J) : 
put cos'a=^tan^20, or tan2^=cosav^=cosasec45^; 

then cosO=-^(tan2^±sec2tf) = co845° ^B^^!±L 
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=C084S° |+*'"^ or 00845° *'"»~^=&c. 



281. By (115) r,= ^ 



8— a 



^. 1 A S / *(» — a) 

.-. rjC0t4^= V-7 — \.. .1 

s—a (» — 6)(« — c) 



where S= a/{« (» — «)(»- b) (* — c)} by (109) ; 
.". rjCOtJ^ = * = r, cotJ5=r3COtJC: 
also A (r^r^ + r^r, -f- r, r,) 

= a/{* (* — c) + «(« — *)-!-«(' —a)} 
= ^{*(3#— a — ft — c)}=«. 

282. By (118) the ratio is that of C08«18«' : 1 =^(5+ V5)^; 
now V5 = 2 +(a/5-2) = 2+ -^J-^ 

=2-f--i TX&— ^y Colenso^s Alg. Part ii. (164) ; 

.:.g(5+V5)--(7+_^- j--or-orj^*c. 

283. q — 1> =;? (cos* — sin* 6f) — 5 (cos* — sin* 0)- 
=p (cos* 9 — sin' 0) — q (cos* — sin* 0) : 

, • , |icos*0 = ^cos*0 : 

hence from (2) cos* 9 (p-^^j = 5, or cos* = &c. 

284. ^, ^, the two points, CD the tower, 
/,CAD=za, L CBD^fi, lACB=i9', 

put C2> = A : then ^ C = A cosec a, 5 C= A cosecft 
a* = A* cosec* a + A* cosec* ^3 — 2 A* cosec a cosec ^3 cos 9 ; 



A/(cosec* a + cosec* )3 — 2 cosec a cosec /S cos (^) 

' fl!8inasin/3 

V(sin* fi -\- sin* a — 2 sin a sin /S cos 0) 

asinasinjS • 

V{(sina— -sin/S)* -|- 4 sin a sin /3 sin* J (/} 



g sin asm ft 

'2V{am^ K« — /3) cos* i (,a -V 1$) -\- «ixia««\ \^i\s? \^\ 
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put Bma8in/3Bm^i0= sin^ j^(a — /3)co8^ j^ (<k + j3) tan'^ ; 

^t I a sin a sin /3 cos 

tnen A = r— ; — r-? tt:^ , / . ^v . 

28inJ(a— i3)co8j(«-hi3) 

285. Let the inscribed circle touch the sides AB^ JBC, &c., in 
jB, F, Gf, IT: 

then^^=^fl;BjE:=J9F, CO=CF,DO=DHi 

or a-f"C=ft-f"<^» 

Hence « = a-f"C = & + <i 

and area= a/{(« — a) (a —&)(«— c) (* — <|)} = v' (cdah) 

= A/(a&cd)~al80, (by breaking it up into four tri- 
angles, whose common vertex is the centre of in- 
scribed circle, radius r,) jtar+jtbr-}- icr+ jfdr^sr, 
.•.*r=&c. 

286. (i)cos-4 = cos(2»T + ^); 

.*. the value of sin ^^ in terms of cos ^ will include those of 
sini (2 WIT + -4) = sin (»7r+ i-4) = + C08»?r sin Ji4 

= + sinJil; 
(ii) sin-4 = sin {»ir + (— l)"il} ; 

.*. the value of sin j^^ in terms of sin^l will include those of 
sin {JnTT + (— l)"Jil}, which (if n be even, and = 2m) gites 
cosmirsin^^ = + ^^^i'^* according as m is even or odd: 
or (if II be odd, and=2m-f" 1) it gives 
sin (mir-f" i ir— j^^)=cosfi» n-sin (Jir— Jil)= + cos ^A, 

287. By (153), log,o(«+l)=log» + 2ilf|^^ -h &c.}, 

or log, o 255 = log, o 256 - 2 ilf {^iy + &c.} 

= 8log,o2 -2ilf X .0019569 

= 2.4082400 — .0016996 = 2.4065404. 

288. cos(a-h6) = 8in(a— = c<>8(ijr — O+0); 
.'. a+0 = 2nT+CiT— «-ht): 

thifl is impossible, with the upper sign, unless «== (4ii -hl)^)r, 
when it is true for all values of B ; 
with the lower sign, = (4»— l)i7r. 

289. tanesin!^=tan0sin(0 + if> — 9) 

= tan {sin (0 + if>) cos — cos (^ + if^) sin 0} 

= (by question) sin <j> sin ((p + ^); 

.'. «fljz)/fiin(0-f ^)co80-f 8in6coBQji-\->vn> 
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296. If a be the side of an equilateral triangle, and 12, r, the radii 
of its circumscribed and inscribed circles, 



then iJ=_Jl-=_^^= " and r=^tan30 -_^ . 
hence, using r,, r„ &c. for the radii of the inner circles, 
we have ri=g~^=Ji^ »'.=ir„&c 

.•.2ir(ri + r, + &c.)=T2E(H-i + &c.) = 2irll, 

and ir(r,3-|-r,»+&c.) = iir2r»(l +i-h&c.) = i7ri?». 
191. sind — cos6 = 4sine — 4sin'd, 

or co89 = 4sin»<^ — 3sin0=— 8in30=co8(Jir + 30): 
.'. Jir + 30=2»ir+e, &c. 

.^92. Let the, angles be 2 e, 3 9, 4 d ; then 96= 180^, and the angles 
are 40°, 60S 80^ ; 

hence sin C= sin2 A or ^1° ^= 2 cosil* 

sinil 

a 6c 

whence c3(a-ft) = a(a«— ft^), or c^^aCa-^h): (1) 

AlsosiniB=i=v'^^=^^-^^ or V?=?=W— , 

ac c «— c 

and .-. cosi^= V^^=50=iV'TT^ 

oc o(« — c) 

■"^ 6(a + 6-c) 26 ' 

for «-±^=£ from (1), and.-. ^±l±£=^tf, 
c a a+a — c c— a 

93. Join the centres of the circles. A, By C* and let D, J?, F, be 
the points of contact, opposite to the angles A^ B^ C, respec- 
tively : then, since the two tangents, drawn to each circle from 
the same point, are equal, it follows that the three tangents 
are equal (=/', suppose) ; that is, the tangents at JD and E will 
cut off each the same length from t\ift \«ii^ex)X ^\."F><5t ^^ 
three tangents will meet ia the saoiQ ^\tvt P. "V-t^X* a\V ^ c - 
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be the sides of the triangle ABC; then (since the tangents 
are perp. to the sides of the triangle) 

we have area ABC= jf {of -{-V + &)p = (a + 6 -h c)p, 
(since a' = ft+c, ft'rsa + c, <J'=a + ft,) 

z=^W (s'-aO (*'-ftO (/-cO) 
=V'{(fl-f"& + c)aftc}; hence p=&c. 
The point of intersection of the tangent is, in iact, the centre 
of the circumscribing circle of the triangle ABC, since the 
angles A^ B, C, will be bisected by the lines APy BP, CP. 

294. O the centre of square, 0^ the centre of first circle inscribed 
in comer Ay O^ B its radius perp. to side of square, C the 
radius of circle, centre O, drawn parallel to O^ J9 : 

then, joining O O^A, we have O C=: O O^ sin45® -h 0,5. 

and sum of perimeters : that of circle, centre O 

■■■■ ^{^A^^'*^} ■■ ' 

A/2-hl 

and sum of areas : that of circle, centre O 
::4(r,«+r.«+&c.):r» 

= 4(^^i:l)\— 4_,=4i^^=p!=3-2./2 : V2. 

VV2+1/ 

295. Oil«+05»+OC=r«(cosec»iiH-cosec«JB-hco8ec«iC) 

^S^f be ^ ae ^ ab l , ...-v 
"" *« I («-ft) (,-c)'*'(«-a) (,-c)"^(«-a) («-t) J °y ^'' ^ 

and (107) 
_ 6c(<-g) + oc(>~&)-ha&(*-c)^ ^^_j^^^^^^_8fl&c 
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(a + ft) + (a— ft)tan»ia? a-^-b ' 
if (a— 5) tan' Ja:= (a + 5)taii»0, 

or tan'^=— 7i-tan*Ja:=;r^^^^^tan*iar/if cos0=--) 
a-i-b ' 1+cosd ^ \ a/ 

sitan'jetan'Jar; 

hence u = —r^, r=s- sec' Ja: coa*^ sec' i 9 : 

a(l-|-cost;) 2a * r » 

(ii)fl<ft; tt=^-r— ir r-(ifco80=^) 

©(cosy + cosar) \ 6/ 



2ftco8 iQf-\-x) cos J (^ — *)' 

97. By [6] tt=f [8{i0-i (i0)'}-{*^-ia0)»}]+term8 in 0«&c. 

= f (20-:fc0'-i0 + :^0»)+ terms in 05&C. 

= + terms in 0* &c. 

= 0yery nearly, when 9 is small. 

98. Let CD=:c, radiiis= 1; 
then OD=OAtaiiOADj 
orc-hl = tanOil-»=tan60°=^'3; 

.-. 0=^/3 — l=chord0=28ini 0=^(2— 2cos0); 
.'. 2— 2cos0 = 4 — 2^/3, o^co80 = ^'e— l=chord0. 

99. Lete=tan-i^^,#=chd->-j^ji-^: 

then 0=2t— 20, and tan9=— tan20, 

4(g-a:8)_ 4ar(l— y') 
^' l-har» a:*-6a:=«-hr 

for chd0===-^^j^-^=28mj0; 

2g 

tan0=^^, tan2^=&c.: 

hence x=0, or 1 — ar*=0, or ac*— ^a? -V\— \-V 3^\ 
.*. a:=0, or ±.1, ot-VV*I« 
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300. A ZACF=a, ZBCG=3, 

^ACB—y, AACE=S, 

AF=h,BG=ki 
mAACEy 

" we have CE and ZZ C£; 
hence ilC=a-r—7v-: — r, andA=^Csina=<i-T 




8in(^ + cy '"sinCa-he)' 

80 in ABCE, we have CE, ZE, and ZJBC^=^— y; 



.-. BC^a-, 



smc 



301. 




8m(5 — y+c)' 

Let^AEK=:ABFK^/. COK 

K being the point of intersection of the 
diagonals : 

miABD 



ihQuAE^AB- 



Bind 



sind sinO sin(/ 

sin9 Bind 

. AE.CO _ AB,CD mABD ^ smCDB 
'BF.DH BC.AD sinBDA BinDBC 

CLC d h m 
=^X--X-=1. 
ha a c 

302. sin(d-h0-ht|^) = l = sin(0 + 0)cosif> + co8(d + 0)sint|^, 
whence, expanding, we get 

sin cos cos if/ + sin cos d cos if' + sin ((^ cos d cos 

= 1 -f- sin dsin <p sin if/, 

or tand-f-tan^-f-tanif^rssecdsec^secif^ + tandtan^tan^: 

again cos (d -h + 'I') = 0, 

whence, as before, cot 9 + cot + cot t|^ = cot 9 cot cot ^ : 

multiply now together the corresponding sides of these two 

results. 

303. sin*20 — 8in*d = 4sin2ecos'*e — sin'drrSsin^d — 48in*e=i; 

whence sin^e^ ^ii^=Bmn%^ ox a\n»5A?\ 

lo 
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.•. 8m0=±8inl8®or + 8in64^ 
and 0= (nir±^7r) or (n^± t^t) = (»± J -f tW^. 
J04. «=5°.729577, 

^ . .* • 1 / N 5.729577 _ 1 . 

and . Mts circular measure (a) = gy 29577 io ' 

hence 8ina= .1 — i (.001) -h Tiry (00001) — &c. 

= .1 — .0001666 + .00000008 = .9998884. 
105. cot A = cot (nir + A) ; 

hence the value of 8in|^.4, in terms of cot^ will give the 
value of sin ^ (n tt H- -4) ; 
now n may be of the form 3 m or 3m + 1 ; 
(i) n = 3 m gives sin (m r-j-^ -4)=+ sin ^ -4, as m is even or odd; 
(ii) n=3m-|-l gives sin {m ir-|-|-(7r +/!)} = + sin i(ir+i4); 
(iii) n = 3 m — 1 gives sin {m tt — |- (jcA)} = + sin|- (ir —J.), 

06. Let sina=2x, 8ini3=:x\/3; 
then, by question, a— /3= sin^^x, 

or x=8in(a — j3) = sinacos|3 — C08asinj3 
= 2x>/(l - 3x») — X V'S^i/O — 4»«), 
or 1 +>i/(3 — 12x») = a/(4— 12*2); 
squaring, we shall find 2>/(3 — 12 jr») = 0, or x= + J. 

07. tanC=-taii(^ + B)=i55^^±^4? 

^ ^ taniltan-B— 1' 

. tan^ tanB^^^^^^_ 

tan C tan C 
and tf=(tan^tanB + tani4tanC+tanJBtanC) — 8 

= (1 -f" sec -4 sec i? sec Q — 3;;=&c.; 
forcos(^-hB+C)=— 1 
= cos (-4 -f- B) cos C— sin (A -f- B) sin C 
= cosilcos^cos C — siuilsin^cos C — sin^sin CcosB 

— sin^sinCcosil; 
.• . dhriding every term by cos il cos B cos C, we get 
tan^tanB-f- tan^ltan C+ tanBtan C=l+ secilsecBsec C 
)8. C the centre, draw PM perp. Ui AB\ then 

2 sin e = (sin e+cos Q) + (sin ©-cos Q):=L^Z±^^?^li^ 

AB AB 

_ ABP+A F)' ABP-APy* 
AB* ^ AB* 
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hut B P. AP=V(AB.BM)xV(AB. AM) 
=AB.PM=2CP.PM; 

.•...M=^(,+5^)+,/(-^) 

=V'(H-8in2e)+ V'(l-8in2e). 
See also the first part of Ex. 359. 

309. co?(g"-^) =l+£gin^-=cosi8cotg-h8in^; 

sin© 2 

2 

.•. tan©= ^cotjS; 

a?— 1 

2 

also, by question, tan (6 — a) = — --. cot/3 ; 

a?+l 

.-. tana=tan{e — (0— a)} 

_ ta ng— tan(g— g) ^ 4cotj8 , 

H-tan0tan(e— a) (««— l)-|-4cot«^' 

or r*= 1 +4coti3cota— 4cot*i3 

= 1 +2coti8(cotJa— tanja)— 4cot'i3 
= (cot Ja— 2coti3) (tania + 2cot/B). 

28in2e 2sm60cos60_o8in20 «^ _^^ ^ 

310. «=-2;5 _j__ = 8-^_cos3(?cos6e=0; 

hence (i) sin 20=0, (except when 20=0^ 
or (ii) cos30=O, 
or (iii) cos60=O; 

(i) gives 20= WIT, (except wKen n=0,) 

(u) gives 30= (2» + 1)Jt, 
(iii) gives 60=(2n+l)j7r; 
.'. 0=J»7r, (except when 11=0,) or=(2ii+l)(l + ^)|ir. 

311. \ ,. ^ AP, BPf the given lines at right 

angles to each other, cut hy AB^ a 
horizontal line upon the face of the 
stratum; PQ aperp. on the hor. plane 

'B through AByQC perp. on il ^ : 

given ZPilQ=a, Z PBQ=i3, to find LPCQ = Q\ 
putPQ=p; then ilP=;)coseca, BP=pcosecft 

Mid tan PBA = ^=u!S^= ton^^, B\xip^«fc\ 

BP sin a 
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now PC=PJ38in^=/)sm^co8ecj3, 

pn 

and 8in0= ^^=8m/3co8ec0; 

. • . cos* = 1 — sin* j3 cosec" 

= 1 — sin*^— 8in*/3cot*0=co8»^-.Bm»a=&c. 

12. _ Let 2if^ = 2QPC be the angle 

under which the circle is seen 
from P, when it has reyolved 
round O, through an angle 9^ from 
its initial position, when CO was 
coincident with OP^ 




then sin* ^ = cos* Q CP= 



PC* 

« r^ . 

OP* -hat^+2dAdtfcos0' 

hence if' b greatest, when cos is least, and^ — 1, 

am 

80 that sin a^ sc — ?:— sj 

OP^OCf 

and if' is least, when cosO is greatest, andss -f 1, 



so that sini3= 



OP^OC' 



. OPH-0 ca sing 
• OP'-OC sm]? 



and ge^ sina--sin3 ^ ^^Tli^il! 

OP sma + 8m/3 ^ "^ ^ -'tan'TfTT + i 0)4-1 



tan*(i7r + J^)-h 



in^ — 



sm 



cos' 



sin* -|- cos* 



= —-cos ( J ?r + 0) = sin'^. 



13. 



By (93 Ex. 4) d*=2rA: let T be the top 
^ of the mast, P the peak, ^ h\ the vertical 
heights of peak and mast ; then distance 
required ^PT—PA^AT^A being the 
point where PT touches the earth's sur- 
face : 
hence Pr=:A/(2rA) +V'(2rAO=V2Cy0004r VVI\aVi\%.^^ 
(since r=4000fmles, A=2imilc«, MvCl V =^Je«t=-HwLft^ 
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814. By(118)il = »r«sm-cos-, B=nr28m^-*-cos^; 

n n n n 

also il' = 2 11 r* sin -- cos --=:nr* sin-, 

2n 2n n 

B'=2»r»8in^-^.co8^' 
2n 2n 

hence ilB=nVsin»-=il'», or A'=V(AB) ; 

.•.B'=&c. 

• 

315. Let a be a side of the equilateral triangle ; 

then its area=^a^cos60° = ^a'^/d, and its perimeter = da: 

hence a—d, a, a+4 ^laj represent the sides of the other 

triangle, 

*and its area= \/{f a (ia + d)ia (^a — d)} 

=ia ^{3 (a^ — 4^8)} = bj question ^aV3, 
whence <l=:f a, and the sides are ^o, a, fa, 
that is, they are as 3, /H, 7 : 

9 4. 25 49 

. • . cosine of largest angle = = — J = cos 120**. 

«,« ./ 6'2 + c^— a'2__6aco83J? + c«cos'*C— a^cosM 

316. COSil = ' a, , = jr4 Ti >* 

2iV 26ccosBco8C 

^ sin^-Boos' J3 4- sin' Ccos' C - sinMcosM , xj,^x 
2sinBsinCcos5cose ^^ ^ 

_sm»2B + sin'2C— s in'2ii 
2sin25sin2C' 

_ sin'2B--sin(2^-h2C)sin(2^-2C) 
2sin2J98in2C 

_ -8in(2^-h2C) + 8in(2ii-2C) 

2 sin 2 e 

(5iDce 5111 (2il-h2C7) = 8in(360^-2JB) = -sin2J9) 
^^ From Ci>m«e=^,corf^e=-^=^^«^^^-^^ 
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from (2), tan«0 = l:^"; 

• *• (3) gives £i'*(m — 6)(»— 6) = 6'(m — a)(fi— a), 
or a' {mn — (m -f- ») ^ + **} = h'^ {mn — (»i -f- »)« + «'} ; 
.•, (a*— 6')mn=(m-hn)a6(a— ft), or (a+6)m»=(m-f"»)aft. 
18. AB(ihe staff) = 1,5 C(the tower) = 200, C-D= 100 : 

then tanB2)C=2, tan^2)C=2.01 ; 

and tanil2)B=tan MDC— 5Z)0=-^^^^^^ 

^ ^ 1+4.02 

= 3iT=^forZilD5; 
.'.no. of seconds inilDB=^"^^y^=410.8 or 411'' nearly 

= 6'5r'. 

no. By (122), tanKJ5-C)=t^tani(-B-h C), 

or tan(B-h J-4) = ^i^tanJil = (in this case) ytan J-4; 

.'. Xtan(B-hi^)=l— 21og2-hXtan3*»18'42"=9.1603480; 
and D for 10^^=1486, rf=397; .Mi=VVft X 10=2.67; 
and . • . B + J il = 8° 18'52".67, 
or B=4°55'10''.67 = 4°56'ir' nearly, 
andC=180°-(il + 5). 

20. tanO, tan^, tanif^, are plainly roots of 

a:'-(l+f^3)ar» + (l+f^/3)ar-l = 0, 
whence a:5_ 1 — (X ^ ^^3)(3^_^) . 

.-. ar— 1 =0, and a:» + ar-h 1 = (1 +1^/3)0?; 
.•.(i)a:=l, and (ii) r»-tA/3a:+f =i, 

2 + 1 
or a?= ^7^ = \/3 or J ^73 : 
v8 

.•.a = 45° orn?r+iir, = 60° ornr + ^x, 

^ = 30° OT»X + ^jr. 

21. We haTC here to show that i (a + jS) = ^ : 

now ttnKff+m- ^i^'^^^'i^ ^ tan^^^ + tanj^ 
*^ '^'^ l-tanJatanJ/3 1— tan*'^^ 

1— tan^iP ^ ^ 




322. ^ -A, JS, tbe two points of obsenra- 

tkm, P, <2, tbe objects ; 

then AB=%,/,BAQ:=z4S^, 
^ABP=^W; 
^B .'.BPispeq>.to^Q, 
aadPQ=^QooB45° 

= ilBco845«=4-/2 

=15.656852 auZw 
= 5MZ»1156ycb. 

323. By (85) tanil + tanJ? + tanC=tMiiltanBtanC, 

or (1 +« + «•) tanil=ii»tMiM, wlienoeii»tMiM= l + n+n't 

and tan« C=ii*tan«il=«(14- « -h «•); 
.•.«»8ec*il = H-ii4-ii'-h«'=8ec*C; 
and 8m2il=2sinilooBil=2tMiii-i-9ec'ii 

=2fi»tanil -*- ii»9ec«-l=2iitMi C 4- sec* C 

=S8in2C. 

324. coflrii-hcoflr^-=coe-»l + coB-*?^oro+0=/S+^, suppose; 

a X b X 

\ COB(a-h0) = CO8(/S+^), 

"M-4('-J)(-D} 
=-M-'{K)(-l)}' 
■■•('-?)K)=('-l.)(-5> "-=•'»■• 

325. Let ^^, CD, be anj two sides, and join A C, J5JD, crossing 
each other in P; 

then, joining AD, Z APB^ Z ^DP+ Z P>12> 
= Z^J>B+ZC^D 

=r 2 ^ Z at circumference on AE) = — : 

n 

hence P is a point in a segment of a circle, described on 

2 w 
base A By containing an angle — , 

and (1 14) the diameter of this circle is -;— v>= a coeec — . 

wnP n 

S26. Given A, ^, ^, and a Z 6 : let AB=c, AB' =<^>\» \Safc \»^ 
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values found for the third side; draw CD perp. to ABB^: 
then Jco8il=^ J>=i (c -h 0» ^sin^ = CD=:^ i (c'— c) tan5: 
.-. 46»(cosM + 8mM) = 4&«=:(c4-cO* + (<?'--c)«tan»5 

= (c* + c^)8ec»J5+2cc'(l— tan«5); 
.-. c3 + c^ + 2«j'cos2B = 4ft«cos*5. 

27. BjOIS) rr,r,r3=-- ,/\., -=/S^ 

andr, +r- -hr,— r=iS' -j + -+ -— 1- 

=^{»(»-«)+(*-«)(*-»)}=^=4A by (114). 

28. Suppose that the angular p<nntB of r regular figures, each 
of n sides, meet at a point ; 

then r?Z:?180° = 360°, by Euc. i. 15. Cor. 2 ; 
n 

2n 4 

. • . r = — ~=2+ — -, which must, therefore, be an inteeer : 
»— 2 n— 2 

hence n~ 2= 1, 2, or 4, and ii=3, 4, or 6. 

29. tan(g->^)=Ktang-tan^), or sin (9-0) sin (9-0) 

^ ^^ *^ COS(e— ^) 2CO80CO80 

.'. (i) 8in(e — 0) = O, or (ii) C08(9 — 0)=:2co89co80: 

(i) gives — = mir, and d = »i7r + 0; 

. • . sin (0 -f" 0) = tan (0 —0) gives sin (mn- + 2 0) = tanm ir=0, 

or Jfi7r-|-20 = »9r, 

whence = (n— m)Jflr, and9=»iflr-f-0=:(n + j»)j7r: 

(ii) gives cos 9 cos + sin 9 sin = 2 cos d cos 0, 

or tan0 = cot0 = tan(j9r — 0), whence 9t=»i9r+(Jir — 0); 

andtan(9 — 0) = 8in(0 + 0) = sin(mir + i7r) = (— 1)*"; 

.•, — 0=nflr + (— l)'"i7r, and + = «»ir + Jir, 

whence and 0. 

50. Let ver80 = l+a:, ▼ers0=l— x; 
then co86= — ar* cos0=j?, or 9 = ir + ({)•. 
hence 2^(1 — 4:*) = tan (9 — 0) = tan ir ox iMv V^tt — ^ <?VV 
. '. (i) ^^v/^I — a:«) = 0, or a:= + 1 ; 

n 5 



^ 



(5>J^0_^=-,«j,= J551j=^fV^, 



.'. -/(I— r«)=aorr=±l,»befcre; 
Md 1 — 2r«=x, mieaoe x= — 1 or i. 



pat n^^komftmA, m^kani; 



tlienUnB= 



■Bnii 



nn^fini^ 



where tmf 



il BD (J. — o>) sin (^^1 — f y 

•»• — — ^ 






anA. 



ab ak 

... ^- /« +»+0 C« + 1-^)- /S (g-t^) (g + »-«) ^^^, 

ao ab 

taioe<^=a> + ft'— 2aftcosC=a' + d^+2a6oo8e 

=a»4.^ + 2a*(l-.ia»&c.) = (ii + 6)«,iieariy: 
.'. Uie Tnlwd o£ 9 in sectmds=Sai, (29). 

333. ^ £NA Q= 15% Z i^il5=45% 

.-. Zil^P=45% 

Z J5^P=45*' + IS^sreO**, 

ZilP-e=75% Z^BQ=r90*»; 

hence il Q= ilBsec QilB 
=58ec60® = 10; 

and ^P = ^B^=5(./3-l); 

hence PQ = 15— 5 a/3 =6.34 miZc*. 

334. P the centre of inscribed circle, Z PA B=^ip, PD perp. toilS: 
then by (115. N.B.)ilD=«— a=2c— a=rco8^; 

.*. a = 2c— rcos0 

* be o 
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whence 6= , ? ^ ; 

orr(l +8iii'0) = ccos0. 

. _i (1 — n)8in2; i 

= tan-^ ^ — -^- — r-5-v, nearly 
V (cos'z -f- 2 n sin* «) •' 

=tan-^ (l-n)tang 
V(l-h2»tan«z) 

= tan-i{(l — ii)tanz(l— «tan«« + &c.)} 
= tan-^ {(1 — n sec' 2) tan 2} = tan-^ x, suppose : 
,*. r=tantan~*jr=x. 

36. Let APAC=^9; 

then a= AA'= AC '\- A' e 
=22 sec e -j- r sec = (? sec e, 

IB 




>$ "^/ y orcos0=-; 

and string PJBQ=2Ti2 — 20i2, 

string F5' (y = 2 Trr — 2 0r, 

string PQ'=P'Q=PC+ Ce'=ilC8in0 + il'C8in0 
= a8in6> = ^/(a2 — c«); 
hence whole string = 2 A/(a2-c«) -h 2 (iJ + r) (t - 0) 



= 2 -T V(a'-c2)+c cos-i(-|) } • 



37 a=_L+!l!^ L±«!^^==£2!!i±i±£l5L^==28ec30; 
COS0 cos^d ' sin'*© cos^e 

^_8ine_ 8in»e l+sin'e 
cos© cos^© * sin*© 

_ (8in©co8«©-l-8in*©) ___o^^^8fl. 
cos'© 

butsec*©=l + tan*©; 

.-. (Ja)* = l + aih)^> or a* - 6* = 2^. 
58. A, B, the two positions of the apwtaXwt, P Q.^ P QL ^ "^^ 
towers, 80 that FPA is in one line, and ^ P B Q, —"I '-P' "^^ ^ 
^«=^^r2'=^,^^=:c,PQ=h,FQ; —>»•'• 



^ Q 
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then ^=^', and tan PJ5Q=_L, tan P^BQf^JfL, 

IL 

.:. since tan PBQ=tan2FBy, we have ^ — ^"Tr 

a — c , A 

„, 1 *" _2A' a— c_24 a— c 
.-. *'=&c.,and*=^A'. 



339. Let -4 C, AD, cut 5 JS: in F,^ » 

draw ^jff bisecting FO at right angles: 
thenFGf=2P^=2^Psinl8*» = il5sec36**8inl8^ 
since AB=AFcobBAF+BFco8ABF=:2AFcOsS&' 
^', area of figure on AB: ar^a of figure on FO=^AB^: 
il^sec»36°8m«18® = 8in«54°: sin«18*» = 3 + ^/5: 3— V^ 

340. Draw CC bisecting AB in F: 

then triangle CBC=BF.CF=:BCcos60'' .BCsm^' 

=:ia«sinl20° = iaV3; 
and sector PCilC"=i0r*=^7ra«; 
.-. area C^C'=tV«* (4^—3^/3) = area CBC\ 

341. The angle of the sector being 2, 

2 
the area=s-— x irr'=r'=4«5'.«n.; 

2 TT 

and the arc of the sector forms the circumference of the b 
of the cone ; but this arc = 2 r (since = 2) = 4 tn^ 
which ^ 2 TT r', if r' be the radius of the base ; 

hence r'= , and area = w /' =- = 1-A so. in. 



342 



^.^^tan(x-a). 



tana? 



2 ^ ^ ^*^"^^ ^r^ ^P 3?— t an (g~fl) _ sin fl 

1+ tan^o; tana;+ tan (a?— a)'"sin (2 «— a) ' 

hence 2 sin a = 2 cos 2 a? sin (2 jr— a) = sin (4 x— a) — sin a, 
or 3sina=sin(4x— a), which cannot be greater than 1. 

343. 7 — — -v3=~-- — Hsec2x= — - — — -.+sec2x 

3 l+cos2x^ 6ec2«4-l 

= (8ec2x+ 1) j?^-r-^ = z —\ awv^^fe". 
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.-. ««— (7— W3)z— 2 = 0,whencez=l + §A/3or6— 4\/3; 
. * . sec 2 j:=^/v/3, (the other root being impossible,) and2;r==30°, 
or, generally, = 2 n tt + ^ ir. 

144. Area A PB = J (semicircle) =:i\Tf^ 

= triangle APC^ sector P CB 

= Jr28inilCP+ir>(circ.mea8. of LBCF) 

=jr»(co8e + jx--e); .'.cAesiie. 

145. il, J?, the centres of given circles, C the middle point of ^ ^ ; 
B the centre of circle, radius r', which touches AB and the 
two former circles, F the centre of circle, radius r'\ which 
touches the three; then ^C=ir, AF^^AC^-^CF^, 

or(r-r'0*=Jr2+(2r'+r'0*; (1) 

again, ^1>«=^C«+CD', or (r~rO»=:ir»+r'«; (2) 

from (2), r'-=^\T^ and then from (1), r"z=z^r, 

46. tan*"^*— tan-^«=tan~*--^^; 

tan-i-1 -tan-i-L=tan-i|£=^ • 
2y 2a; l+4jry 

(i) is impossible, by the latter part of the question : 

but (ii) gives tan-*a?^tan--^JL~tan-^?'f''"^=~ =tan-i; 

2a; ox 4 

.'. 2x2— 1=3*, andjr=i(3±A/17),y = &c, 

47. tan2e~tan0=?lBi2i:U?)=_!l!li_ 

cos2&cos(y cos2i^cos6^ 



O-i0» 



+ terms in ©*, &c. 



(1— 2e*)(l-r^b») 

= (d-.ies)(l + 2©2)(H-je'*) + &c 
= («-it')(l + *e') + &c. = + ^0^ + &c.: 
hence tt=^ {2;(20-.f 6»-f- &c.-0+^6»— &c.)+ © +^08+ &c.} 
= i{2(e-*68) + O + 10»} +&C. 
= 0-1- terms in 0*, &c. = d, nearly. 
i8. A .45 the first ship, which is sailing at an angle of 

22 J® to the direction of the other ship C; 
.'. drawing BB' perp. to AS^ we have (0 being 
the circ. meas. of 2(K) BJ5'= CJ5,0 nearly, 
or 4Bsin4=150sin22i^=de\ 

.-. ^=(m/eeO ^^ g ^ 




m 



.ISO. 



— '' ^^niS^t '^ — _.•* 




ifl ftia 




=JL ji'i» jtsg • fe. irf % rsj — -«. .eSrjn. 




JLrsi nc gimL=^r x.i — ri'.3iL-J:= j ** — f<)iLC: 




. «L3_x:£->.r_»*-«*_ i«^ 




«iLl" X.1T-* m^wr 1 — ■* 


- ^-_c^-r^-r^-^^_l-ir*-«»-«^ 




■*' ™ * *j — ri* i,m^«^} 




_-:-«-" -:—«-> 




im, :-«*■' 




^^^ ^^ M "^^ A '^^ & '^ ^^ Wi "^^ ^^1 '^^ \ '^^ mm 




±jS^i'Z> 2 ^m* -?-■*) 




-{-^-'-T---*"^. 




4m> 




otC ■* — ! !-■»._, ?»ir_»*— I 




■•c«B -^-l 2«^ taC -i*^! 






--f) 


<vir (« — x>«at* (« — jr) 




_s=i:,«-xWf*-,>:x«{(«+x)-(«- 


-')} 


«3e* ^« ^ x) onf* («~') 




sia3«ss:2x 





co&^ ^a -f x)«is^ v.* ~ ') 
.-. ©smx=0, 

lod (u) oo*ja-4-x)ca5(a— x),creos*x— siii*«=+aco»aco8x: 
(i) oires x= ■ x, lod cosx= Hh 1 : (u) gi¥«s(oQ8xHFco8o)^l, 
orcriex= + cosa+l = ±2ciC!»s*Ja or +Ssm'}c. 
551. OA O^, the bounding ndii of tbe quftdnmt, OC the 
bisecting ndius; CZ)= radius of drde required, whose 
centre D will be in OC: bisect OA in £, which will be the 
centre of circle on OA ; then DIB will pass through the 
point of contact of circle required with circle on Oil ; 
and,if Oil=a, CB=-r^ 
we have !)£:«= OJ5:» + OD* — 2 OJE.ODcos 45°, 



whence 



a 3>v/2-l 
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52. The sides of the second triangle (115 n.b.) are 

• • "^"^ "1? Ts 2?"^"^' 

/fo A Tk A ■D/M\n\ 1 A TMSiJ^-^siii-S 1 2 sin 72° sin 72® 

53. Area.DAB (109)= iAB^ r-^pr — =Ja' . ^^. — 

• ^ * sinD * 8m36® 

= a' cos 36® cos 18®; 

and ^-B CD JE;(117) = ia«cot36®; 

and the ratio of these is 4 sin 36® cos 18® : 5=a/5 : 1. 

54. Let cosec6=V(ar*--2a: + 2); then cot0=a: — 1: 

then cosecj0=A/(«' + 2ar+2), and cot j0=a:H- 1. 
Now, by question, 2 = ^ tt + ^, or cot (0 ~ J 0) = cot -i^j ir : 

. cot^cot^-^-fl_ a:'_,,.,ffo _V3+l_(V3 + iy . 

• • coti^-cott^ 2 V3-1 2 • 

.•.a:=±(V3-fl). 

Other values might be obtained by taking cot9 = 1 — or, 

or cot J = — (a: + 1). 

55. Let D, E, Fy be the angles of the hexagon, opposite to the 
angles A,B,C: then, in figure ABDC, LlABB^ A CD, 
are right angles ; hence acirclemay he described round ABDC, ' 
and this must be the same as that round triangle ABC, 
which is part of figure ABDC: similarly for points E and F^ 

Abo area SDC (109) =iSC»iii^^^^^ 



=Ja 



2C0SjBC0sC 



sin^ 



J A -Dry \ oSmjBsinC. 

and area ABC^ha^ -. — -, — ; 

8in-4 

. • . area BD C= cot J5 cot C X area ABC, 

and area -BD C + area AEC-^- an&a AF B 

= fcot^cot C-f- cot ^ cot C + cot AcotB^ax^^ AB C 

= (Ek. 15. 2;area^^C; .• .^\io\e\ieiL«^oii— "^^^^"^ ^^^ 
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356. ?=?^^=?5^ if a, ft be I3ie circular measures of -4 and 5; 
b sulB 8in/3' 

. • . since a = (nearly) 6, we have a = (nearly) /3 orir — j3, 

= (suppose) j3 + d or ir^(fi-{-d% where d is small: 

hence ^=5E^±^=co8^ + 8in^cot^ 
b 8m/3 

= 1 4- ^ cotft nearly, 
or a=^tanft 



and d=Yalue of ^ in seconds =£^^i^^ tan J?, by (95): 

6sinl 

but^ + 5+C=180®; .'. (i) if a=:p + d, or A=B'\'d, 
then25 + d-f C=180°,or C=(180*>-2J5)— <i 

= (in seconds) (180^-2 J5) X 60 X 60- ^".""?^ tan J? ; 

(ii)ifa = ir-03 + ^), or^=180*»-(5 + <0, 
then 180*»— d+ C=180% or C=d=&c. 

n*f • i'/i ^v 1 8in'0co8*0_tan*0 5+3^^ . 

357. 8m(0~0) = ^; ___J= _-^^_^4 ; 

. tan0_,2. 
tan0 

buttan(0-0)= ^^(^-<l>') = + x=tang-ton» 

^ ^^ V(l-sin2(e-0)) -^ l+tanetan^ 

^^ 2 tan — tan (f> 
14-2tan«0 ' 

whence tan0= + 1 or j: J> and tan0= + 2 or + 1. 
There are also other ydues by putting tand=: — 2tan0. 

358. Let J5'=J5 + ft C=C-{'y, be the new values of J5 and C, 
when A becomes A-\-a; 

.;.sinB=8in(^+C)=-8inC, sin(il'-f CO = -BinC 

c c 

since A'-\-B'+C=^ 180*» ; 

c 
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=- sin i (C^ - C) cos KCr + O. 

that is, 8mJ(a + 7)c08{-4 + C+ K« + r)} 

=-sinj7COfl(C+Jr),orJ(a4-y)co8(^-f C)=-X JyCOflC, 
c c 

to the first power of small quantities, 

that is, — ifa+y)cosi5=>-, — 7=cosC; 

sin C 

.*. y = ' rp . rr\ ^^^^'i and similarly for /8. 

sm (^ -f C) '' 

159. Take a circle, centre C, diameter AB : 

take Z J5^P=0, and draw PMP^ perp. on AB: 

then 2 sm = . _ ~ 2 v — ps (Euc. vi. 8) = a/-^ — _ _, ^ 

=V(2-?g^)=±V(2-2co89): 

the two signs correspond to the angles BAP, BAP", for 
which the sines are equal in magnitude, "but differ in sign, 
while cos 20 remains the same for both, 
since cos JBCP= cos B CP". 
For (ii) see (308): let CP revolving come to CP^, 
so that LACP'—LBCPy 

then sini^CP^, or sin 20^, has the same value as sin 2 9, 
but sine' becomes sinJ5CP'=sinJ(ir — 20)=+cos0; 
if now CP go on revolving till it come again to the positions 
CP, CP', then the values of sin2e^^ sin2e''^ will stiU be the 
same as sin20, but sine^''=sin^(29r + 20)=:— sind, 
and smG^^'sssinKST — 20) = — COS0. 
)0. Here 30 + 40 + 50=180^; 

.• . 0= 15^ and the angles are 45^ 60®, W\ 

now (115) area=r*= (see 76)«*tanJiltaniBtanJC; 

.•. *=rcotJ-4cotJBcotJC, 

and area = r' cot i^ cot i^ cot ^C 

n A 
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= r»(>/2 + l)^/3^^t^r«(3 + ^/6). 

361. Put Acos0=A/(H-tan«atan»i3), 

and A sin = //(I — tan^atan^/3); 

then A» = 2, and tan«0=^-^^^^"'f, 
' ^ l+tan«rttan«/3' 

or cos 20=—^^^ ^=tan'atan*j3; 

.'. A8in(9 + 0) = tana + tan/3=sin(a-f /3)seca8ec/3. 

362. Let A -£^7 -F"* be the bisections of -BC, C-4, AB\ 

then i2.(ll4)=-^^=--SL_ i2 =__* , 
^^ ^ 2smF 281BLF' " 2sinF' 

Tf c r> a -D ^ p c 

^'■"2S5£r ^*""2SS;E' ^*""2^S^^«""2ri^' 

Also let iS^=area of each of the six triangles =| area il^C 
AD=:p,BE=q, CF=r; then r^ =^, r,=-, &c., 



1,1, l_*,+«3+« 



and — I 1 — 



6 



^1 '•s ^5 ^ 

S 
_ 3(a + g> + c) + 2(;? + gH-r) _ 1 ^ J^_^ J^^ 

363. Let AC, BDfheIke chords, intersecting in E; 
/.BAC=a, /.ABD—fi\ 
then arc CD = ^ — -BC— ^D=ir — 2a— 2/5; 
and area DEC : area AEB 

--\njyi sin CsinZ) . , a-^ sinasin/B 
=6l^>^ ; AB'' (since /. C = 3, ^iD^^a^ 
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= clid«(7r — 2a — 2)3) : 4r»=:8in«{j7r — (a-f iS)} : 1 
= coa^(a + fi) : 1. 
64. 2sin(45^,+ a:) = ./{2-2cos(90®±2a:)}=V'(2±2sin2ar); 

.-, 28in45*»(l — i) = 28in(45^ — J45^)=V'(2— a/2), 
28m45^/l-J-|-lW28in{45^-J45«»(l— J)} 

= V{2-V(2-a/2)},&c. 
2 Bin45<^(l -J + &c.±iWv{2- \/(2- &c.)} 

= 2 sin 45^ ?^'=28iu(30*»+^)=2cos (sO^+^V 

165. Here is the circular measure of n^^, and 0=n8ml^^; 

then co8G= 1 — je*, or cosi0= (1— J6'»)^= 1 — i©', nearly, 
and 0cosT0=0— ^6^=8in0, nearly, 
or (95) n sin 1'^ cos ^ = sin »'' ; 

.•. log« = Xsinn''— Z sin l'' — ^(Z cos — 10.) 

66. a8in0+^ = cco89, aco80 + 6 = (fsin9; 

.'. CCOS0 — a8in0=d8in0 — flrco80, or tang -=T^"^^ ; 

.'. sinceatan0 + dsec9:=c, 

we have a(a + c) + &V{(a + c)2+ (a H-rf)'}=c(« + <0» 
whence b^ {(a + c)« + (a + d)^] = (a* — ciO'^ 

67. By ( 1 15 N. B.) distance from D of point of contact with ADo£ 
circle in ^jBZ) = J(^-D + Z>B—^J5) = J(-4D+«—&—c); 
and so likewise that of circle in 

^Ci) = K^-D + DC-ilC) = i(^i) + *-c-6). 

68. Observing throughout that 

y/2 sin (45®— ^)=A/2(8in45°cos^ — cos45®sin^)= co8-4— sinil, 
we have 

tt= 28ihi (^ + 0) cos J (0— rf )— (cos Jtf^- sin Jt[^)» 
= 2 sin (45*»— J i|.) cos J (&—<&) — (cos J t[^— sin J 4^)« 
= (cos J4^— sin Ji|/) {A/2cosi(e— «!>)— i^%^\\^{^ — \^ 

=V2(cosi^— sinH)(co8i(0— <|)^— to^V^^"* — \^ "^ '^ 
= V'2 (cos ^ ,^-8in HH2 sin (45^ - ^ e^ s^ V^&^ — \<^\^==^ 
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869. Let A, B, be the two pmnts, and CD the giyen Ime, to 
which AB Is inclmed at an angle a, suppose : 
let AM=ia^ BN^^b^ be the perpendiculars on CD; 

then 8ina= , and mn=ccosa. 
c 

Produce AM to A\ making A''M^=-AMy and join BA!^ 
cutting CD in B\ then AB'\- EB is less than the sum of 
any other pair of lines that can be drawn from A and B to 
any point in CD ; (for if B^ be any other such point, we 
have AJE''\-JE'B=A'E''^B'B>A'B or AE-^EB.) 
Hence the perimeter of ^i?^ is less than that of any other 
triangle on AB with its vertex in CD : 
9,ndaxefiAEB=:iAE.£B8m2e, (]f^AEM=9,) 

= J (a cosec 0) (6 cosec e) sin 2 = a i cot 9 : 
but mn=acot9 + 6cot9=ccosa, as above; 

area il JS?B = -^ c cos a =-^V {c^- (a - by} 



•^» 



a+b a+b 




870* A, Bj the two positions of 

the ship, L the lighthouse ; 

then 
Z Z il jE;= i X 45°=33*» 45', 
and drawing BE^ due E 
from jB, 

ZXJBJ5:'=iX 45^=11** 15'. 
Hence, in triangle ABL,yre 
havc^J5=lJx8=12, 
ZilBX=ZZ(^BJ5:'-XJ5^0 = 45°-ll°15' = 33^45' 
^BAL=IS0''-BAW-LAE=:101''15\ 
andZiliJ5=il80*» — ^5X— B^X = 45«»; 

and ilX = ilBS?4?^=12 V2 X .555 = 9.4 miles, 

sm45° 

BX = ilJ5?l5351!^= 11 V2 X .980= 15.2 miles, 
sm45° 

371. The circle through Pab will also pass through C, since a 
circle may be described round Pa Cb, and its centre will be 
C^, the middle point of PC\ so tVie cenUfe ^1 ca<\^ TOsad 
-Pac wiU he B", the middle point of PB*. 
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hence J9^C'=^J9C=^a, and similarly of the other sides ; 
so that the triangles ABC^ A'B'C^ are similar, and their 
areas are as the squares of homologous sides or as 1 : ^. 
The proof holds whether F be external or internal. 

J72. 2 cos-^ cot (2 tan~^ Q^'=-mr\ 

. • . cot (2 tan"^ar) = cos J»ir = or + 1 ; 
and2tan~*a:=Jiiix, or wittH;;; Jtt; 

.«, a:=tanjiiiir=0, «, or +1> 

or=tan(4m± lHir = ± (>v/2- 1) or ± (v^2 + 1). 

-« _ / 1 1 \ *^j, / 1 _ 1 \ / cosi?ig _ cosmc \ , cos'wa 
cos'mc 2cosmacosme 



+ ■ 



6V ah^c 



, sin* m a , 8in^m£__28inma sinwc 

__/ 1 1 \a q/ 1 _ 1 y cosma^ ^cosmc^ 
""Vo^^Fc/ \aJ i^A ah be ) 

1 , J_ 2 cos (ma —mc) 

ft 

=_-— J ^ — i-^— 2 — 5 cos ma +2-.= — cos mc 
abc\ abc ab be 



a^ + c^__ 2cosm6 
abc b 



} 



_ 1 fc^— 2ac + g^ , o C08ma _,^ cosmc _Q COsm5 
a6cl abc a c b 



, 6M-_2acl 
a6c / 



_ 1 fa' 4 ^' -f c' , gC08ma _q C08mc _ oC08m6 "| . 
abcX abc a c b J ' 

if a = c, and 5=0, « =2lil|l+£!— 4- cosm6 

a*b^cr aire 
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374. Let ACj BD^ intersect in E ; 

ABAD^a^ LBAC^<^y AAED^Q\ 

then 4^=^==Bin(f?-fa~0) ^^ 
AD h Bin(e — ^) ^ ^' 

AB a sin fa — a) . . 

BC h 8in0 ^ * 

. . ' Jsina 

a + ocosa 

and so from (1) tan(9-0)= ^f ^ -, tim9^tan0 
^ '^ V Y/ a— ^coso l + tan^tan^' 

.'. tan0(a — dcosa— 6sinatan0)=6sina+(a— 6cosa)tan^t 

or tan^-j (a— icoso) — r J- 

I a + 6co8aJ 

« 

= b sin a + (a — 6 cos o) — — , , whence tand. 

a + ^cosa 

37/>. Let 0^ be the centre of the circle which touches i9C in A 
and the other two sides produced, o the centre of the circle 
inscribed within the exterior angle C, touching this circle 
in c, and BCmdx 
then od= r, (suppose) = Co cos J C= (Cc — r*) cos J C 

= (0C— r, — r,)co8jC 

= {r, (sec J C— 1) — re}cos J C ; 

r.= — =-tan'4il, rj^ tan^4il ; 

8—0 8-^C 

tans' cma cosa' tttatt' ' ^ 
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whence cos3 / ^osa ^ coea \ _ cota «_ cot' a\ 
VBin'a fan? a J 

^« ^^ /3— cos'a — cos'a' 

or co8/3= J- — , — 5-— — 5_ 

cos a (1 — cos' af) — COS a '(1 —COS* a) 

j_ COSrt-f-COSa' 
l + C08aC0Sa'' 

'^l+COS/3 (H-C08a)(l+C08a') "*"!««*" 1« • 

J77. Let = itan-i-; 

a 

then -=tan2^, -?=tan[^ — 20Y Jtan-^^j— 0: 

.•. tt=Ja'oosec'(iTr— 0) + J6'8ec'0 

_ fl» . y _ g^ . y 

1— cos(i^?r — 2^) l-j-cos20 1— 8in20 l-fcos2v^ 

\/(a* + ft'*)-* A/(a* + h^)'^a 

= a V(a' + ft') { '/(a'+ft'*) + ft] 

+ftA/(flH&'){V(a'+ft«)-a} 
= (a + ft)(rt« + ft'). 

78. Let Ay Bjt be the initial positions of the ships, A\ B\ their 
positions at the end of time /, the lines A By AB' being 
produced to meet in C at an angle B : 
then CA — a, CB^b, CA'=a + ut, C-B'=ft + »^ 
and^'J5'' = (fl + ttO' + (ft+rO' — 2(a + tt0(^ + »0cose 
= (a« + ft* — 2aftcose)-f 2{att + fti7-f (at? + ftu)cose}* 

+ (tt' + »«— 2ttt;cos0)<« 
= J. + 2 jB^ + Cf suppose = (a minimvm) m', suppose : 
..:. C^=-J5±A/{J5'-(il-m«)C}, which is impossible, 

if AC — B^ > m^ Cy or m< V ^ — , which k, therefore, 

the least value of m= (by putting the values of A^ B^ C, and 
f/> • \ (at;«/>fttf)sm9 
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879. tang-tan e^= ^ .\ — o"— o - /V * i.. 

^ CO820 _ 



cotaco820+2 68ina^ + l— CO820 

= (a constant) Oy 8uppo8e, for all yalae8 of ; 

.*. (68ina'-|-l)co820— CO8'20 — 2cotaco820 — 4 

= 2a(68ma' + l)-faco820{(68ina'+l)cota— 2} 

— acotaC08*2^: 

hence, equating coeffieient8 of the different power8 of the 

variable CO820, we get 
(i) — 1 = — acot a, whence a = tan a, 
(ii) 68ina'-f 1— 2cota=a(68ina' + l)cota — 2a,' 

(iii) — 4=2a(68ino'+l), whence (putting for a its value, 

tana) we have 68ina' + 1 = — 2cota, and now (ii) gives 
— 2cota — 2cota=:tana(— 2coto)cota— 2tana, 

whence tana= + 1, and.'. 8ina'=~Jor ^: 

hence tang — tan^ = tana= + 1, for all values of 0, 

if a = + 45®, a' = - 30*» or + sin-^ (^). 

380. Let r be the radius of the circle ; 

then (115)r*'=5'=ia'6'8mC, and (114) a=2r8ini4; 

. a ft' . J, . ^>^ •n/NN 28inJ5 » a > n 

. . -:=-T-8inil8m(7=(110)-; — r-r-'-n-; — 7—p,^\nAs\nC 
a! 9 ^ sin^ -h 8m5 -h sin C 

(since A''=^A^ &c., the triangles being similar) 

= (see Ex. 15. 4) 4 sin ^ ^ sin ^ ^ sin \ C, 

381. Let X be the height of the balloon P; then ^P=xcota, 
BP=xcot(3, CP=arcoty; but cos -4 PP=— cos CPP, 

a^ + g^cot'/? — a?^cot^a^ _ y + a:^cot^i3 — ar^cot'y 
2aa;coti3 2bxc6t(5 * 

whence a:'. 



382 



. co«-m1 — ^jsccos-Ml— -j— co8~*6=0— 0, suppose; 

.'. 1 ?=co8(d-^0)=:co8gcos0 + 8in(?8in0 

a 



•.' 
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1-6^ 



whence «»— 2aar+a'=a«f 1-1-4) = a'-?*^, &c 

\ 1+0/ 1 + 6 




w 



^83. » « ^ — ^ T. AB the wall, C, D, the two 

places of observation ; 

thenZ-4Ci? = a=Z^2>J5, and 
C Z), are points in the circum- 
ference of the circle, circum- 
scribing either of the triangles 
ABC.ABD; also il 5 and B TT 
produced backwards must meet at 
right angles in E ; 

hence diam. of circle (114) =4^=^^ ox AB^ CZ) tan a. 

sma cosa 

184. cos a cos or + sin a sin a: = cos a cos &: 

. * . 1 st Approximation, cos a + or sin a = cos a cos 5, 
or a:=cota(cos6 — 1)= — 2cotflrsin'J6; 
.•. 2nd App. cosa(l —Jo:') +arsina=cosaco86; 
.*. a;sina = cosacosd — cosa(l— Ja:') 
or a: = ~ 2 cota sin* J 6 + i or* cot a 
=— 2cota8in* J 6 (1— Ja?cota) 
=— 2cotasin'i6{l— cot'asin'JJ}, by 1st App. 

180° 
To obtain x in seconds^ multiply this result by , 



85. 772 



or (95) divide it by sin 1' . 
1 _ 1 



2 — 



^+3cos», i+3(}rj)' 



, by (76), putting ^ for tan ^ ^, 



-4(l-^;^)-- 4(l+0 4(l+tan*ar ^(^^^^+^"^'°)^' 

J6. Since sin^ = sin(n7r + (~l)*»il}, the value of tan^^ in 
terms of sin A must include all the values of tan ^ {n ir+ (~ l)"-4 } 
= (i)tan(Ji?ir + :J^), (if n he even and =2m,) 
= + tan^<4 or — coti-4, according as m is even or odd^ 
= (ii)tan(Jm7r + J(7r — il)), (if n \>e odd an^ '^'Im -V^^> 
= -i-tsaii(jr—A), or -cot J(ir— A) =— laa^^it -V i^> ^- 
cording aa m h even or odd. 
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387. Draw AP.BQ, CR, perp. on BCj AC, AB, intersecting 
in D : then P will be the point of intersection of circles on AB^ 
ACj since each of the angles APB, ^ PC, is a right angle; 
and similarly for Q and R, 

Now B C= diam. of circle on B C= , ^JL ^ =-^4> &c. 

sin Q^ it cos^ 

.-. QR'{-PR'{-PQ=zaco9A + bco8B + CQ08C: 

. perimeter ofAB C_ ajj-_b_^c^ 

' perimeter of PQ R" a cos il + 6 cos 5 + c cos C 

Bin A + sin 5 + sin C 



= (110Ex. l.)-r 



sin^cos^ H- sin^cos^ -h sin Coos C 

__ 2 (einil + 8inB+ sin C) 
8in2^ + 8in2B + sin2C 

2 (sin^ + sin B + sin C) 

28in^co8il-f2sin(-B-fC)cos(5— C) 

sinil + sinP + sin C 

""sini4{co8(B — C)— cos(B+C7)} 

— /T?^ «■ ^x4C08i^C08iBc08jC_«^ 

= (Ex. 15. 4) . l.^ . ^p . ^. =&c. 

8mil(2smBsmC) 

388. cos*3a:=l~8in2a; = (cosa:;/^sina:)'; 

.*. (i) sin a: = cos a: — cos 3 or =2 sin a: sin 2 a:, 

whence sin jr = or jr=:n7r, and nn2a; = }, 
or2ar = 30® ornTr + (— l)"^ir; 

(ii) sin a; = cos a; + cos 3 a: =2 cos a; COB 2 0^ 

or tan ar = 2 cos 2 or = 2lz*5!!5, 

l-ftan*a:' 

whence tan' a? -|- 2 tan^a; + tana: = 2, a cubic equation. 

389. Let A=A' + a, B = JB' + /3, where A'y B\ are the true 
angles of the triangle, and a, ft are small errors made in 
observing ; 

then sin A = sin A^ cos a + cos ^' sin a = sin ^'+ a cos A\ nearly ; 
cos A = cos A' cos a— am A' aVn a=^ co^ A' — a%\xi A' \ &ft. 
and sin (A + B)=. sin Acosfi -V- coa A^mB 
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=:(8mil'+acos^0(co8B'-i3sinB0 

-f (cob A' — asm A') (sinB' + jScosBO 

= 8m(^' + J?0 + acos(^' + -BO+ |Scos(^' + -BO+ terms 
in aj3, which are small, in comparison with terms in (a) or (/3) : 
hence the error is least, that is (^-f-^) most nearIy=(-4'+B'), 
when cos (A' + B^ is near 0, that is, when (A^ + B^ or 
(^ + ^) is near 90®, and . \ C= 90®, nearly. 

^. Here cosec a cosec jS cosec y 

^ sin (a— ^) ^ s^n (i^ — ^) y s'" (y — ^) 
sinasinb sin/Ssind sinysin6^ 

= (cot — cot a ) (cot 9 — cot iS) (cot 9 — cot y) 
= cot5 0~ (cotaH- cot/3 + coty)cot'0 

+ (cot acot j3 + cot acot y + cot j3 cot y) cot 9 ~ cot acot /3 cot y : 
but (Ex. 15. 2) cotacotjS + &c.=l ; 
and, since cos (a + /3 + y) = — 1 
= cos (a-f- /3) cosy — sin (a+ jS) siny 
= cos acosjS cosy — sinasin/Scosy — sinasinycosjS 

— sin /3 siny cosa 

• . cotacoti3coty+ cosec acoseCjS cosec y=cot a + cot/S-f-coty; 

hence we get 

cot' [cote — (cot a + cot /3 + coty)} 
+ cot 0— (cot a + cot /3 + coty) = 0; 
,'. cot 6=cot a4- cot i3+ coty, • 

'(the other solution, cot* 0+1=0, being impossible.) 
Also cosec* = 1 -f cot* = 1 + (cot a -f cot/3 + cot y)* 

= 3 + cot*a + cot*/3 + cot*y, by (Ex. 15. 2) 
= cosec* a -{- cosec* /3 -|- cosec* y. 

)1. 2 iJ = -r--r=-: — 7/5 l>^t -4'= Z at circumference on 
sm^l sm^ 

(aTcB'AC=)iAq+iAB:=iB + iC^90^--iA; 

. -/— 8in-4'_^ a 

sm^ 2sm^^ 

and area A'B'0 = ia'l/sinC-i . ^ .^, ^ . _*-_C08iC 

2smjil 2smiJ3 

^ area ABC 
Ssin^Asin^Bsm^Cf 
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soLunoirs of sxaiiples in 



392. 




Jf'' 



^ J9, ^ C the bases of the two walls (wlucb, 
howeyer, need not, as in the figure, be pro- 
B duced so as to join at A\) $q^ ffaf^ the 
courses of two rajs of the sun at fuxm, when 
the sun is due south, passing in parallel lines 
over the walls at/>, p\ where the vertical lines 
pr^p^r', in the walls will cast shadows rq, r'q'^ 
towards the north: then qt^q't^ perp. to il^i 
A C, will be the widths of the shadows of 
the two walls. 

And ^^=grsin/3=/)rcota8in/3, 
or &=acotasin)3; 
q'1f= ^Vcosj3=p'r'cotaco8i3, 
or 5^=a^ootacosj3; 



^^-|-^ = cot2a(co8'»/3 + sin»i3) = cot»a, and coti3=^. 



a* a 



dh 



393. O, D, ^, F^ the centres of the inscribed and escribed circles 
Then, since OBD^^^^Qi^^^OCD^ a circle may be described 
round OBDC, and similarly round OAFB^ OCEA. 



Now diam. of circle ODE=: 



OD 



diam. of OB DC 



BmOBD gmOAC 

(since ZZ. OAC, O J^ C, sxe in the same segment) 
BC .. 1 fl .. 1 



"sin-BOC siaOAC cos^il sin^^ 



2a 



(since B O C=180«-iB-JC=90*»+M)=^^^ =222; 

sm^ 

and similarly for diam. of O^^C and OAFB, 

Also diam. of DEF=-. — -=——__---- 

BmF BmDOE 

(since F= 180°— il 05= 180° — D OE) 
= diam. of 0DE^2R, as before. 

394. (i) If Q be within the circle, we have 

ZQAB=^A, ZPilJ9=90°-C, ZPilQ=(90*^-C)<o Jil; 
/'<?*=:^i«-|-^Q«-2AP.AQcoaPAQ. 
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^ jR* -h 4 2J r cosec J -4 sin J 5 sin J C 

— 2 22 r cosec i il cos i (jB (/> C), as in (Ex. ao. 8) 
= ir»— 212rcosecJX{cosJ(-B — C)— 28inJ58inJC} 
-=iP — 22JrcosecJJ.cosK^H-0 = ^ — 2i2r. 
(ii) If Q be tcithout the circle, we have 

PQ8 = /?' -h r^secH^— 2 JJ/sec Jilcos{90« + J (-S - O} 
= ir» + 2iE/secJil(2sinJCco8j5H-sini(5 — Ol 
=:/r» H- 2 ft/sec Jils^ni (-B + C) = ir* H- 2i2f^. 

95. PQ2 + PQi» + PQ.2 + PQ3» 

= 4 IP + 2 12 (r, H-r,H-r 3 -r) = 12 IP, by (Ex. 327.) 

96. sind = 2cos^dBm^a=2*co8idco8^dsin^d=&c. 



«- a 
= 2" cos- cos -cos- . 
2 4 8 



e . d 

cos ~- sin-- 

2- 2" 



= 0cos|cos?. ... cos 1 X (sin ^ -*--); 

but as n increases, and ^ diminishes, 

sin — -♦--- tends to 1, by (91) ; 
2" 2 , 

.'. 8ind = dcos^dcos^0cos|0 . . . ad infinitum, 
97. Let0=Ter8-i?; .'.0080=1—-, and tan<9=^^^°^~^\ 



a — X 



and [8] ^ = -i-(*an0 — itanSa + ^c.) 



when a: =0. 



98. 




A the spectator, 5 C the column, 
Z^^B=22J% ZCilJ9 = a, 
BD the shadow, which lies due N, 
since at noon the sun is due S ; X) the 
extremity of the shadow in the N.E, 
so that ZDA£=46'*: thenil2>=a, 

LDBA—\%^'' — ^'' -.^1^^^1>r 
= Z.DAB-, 



72- BOLUnOKS OP SZAXFLBS 1H 

.-, iiB=J9Coot«=(akio)3ili>ooBi>ilB=2aaft22p 
=«^(a— 2ock45'»)=«^(2— ^2), whence ^C. 

399 ^-^coB^ 1-heosift _ 2coe«|e 2coe«ie 
ooB(^ coBiif ' cos* ' ooe^e 

=-?!_o«?o8e^; .-. 008 1- =twia-H 8111^,18 in (Ex. 896). 
oostf 2 4 2- 2r y ' 

400. Herea + c=26,aiidiP=<ie=bj(£z.394)i{*— 2fir 



= iftV3{96»-66(a+c)+4ac} 

= i6^^3(4ac — 3*«): 

patting these values for i9 and « in the above, we get 45'=5ac; 
hence (a + c)'=5a<r, or a* — 3ac + c*=0, 

whence -=_ -^^^^ and __._.__, 

ora:ft :c:: V5 — 1 : V^ : v'S + l. 

401. Let A\ B', C, be the vertices of the triangles onJ9C, AC, AB, 
respectivelj, D,E,Fj the centres of their circumscribing 
circles ; then AE'=- rad. of circle, centre B^ 

JO fy jOri 

=4-—=-: — 7= rad. of circle circumscribing ABC^ and so 
smii^ sm^l 

for the other circles : hence AE=AF, 
and Z -Bil C=90*» — 5, Z F^5=90*» — C,^ 
ZjK^F=il + (90<»— J5) + (90*» — C) = 2il, 

and EF=2AEsmiEAFz=^^-j.anA=a: 

soDP=b,DE=^c. 

402, Here sin ((^ ha) + co8aco8esin(0-|-a)+cosa«nacofl(O + o) 

+ sin acoe ©cos (0 + a) = ; 
.*. 28in(0 + a) + 2cos0{8in(0-|-a)cosa+cO8(9-t-a)8ma} 

-h sin 2 acos (0 -h o) = 0, 
or2sin(0 + a)H-2cose8in(0 + 2a) + sin2acos(0 + a) = O, 
or28in(0-|-a)-|-{sin2(e+a)+8in2a} + sin2acoB(0+a)=O: 

.-. 28l^(6? + a) + {l + C08Ce-Va^^ 

+ 8m2aU + ^C? -V «^'^^=^ 
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whence (i) cos(9 + a) = — l = cos(2n + l)ir, 

or (ii) 28in(0-|-a)= — 8m2a = — 28inacosa; 
or = — a + sin*-* ( — sin acos a). 
:03. If a > 45°, tt would be impossible ; but, if a < 45°, 

., / . „. 1— tanM «. ,1— tan^ilX 

then (since cos2^=^^^-^--^ or 2^=cos-^^^:j-^j^^) 

we have «=2tan-<suppose) =cos-^|^ 

-et)r-^ l~tan(45°-a)tanH/3 
H-tan(45° — o)tan2J/J 

_ (H-tana)co8«i^--(l-tana)8in«|/3 ,.^ 

(1 +tana) cos* J j3 +(1— tana) sin' J /3 

04. Let 9 be the elevation of the tower ; 

then A = 300 tan 0, A + 8 = 300 tan (0+a), (if a be the circular 

measure of 57'17^75 or 3437^75 =|^^=t«&), 

20d2oo 

1— atany I— ah \ h /\ 300 / 

= A + 300a + — - a, omitting terms in a% &c. : 

hence A« = 30o(-— 3O0W3OO X 180=54000; 

hence h = a/54000 = 232 feet, ne«ly. 

05. AD = x, BE=y, CF=2;, 

then (1) 6«=a:2+C/>»-2x.CjDcosA 
and (2) c2 = r»-|- jB7)8 + 2a;.5/>cos2>; 

also(Euc.yi.3) . =_,or^^=-^, BD= j-r—, CD=^ 



CD y BC *+c' J+c' 6+c 

hence, multiplying (1) hj BD and (2) by CA and adding, 
«• ac . « a& « , a*6c 



M^^ ft + c""" "^"(6 + c)«' 
whence (6 + c)«^= (J + c)'^— fl«=(a+ft+c) (p-^C'-a) ; 

so (a-f c)»^=ra + c)* — b*=(a-Vh -Vc^Vo^-V «i— '^^^ 
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the sum of which is (a + 5 + c)'. 

405. The radii of the circles, whose centres are A^ B, C, 
being i(^/3-l), J(^/3+l), i(3-^/3), 

we have AB=:VS, BC=2,AC=l; 

, ' . co8il=ilti_Zi= 0, or J. = 90° : 
2V3 

and sin 5 = J, or 5 = 30^ C=60<* : 

hence sector A= (by (31) J0r2=)i7r(2— V3), 

sector 5=(2-|-^/3)^7r, sector C=(2—A/3)iff; 
and triangle JLJB (7= JilJ9.il C=i \/3 : 
.• , area betwe^ circles 

= J V'3-,VW(6-3V'3)4- (2 +V'3) + (12 -6^/3)} 
= J^/3-(5-2A/3)i7r=^ *g.y(&. 

406. ABCD the base, O the vertex, AB=:a=OA; OE perp. 
on AB, and 5-P, JDi^, perp. on OA : then, if O C? be drawn 

to the centre of base, cos 0=-— — = — .g^^^= - . , 

and ^,^^BFI>=M!^^^: 

now 5 F= D 2^= a sm 60° = Jfl ^/3, 
and 5jD»= J.5» + ilZ)« = 2a«; 

.\ cos ^= ^^''~^°' =;=1 -f = -^=- co8»9. 
fa • 

407. We have here to expel y from the first result: 

hence« = ^^^^+^^"^" + ^)-:^^!"^ 
cos/3 H- cos (a-^-li) — sin a 

_ 2co8(a 4- J jQ) COS J /? — sin j3 
2cos(/3-|- Jo)cos Ja — sin a 

_co8j/3 cos (fl 4- J |3) -- cos (90°— j <8) 
cosja ' cos(/3H- Ja) — cos(90° — Ja) 

_CO8J0 2 sin (45° -h Ja)8in (45°— J(a+)8)] 
cosja ' 2sin(45°-h.Jf3)sin[45°— J(a + /3)} 

__cosJj3 cosja-l-sin Ja « 

cosja * cosJ/3 + sinJ)3 

408. O Qi=zOPi cos 60°=ir; asaume OQ^v=i^T\ 
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"0^, OQ_, 



=2co860°=l, 



. ainceo^+e) . 






- + I= 



1- 1, or OQ.= 




UeDCe, since OQi = ir, we have OQ.^^r, OQ^^r, &c 

orr' = r" + (r"+r')cos*; 
r' + r" 

_fr-K)'+ (r-+f^O'-(>-r-0' 
aCr-r'Xr' + r") 

.■.2(r-r')(r'-,-') 
= 2r^— 2rr' + 2r'r"+2rr", 

whence (muItiplTuig out) we get r"=r'— — = r' — r" sin' J fl, 
(rince 2r'=pverafl=rMn'ie,) = f'oo8*je=rrin»jSciM*ifl 

* 2? 2r 

11. Put e=mn-»(3aina); 

tben we have to ihow tbat tui*i(e + a)=:tAiii<.d — 3a): 
now sin e — Bin «= 2 sin a= (alao) 2 gin i (e — a) cosK^ + 1) ; 
hence tan"i(e + «) = bjC76) ^~^™|j^;j;° ? 

_ sini(e-a)-Binfl _ tanK9-3a> 
Bini(S-<-) + sina taniCe + fl) 

12. Put2coBe=*+li then*'+Ji + 7/T+-i)=0, 
irAence«+-=0, which gives coa9=0, tre ft=(3.«.■V^^\■"■^ 
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and also a:»-ar* + r»—H-i.— i-+i, + 7=0, 

which gives 2co860 — 2cos4a-f2co820H-6 = O, 

or cos60 = by (75)4co8'20— 3coB2d=cofl4a — CO820-8 

= 2co8»2e— C062e-4: 
.-. 2(l-|-co8520) = co82a(l + cos20), orcoB20=— 1, 
whence 2 0^ (2n -|- 1) ir, as before; 
and 2 (1 —cos 2 + cos' 2 0)=cos 2 0, where cos 2 9 is impossible. 

413. M = 2cosJ«(il-|-5)co8jn(J. — J?)-|-cosnC: 
(i) If n be even, and =2m, 

then cos i» (il -f J?) = cosm (il + -B) = cos (wir — j»C) 

=— (—!)"• cosm C, 
and cosnC=co82wC=2co8'»iC— 1; 

. • . M = — 1 -h 2 cos W C {cos W C— (— 1)"'C06IW (il — 5)} 

= — 1 — 2 (— l)'"C06i» C {cosm (^ + J?) 

+ coem(il-5)} 
= — - 1 Hh 4 cos m C cos mil cos m^ 
= — 1 + AcosinAcos^nBaoa^n C. 
(ii) If w be odd, and =2w-H 1, 

then cos J»(il + -B) = cos {wx rf (^ir — ^n C)} 

= HhsinJwC, 
andtt=(l— 2sin«J»C) + 2sinJ»CcosJn(il — 5) 
= 1— 28inJ»C{sinJnC + cosJii(.4--J3)} 
= 1 — 28inin C{± cosiii(il+B) qiooB Jfi(il-5)} 
=1— 28in^raC{+2sininilsiniR&}. 

414. Let A^, B^i C^, be the centres of the escribed circles oppo- 
site to the angles A^ J9, (7, respectively, O of the inscribed 
circle, so that Oil, OB, C, will be perp. to B^ Cj, -4, Cj, 
and ilj -B,. respectivelj, and bisect the angles A^B^ C\ 

then 2B= ^ ; 2 R,=^^=Mx±^ 
sinil ' sinil^ smil, 

= smBOC \t— 6 t— c/ ' 

(8ince-BOC=180° — J5 — JC=90^-|-til) 



_ iS^a 



(.-6)(«-c) 
= fl sec' J -4 cot ^ il s= 
..'. i?j =2i?, and so on. 



secHil = asecHil^/ — *^*~^) - 
= 4/(; 



^A 
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15. From the first equation we get tan a= — - . ,. > 

* " A Bin if 

and l+Aco80=A8mdtana; 

•. tan (0-fa)=i^^±-^?5^ = (substituting for tana and 
*' N • -^ 1— tan^tana 

• T/- • \ A + cosd. 

simplifying)— — V— — ; 

'^ ^ °^ Biny 

hence (l+Acosd)tan(0+a)=Asin0tanaX "t^^^ == &c. 

16. Since 2 cos J il = ^/(2 + 2 cos -4), 

... 2cos~!=V'(2 + 2cos45«) = ^/(2 4-^/2); 

... cos^=^/(2 + 2cosi|!)=:^/{2+^/(2+v^2)}, &c. 

17. area of hexagon J.ilfCZ5iV 

= area(il5 C+ J.Z C+4ilf C-f ^JVB) 

= ^-|.^a8^^j2^^c3. but area ^ilfCiJ?iV 

= (also)area(ZiMiV-hiiiM'-ZV+-BZiVH-CZi!f) 

= ^' + ^3^ ^2'^^^^' + '^^"*'^^- 
=i 5' + i(Jccos J. -h accos J? -h fl^cos C) : 

*S" - a^-h^^ + g' — ftccosil — accosJg — g&cosC 

, &CC08il + aCC08jgH-g&C08C 

-.i-Li f i^gcosil ■ ^acco8jg ^|a5co8C\ _, , , 
"" *U^C8inil'^iacsinJ?"^Ja&8inCJ"" ■*"^^' 

18. B- Given ili5=ilC=£?, /aC6 = a, 

LACa^\ LBCh — ^\ take 
equal lengths CP, CQ, each=r, 
in Cil, CJB, and project P, Q, 
in j9, 9, on the horizontal plane ; 
draw Fr horizontal \ 

then eds\.Mvcfe=.*id.^^ AC^'^ 
B 3 
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nowPa'=(2r8mJilC5)2=:2r»(l-cosilC-B)=Pr2+ra' 

and p^' = Cp^ -h Cq^ — 2 Cp . C^'cosa 

= r* (cos* X + cos V — 2 cos X cos fi cos a) ; 
.*. 2(1— cos-4ei5) 

= cos'X+cos'fi— 2 cosX cosficosa -f sm*f4-f-sin*X — 2 sinXsin^ 

= 2 — 2 sinX Mn/* — 2cosXcos/iiC08a; 

.*. COS A CB 

= (cos* J a-f sin' J a) sin X sin fi -|- (cos^i a — sin* J a) cos X cos/ii 
= cos* J a cos (X — fi) — sin* J acos (X + fi) : and cUstance = &c 

419. Since cos 0=— 77-^— -=^^ sin 0= 



'\/(a*H-J*y — ^/(a* + 6*y 
.'. a±&A/— l = \/(a*+^){cosa±^/— Isind}; 

and.-.tt=(a*H-&*)*-{(cofl0-f V"— Isine)" 

+ (cosa — V^— 1 wn0)"} 

= (fl* + 5*)^ J (coB^e + ^/-l sin^ a) 

-+-(cos^0-V-lsin^0)} 
= &c. 

420. Since 2 cos a„=a:fi+ — , 

.*. [13]2a/— lsino,=a:„ , and j;»=co8a„+/v/'-lsina«; 

hence a:, x,'. . . a:«=(cosai -|- V — 1 sina^) (cosa^'\^^/ — 1 sina,) . « 

= by [1] cos(aj+a,+ ...) 

H- V'— 1 sin (a , + a , -I- . . .) 
= cos2 TT + ^/— 1 sin2 7r= 1. 

421. (a+J)*=2(I+^/— Itan20)=2sec2^(cos20+^/— l8in2^); 
.*. a+J = by [3] ^/(2sec2^)(cos0 + /v/— Isin^), 

and, adding these, 2a=:&c. 

422. e=:cos0=l— iG*H-^6*-&c.; 

.• e* + 20->2 = TV6* — &c. = Oforlstapp.: 
hence + 1 = VS, and = V^S — 1 = .7320508 : 

.'. ^^-f 2^—2 = ^0*, for ^T\da^V^=^W^—V^* 

= ^(7 — 4\/a>= .Q^^^^^^i^l \ 
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. .-,03-1-204-1 = 3.023932257, and -f 1 = 1.738945, 
or 0=. 738945 = (in degrees) .738945 X 57^.29577 
=42<»20'18^ 

= tan~^3a; &c.=&c 
tan-i (« -. 1) a 4- tan-^ _ , . ** ,v ^ 

_ta--, (»-l)a{l + (n- l)»a'} + « _.„-!„„ 

24. Given fine jBC=c,arcSC=/: 

now £=chordi=28ml;=2 {1-^-1^(1;)'}. nearly, 

by [6]: 

25. 2fi^=(l— C082e) + (1— cos4e)+&c. 

= n — (co82 9 + cos4e + &c) 

^ C08{2a-Kn~l)^}8inn9 ^3^ ^.^^ ^ 

sine "^ *■ •* 

sinn0co8(n-|-l)e. 

— n :— -r » 

sm0 

.•.5=i(«-'^(^"+^>^-'^n=&c. 

'' I 28in0 J 

26. By [30] sin0=2-isin?.sin^!±^sin^ *+^ 



n n n 

. (»— l)7r + 
. . . sin^^ i — -1— : 

put = i7r, n=18; then I = 2".sin5*»sinl5*» . . . 8inl75** 
=:2".Mn5°8inl5*' . . . sin85°8in85° . . . sinlS^^sinS^; 

or sin508inl50 . . . sin85« = -lj,=5^. 

27. Proceeding as in [21], we shall find cos a=— i, or a= 120*^, 
and 360° ± 120° ; hence the values of a? are 2 cos 40°, 
2 cos 160°, 2 cos 80°, or 2 cos 40°, — 2 cos 20°, 2 sin 10°. 

28. Giving n the values 1, 2, 3, &c., we get the series 
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1.2.3^1.2.3.4.5 ^ 

and j?cosa;=a; h &c. * 

1.2 1.2.3.4 

ifx=l; 
hence *S= J (sin 1 + cos 1 )=-^ /sin 1 cos^-f- cos 1 sin - ) = &c. 

429. Since 1 = cot i7r= cot .7854, it is plain that 0=iir + ^, 

where is small ; and 9 ^ cot 9^ 

1 , ^ 1 — tan0 , 2tan0 

or 47r-h0=r=-; ^^-=1"'-; ^ 

* ^ 1 + tan?) l-i-tan0 

= 1 — 2tan0 -h 2tan20 — 2tan80 -f &c. 

= [6]l-2(0^-i^s)^.2(0»-hf0*)-20»+2^^ 

as far as terms involving <f>^: 

hence 1 — i7r = a:(8uppose) = 30— 20*-f-f ^^^ ^^p^i^^c. 

Assume = -J- a? H- a x* -|- 6 o:^ + &c. ; 
then a; = ar-|-3aa:^-i-36a:^ + &c. 
— far* — f aa:^ — &c. 

and = ia: + ^ar» = i (.2146) + ^(.2146)«= .0748, 
and6l = iir+0 = .7854 + .0748 = .8602 
= (in degrees) 49° 17', nearly. 

430. e'cosx= i C (6*^-1 + e-'^-O = i {c*<*+^-i'-|- c^i-V-D}, • 
where the coeff. of j:"=J{(1 + V'-1)"+(1--a/— 1)"} 

= J A"l(cos e+ a/— 1 sin 6)"H- (cos e— V— 1 sin 0)"}, 
if Acos0=l, AsinO= 1, whence A'=2, and tan 6=1, or ^=^7:; 

hence coeff. of ;c"= J . 2^ { (cos n 5 -f- //— 1 sin n 6) 

H- (cosne— V— IsinnS)} 

=J.2^.2cos«0 = 2*'*cosi«7r. 

431. By [30 Cor.] 1= 2'*-^8in-^singi!:sin^. . . sin^^^"" ^)^: 

^ *- -^ 2n 2w 2n 2n 

put 7i=i9; 

then 1 =28 sin 10® sin 30® sin 50<*. . . sinl70® 

= 288inl0®sin30® . . . 8in70®sin70® . . . sin30*>sinl0® 

= (2* sin 10® sin 30° sin50° sin 70°)^. 

432. 0^3 — fj: — J = 0; 

hence [21] cosa= Jx 2*=-^, and a=i45^,at ^^^'^ -V 4S°; 
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.-. d: = 2A/Jco8l5° = J(.v/3H-l), or \/2cosl35**=— 1, 
or ^/2cosl05® = — V'28inl5«» = — J(v/3 — 1). 
t33. If a: = e-^~» and y =c^v-i, 

then, by [7] and question, ^^^=^^-^LJ; 

. o ^' + i+*>»(y^-i)-(^+i)y"--(>>'-0- ^ ai-py-» 

.• . 2log,jr = 2logey + loge(l — joy-')— log^l— Jt>y*)» 

or 2a ^/-i =2/3 >/-i-CP3r* + J;>'ir* + &c.) 

34. Let 2a/— l8ine=y--; 

then 2^-12= x(y-l) + i«'(y''-^) + &c- 



y 'y 

xy 



=-logeCl-xy)+log.(l--)=log' 1: 

^ y^ l-xy 

1—?. 

• e»»^-i= y , and tan 2= / . , . ^^ by r71 

_ 1 ^V y^ - 1 x(2^-\sm9) 

"';7=^ ' 2-x(y+i) ^-^ 2-^(2co8b) 

orsind 



I— a:co8(^ 



35. Put y + f for or; then, simplifymg, we get y^ — ^y^^ =0; 

whence [21] co8a=-— , and a=45° or 360°+45^ ' 

V2 

and y = \/2 cos|^ n = a/2 co8 15®, or /v/2 co8 135**^ or ^/^e^^w^V^^** > 
= K>/3+ 1), -1, or -iQVa-V)-, - 
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436. In [30 (3)] write m for n, and put 0= Jir; 

then tan ~ tan^^ . . . tan ^^'"7^)^ = (m eyen) + L 
4m 4m 4to ^ / • » 

or = (modd) + tan0=: (also) ± 1. 

437. cos 2 9 cosec'* 2 e= J^f^'^} = i cosec'* 9 - cosec^ 20; 

so 2 cos 4 9 cosec' 40 = cosec' 20—2 cosec' 2* 0^ 
2* cos 8 cosec« 80 = 2 cosec* 2« — 2^ cosec* 2« 0, &c. 
.'. iS^=ico8ec*0r-2»-*co8ec'2"0. 

438. tan«ia=)^5i%=i), 

tan^a 



and .'.cos 



1 ^^ 1 — tan^^ g _, sin0 

* H-tan4"^ sin (J a -0)' 



whence sin ^acot = cos ^a + sec ^a, 

sina sina 

or tan = • . . — tt— =;r-; 5 

^ 2 + 2co8'Ja 3+co8a 

whence, putting 2 cos ^±=arH — , so that [13] x=c^^-^ 

and 2cos a= y H — , we have [13] > "^ ^ r , 

•^ ^'^^ 6+y+- 

orr^- 6 + 2y^ l+jy . 

.;. 2logea;= (iy-2^y'+&c.)-(iy-^-^,y-H&c.) 

or 2 ^/- 1= i (y -y-O ~3 (y'-y'') + *<^- 5 
.-. = isina— — ^8in2a + &c. 

439. Since 4 sin^ = 3 sin — sin 3 ; 

..•.4iS'=3(sin0 + sin20H-&c.) — (sin304-8in60 + &c.) 

_ Pggn Q sinKw4-l)0sin^n0 _ sm^(n-hl)^>8infn0 
'■ ■• sin^y smf0 

440. ^=?!5:^=yz:yi if 2cos^ = a:+l, 2cosjB=y+i ; 
a Bin A x-^ar^ x y 

...iog/-=iiog.(|=g;=iio,.$=|^: 
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=i{log.(l-y»)+log.(l-y-»)-log.(l^*») 

-Iog.(i-x-«)} 

= H-Cy' + iu* +&C.) - (jr» + ijr* + &c.) 

+ (ir«+Jz*+&c.) + (ar-» + iar< + &c.)} 
= ^{{(a:«+x»)-(y«+y»)} 

+ i{(i«4 =r-')-(y< + y-*)} +&c.} 

= (00824 — cos2JB) + J(cos4^—co84JB) +&C. 

441. By [13] ,S=z+x> + &c., (if2cosa=*+l,) 

= {cosJ(n+l)a+^/-l8inJ(n-hl)a}^^?i^: 

but /S=(also)(cosa+V^— l8ina)-f-(co82a + /v/— l8in2o) 

+ &C.; 
. * ^ equating possible and impossible parts, 

C0Sa + C0s2a+&C. = ?^^i^C0Sj(« + l)a, 

sin^a 

sina + 8in2 a + &c. = &c. 

^Ac^ -D rom c co8{il-|-(»— •l)-4}sinnil_ , . « ^ ^ 

442. By [39 J 5= ^ — !-^^-: — ^^ — *- = J sin 2 « il cosec A. 

443. tane=-iiB4^„, or ^^-il^^^il^L. 

1— sin-Acos-B y* + l 2— 8mJ.(jr-far-i) 

if 2cose=y4-i, 2co85=x+l; 
y a: 

2^1—xr^smA 

and2logey = 2f^^/— 1 

=log,(l —jr-isinJ.) — loge{l— arsiuil) 
= (^rsin^ H- J jr»sinM + &c.) 

— (x-'sin J. 4- Jx-^sinM + &c.) 

= (ar— ar-O sin il -f i (**— ar») sin« il + &c. ; 
.\ 0=sinJ98iniH-Jsin2J?sinM-f &c. 

444. Put 2 cos 0=a; -far-*; 

then 2 2=(;r+ar-0 +^(a;«+ar»)+^(x» 4- ar») 4- &ft. 
=ar/l -h arcose + f^?^ -V ^cX 
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^-TT^ (l + x-1 COS 0+21^5!^+ &c.) =&c^ by (146). 

445. Smce2cot2J.=25^^^=:cotil-tanJ., 

.*. cotil=tanil + 2cot2J. 

= tanJ. + 2tan^J.-i-2'»cot2M = &c.: 

•••«)*2^=ton2^+2tan^+2«tan^+&c. 

+ 2'-*tan^ + 2^»cot^; 

orl = tan^{tan^ + &c + 2-i}. 

446. 1— nco6e=l— Jn(arH-ar-i), suppose, = (a— 0x)(a— /3ar»), 
if l = <^ + i3*, and Jn=a/3, whence (a+/3)*=l+n, 

and a, ft are roots ofa^^ — 2a;^/(l-fn) + ^n = 0: 

•*• log,(l— ncos6^) 

= log, {a^ (1 - mx) (1 - mar-i;} 

= 2lo^,a-hloge(l —mar) -|-loge(l-fiix-^) 

= 2 log«a - {m (ar+ar-i) -f ^ m« (r» + ar-«) + &c} 

= 2(log,a— mcose — ^m'cos20 — &c.) 

447. Let tand = a? + Ay tan0=a;; 

then tan (0—6) = 5 — -.=-_L_ . i(lzl, 

' '^ l+a:« + A(ar-->/— 1) co8ec»2 + A(cot3:— V— 1) 

^ 1 H-A8ing(co82H-\^"^l8'P g) l+^wnz.t? 

1 +A8in2(cos2: — /v/ — Isinz) IH-Asinz.iT"* 

if r = cos 24" \/— "1 81112 = « W-J ; 

.•. 2log,y = loge(l H- Arsin^r) — log«(l +Afr*sin«), 
or 2(0— ^)a/— l = A8inz(»— tri) — iA»sin«2(t7«— 17-«) + &C. 
or 0—0 = Asinz (sinz) — } A' sin' c (sin 22;) + &c 

448. I.e general tenn.,,,^;-^^,^ 

= / 1 \ l.^_; 

lco»(2ii+l)0 coB(2n — I)ej2nn9 
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Vcos (2 » + 1) 0~COS0/ " ^' 



2sm(^ Vcos(2n + l)d cos 
19. Put 2 cos G=v+— ; then we have ^. , = a/— 1 cos atan2^ 

4_ l+\/— Ico8atan20 
1 — V — lcosatan20 

(1— tan«0)— a/— l(a: + ar-i)tan0' ? 

_ (1 -f V— lgtan0)(l H- a/— 1 ar^ tan 0) . 
(1 — a/— la:tan0)(l — \/— la;-^tan0) ' 

4log,y = by (150)2{/v/— la:tan0 — iaH»tan»0 + &c.} 

+2 { //— 1 ari tan0 — iar8tan»0 + &c.} ; 

or40v'— l=2v/— l{(a: + ari)tan0-i(a:« + ar»)tan»0 + &c.}; 

•. e=icosatan0 — ^cos3atan'0 + &c. ' 

)0. iS^=2 rsin - + 2rsm h &c., or, putting a for -^ 

= 2r(8ina + 8in2a + &c to (n — 1) terms), 
_ p^^-. ^^ sm{a + i(»-2)a}8in^(»-l)a 

"^V2-d 



sin > ^ ^ sin 

= 2r8in — X =■— X 



2 . TT , K . TT 

sm— - sm- . sm-- 
2n n 2n 



TT 

COS — 

X — — = J a cosec'^r-. 



^ . TT ^ . «■ 2n 

2sm--cos--- sin-- 

2n 2ii 2a 

= log.{K« + *) + i(«-^)(*' + ^')5 

= log,{(m + » r») (m + nar^)}, if m« + n' = i (a + ft), 

mn = i(a— *&), whence (m + w)« = a,(m — »)'=6, 
and m= K-v^^ + v'*), »= Ka/o— V*) : 

now tt=iogem«+ loge(l+^a:») + log.(l+^ar»^ 

= 2log.fiH-'* (x3 + ar«)-^(x* + r^)-h&c. 
=2iog.m+ ~ (2cos^0)-^^ljlco^^^'^ "V ^^ 



£ 
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n . , o « ^x «' 



=:21og,fii+~(4co820— 2)— -^(4cos«29— 2) + &c 

+4 /'^cos2 9 — ~ C08«2 a + &c.) 
=21og.m— 21og.(l + "^j +&c.=21og.-^+&c. 

, n /y/a — \/ft 

452. Let Oil be the radius of the inner circle, radius r, from 
which the divisions begin at the points Pj, P^, &c.; and let 
B be the point in outer circle, radius 22, and let LAOB'=-a\ 

then 5P,« = 7r»+ r2-2i2rcos (— -aV 

5P,«=7r» + r3-2J2rcos(— -a), &c = &c. 
.-. 5=«(ir»-f r»)— 2 i2r {cos(0— a) +COS 2(0— a)&c.}, 

if e=:?^, 

n 
= n(J?»-fr'), since [39] the numerator of the 
series involves the factor sinin0=srn9r=O. 

453. 2a/— liS=(a: — ari)sina — i(r»— ar2)8in«aH-&c. 

= (a;sina — Jar'sin^e + &c.) 

— (ari sin — J ar-« sin^ + &c.) 
= loge(l + iTsin 0) — log, (1 + ar* sin 0) 

= lo « ^ -farsing 
"" ^l+ar-^sina* 



.•.C0t5=V-1^5;^ 



_.^_j (1 4-a?8in0) 4- (1 + g-^sin9) 
'^ ' (l-fa:8iny) — (l +ari sine) 
, , 2-f-(x.-f arOsinO l-fcos«8in0 
(a: —ar-* ) sin (^ sm (/ 

sin* e 
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»« 



154. By [19] co8n0=l--^8in20 + &c.+ (— l)i-2--i8in-0; 
putcosn0=O; then0= + -^, -f-|^, &c.+ ^^:;ii^, 



»« 



and the equation becomes 0= 1— ^-^ sin'^ + &0., 
or cosec«e— :^co8ee»-»0-|-&c. + (— l)i"2*-*=0; 



,3 IT 



. ^ since the roots oi this equation are cosec'--, cosec^'— -,&c., 

2n 2n 

we have, by Theory of Equations, 

cosec'-^ + &c. = sum of roots = coeff. of 2nd term=^ . 
2n 2 

55. Let the diameter -45 be divided by the lines in P„ P,^ &c 

then (O being the centre), we have 

n— 1 



CP, = COsec CPj=rsec (5-J. . 5^, 

, • . jS'=--3{co8^ a -f cos' (a — 9) + &c. to n terms}, 

where a^^"^ . -, 0= ^^ , 

n+1 4' 2 (ri + 1)' 

=2^{» + cos2a + cos2 (a — 0) + &c.} 

= po] 1 f^_^ cos{2a-(ii-l)e}8in(-iie) l 
2r*\ sin(— 0) J 

2r» r^ sine J 2^51"^ sl^r 
36. Let Pj, Pg, &c., be the points of the circle, and let O C pro- 
duced cut the circle in A: then if ^AOP^^a, 

and ZP,0P, = P,0P3=&c.=— =0, 

we haveo' = ft* + r,'— 2Ar,cosa, 

a' = ja ^_ r,« -2 6r, cos (a+ 0), &c., 

or (a»-J')-l = ri-26cosa, 



'•i 



(a^-b^)! = r. - 2 6 cos Ca -V- e>, &e.\ 
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-;. r, + r, + &c.=(a»-6«)(i-+- +&cA 

-h2 h {cob a + cos (a -f e) + &C.}, 
where the sum of the latter series = 0, since [39] it contains 
in its numerator the factor sin ^ n d = sin ^ = 0. 
457. Let AP^P^ ... P«_, be the polygon, A being the given 
angular point ; then (115) radius of circle in triangle 
jp p — area^l^^^^_ ^^Py_^.^PyS inO 

^where d= -= Z at circumference upon anyone of the sides ;j 

now PiP,=:2rsin0=P,P3 = . . .=:P,_,Prr= . . .=P^,i4, 
and ilPj =(chord20=)2rsine, 
-4P,=2rsin2e, . . . ^P^j=2rsin(ii— 1)0: 

' .-. radius of circle in^P.,,fi=:2r ."f (^7,\>f"^^^f^^, 

* 8m(r— l)(^+8inry+Bm^ 

=4rsinJ(r— I)0cosjr0sinj0; 

{9 2d 

sin^- .COST- 
'S iS 

, . «20 2 30 , . 2(»— 1)0 on^l 

2 2 2 2 J 

where the series 
=i {(1 —cos ^) (1 + cos2 0) + (1 — cos2 0) (1 + cofrS 0) + &c.} 
= i{(»-l)— cos0+cosn0— (cos0cos20+cos20co830+&c.)} 
= J{(n— 2)— COS0— J{(co80+cos30)-h(coB0+co850) + &c.}}, 

since n0=?r, 

= |n--2— COS0— J j (n— l)cos0 

^ cos{30-f(»— 2)0}gin(w--l)0 -^ ■\ 

=j{,^2-K»+i)co80-^^i(!^i:^|^ 

=^J[ii — 2 — Jncos0} = i{n— 2--in(l— 2sin»J0)} 

= i(»-4)-fiwsinH0- 

THE END. 
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